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Preface

The present volume is an outgrowth of a Conference on Mathematical
Tables held at Cambridge, Mass., on September 15-16, 1954, under the
auspices of the National Science Foundation and the Massachusetts Insti-
tute of Technology. The purpose of the meeting was to evaluate the need
for mathematical tables in the light of the availability of large scale com-
puting machines. It was the consensus of opinion that in spite of the
increasing use of the new machines the basic need for tables would continue
to exist.

Numerical tables of mathematical functions are in continual demand
by scientists and engineers. A greater variety of functions and higher
accuracy of tabulation are now required as a result of scientific advances
and, especially, of the increasing use of automatic computers. In the latter
connection, the tables serve mainly for preliminary surveys of problems
before programming for machine operation. For those without easy access
to machines, such tables are, of course, indispensable.

Consequently, the Conference recognized that there was a pressing
need for a modernized version of the classical tables of functions of
Jahnke-Emde. To implement the project, the National Science Foundation
requested the National Bureau of Standards to prepare such a volume and
established an Ad Hoc Advisory Committee, with Professor Philip M.
Morse of the Massachusetts Institute of Technology as chairman, to advise
the staff of the National Bureau of Standards during the course of its
preparation. In addition to the Chairman, the Committee consisted of A.
Erdelyi, M. C. Gray, N. Metropolis, J. B. Rosser, H. C. Thacher, Jr., John
Todd, C. B. Tompkins, and J. W. Tukey.

The primary aim has been to include a maximum of useful informa-
tion within the limits of a moderately large volume, with particular atten-
tion to the needs of scientists in all fields. An attempt has been made to
cover the entire field of special functions. To carry out the goal set forth
by the Ad Hoc Committee, it has been necessary to supplement the tables
by including the mathematical properties that are important in compu-
tation work, as well as by providing numerical methods which demonstrate
the use and extension of the tables.

The Handbook was prepared under the direction of the late Milton
Abramowitz, and Irene A. Stegun. Its success has depended greatly upon
the cooperation of many mathematicians. Their efforts together with the
cooperation of the Ad Hoc Committee are greatly appreciated. The par-
ticular contributions of these and other individuals are acknowledged at
appropriate places in the text. The sponsorship of the National Science
Foundation for the preparation of the material is gratefully recognized.

It is hoped that this volume will not only meet the needs of all table
users but will in many cases acquaint its users with new functions.

ALLEN V. ASTIN, Director
June 1964
Washington, D.C.
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Preface to the Ninth Printing

The enthusiastic reception accorded the “Handbook of Mathematical
Functions” is little short of unprecedented in the long history of mathe-
matical tables that began when John Napier published his tables of loga-
rithms in 1614. Only four and one-half years after the first copy came
from the press in 1964, Myron Tribus, the Assistant Secretary of Com-
merce for Science and Technology, presented the 100,000th copy of the
Handbook to Lee A. DyBridge, then Science Advisor to the President.
Today, total distribution is approaching the 150,000 mark at a scarcely
diminished rate. '

The success of the Handbook has not ended our interest in the subject.
On the contrary, we continue our close watch over the growing and chang-
ing world of computation and to discuss with outside experts and among
ourselves the various proposals for possible extension or supplementation
of the formulas, methods and tables that make up the Handbook.

In keeping with previous policy, a number of errors discovered since
the last printing have been corrected. Aside from this, the mathematical
tables and accompanying text are unaltered. However, some noteworthy
changes have been made in Chapter 2: Physical Constants and Conversion
Factors, pp. 6-8. The table on page T has been revised to give the values
of physical constants obtained in a recent reevaluation; and pages 6 and 8
have been modified to reflect changes in definition and nomenclature of
physical units and in the values adopted for the acceleration due to gravity
in the revised Potsdam system.

The record of continuing acceptance of the Handbook, the praise that
has come from all quarters, and the fact that it is one of the most-quoted
scientific publications in recent years are evidence that the hope expressed
by Dr. Astin in his Preface is being amply fulfilled.

LEWIS M. BRANSCOMB, Director
National Bureau of Standards

November 1970
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Foreword

This volume is the result of the cooperative effort of many persons and a number
of organizations. The National Bureau of Standards has long been turning out
mathematical tables and has had under consideration, for at least 10 years, the
production of a compendium like the present one. During a Conference on Tables,
called by the NBS Applied Mathematics Division on May 15, 1952, Dr. Abramo-
witz of that Division mentioned preliminary plans for such an undertaking, but
indicated the need for technical advice and financial support.

The Mathematics Division of the National Research Council has also had an
active interest in tables; since 1943 it has published the quarterly journal, “Mathe-
matical Tables and Aids to Computation” (MTAC), editorial supervision being
exercised by a Committee of the Division.

Subsequent to the NBS Conference on Tables in 1952 the attention of the
National Science Foundation was drawn to the desirability of financing activity in
table production. With its support a 2-day Conference on Tables was called at the
Massachusetts Institute of Technology on September 15-16, 1954, to discuss the
needs for tables of various kinds. Twenty-eight persons attended, representing
scientists and engineers using tables as well as table producers. This conference
reached consensus on several conclusions and recommendations, which were set
forth in the published Report of the Conference. There was general agreement,
for example, “‘that the advent of high-speed computing equipment changed the
task of table making but definitely did not remove the need for tables”. It was
also agreed that “an outstanding need is for & Handbook of Tables for the Occasional
Computer, with tables of usually encountered functions and a set of formulas and
tables for interpolation and other techniques useful to the occasional computer”.
The Report suggested that the NBS undertake the production of such & Handbook
and that the NSF contribute financial assistance. The Conference elected, from its
participants, the following Committee: P. M. Morse (Chairman), M. Abramowitz,
J. H. Curtiss, R. W. Hamming, D. H. Lehmer, C. B. Tompkins, J. W. Tukey, to
help implement these and other recommendations.

The Bureau of Standards undertook to produce the recommended tables and the
National Science Foundation made funds available. To provide technical guidance
to the Mathematics Division of the Bureau, which carried out the work, and to pro-
vide the NSF with independent judgments on grants for the work, the Conference
Committee was reconstituted as the Committee on Revision of Mathematical
Tables of the Mathematics Division of the National Research Council. This, after
some changes of membership, became the Committee which is signing this Foreword.
The present volume is evidence that Conferences can sometimes reach conclusions
and that their recommendations sometimes get acted on.



FOREWORD

Active work was started at the Bureau in 1956. The overall plan, the selection
of authors for the various chapters, and the enthusiasm required to begin the task
were contributions of Dr. Abramowitz. Since his untimely death, the effort has
continued under the general direction of Irene A. Stegun. The workers at the
Bureau and the members of the Committee have had many discussions about
content, style and layout. Though many details have had to be argued out as they
came up, the basic specifications of the volume have remained the same as were
outlined by the Massachusetts Institute of Technology Conference of 1954.

The Committee wishes here to register its commendation of the magnitude and
quality of the task carried out by the staff of the NBS Computing Section and their
expert collaborators in planning, collecting and editing these Tables, and its appre-
ciation of the willingness with which its various suggestions were incorporated into
the plans. We hope this resulting volume will be judged by its users to be a worthy
memorial to the vision and industry of its chief architect, Milton Abramowitz.
We regret he did not live to see its publication.

P. M. Mogrsg, Chairman.
A. ErpfrLyr
M. C. Gray
N. C. MeTROPOLIS
’ J. B. RossEr
H. C. TrAcHER, Jr.
JorN Tobpp
C. B. TomPKINS
J. W. Tugey.
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Handbook of Mathematical Functions

with
Formulas, Graphs, and Mathematical Tables

Edited by Milton Abramowitz and Irene A. Stegun

1. Introduction

The present Handbook has been designed to

rovide scientific investigators with a compre-
Eensive and self-contained summary of the mathe-
matical functions that arise in physical and engi-
neering problems. The well-known Tables of
Functions by E. Jahnke and F. Emde has been
invaluable to workers in these fields in its many
editions’ during the past half-century. The
present volume extends the work of these authors
by giving - more extensive and more accurate
numerical tables, and by giving larger collections
of mathematical properties of the tabulated
functions. The number of functions covered has
also been increased.

The classification of functions and organization
of the chapters in this Handbook is similar to
that of An Index of Mathematical Tables by
A. Fletcher, J. C. P. Miller, and L. Rosenhead.?
In general, the chapters contain numerical tables,
graphs, polynomial or rational approximations
for automatic computers, and statements of the
principal mathematical properties of the tabu-
lated functions, particularly those of computa-

tional importance. Many numerical examples
are given to illustrate the use of the tables and
also the computation of function values which lie
outside their range. At the end of the text in
each chapter there is a short bibliography giving
books and papers in which proofs of the mathe-
matical properties stated in the chapter may be
found. Also listed in the bibliographies are the
more important numerical tables. Comprehen-
sive lists of tables are given in the Index men-
tioned above, and current information on new
tables is to be found in the National Research
Council quarterly Mathematics of Computation
(formerly Mathematical Tables and Other Aids
to Computation). ‘

The mathematical notations used in this Hand-
book are those commonly adopted in standard
texts, %articularly Higlier Transcendental Func-
tions, Volumes 1-3, by A. Erdélyi, W. Magnus,
F. Oberhettinger and F. G. Tricomi (McGraw-
Hill, 1953-55). Some alternative notations have
also been listed. The introduction of new symbols
has been kept to & minimum, and an effort has
been made to avoid the use of conflicting notation.

2. Accuracy of the Tables

The number of significant figures given in each
table has depended to some extent on the number
available in existi.ni tabulations. There has been
no attempt to make it uniform throughout the
Handbook, which would have been a costly and
laborious undertaking. In most tables at least
five siﬁniﬁcant figures have been provided, and
the tabular intervals have generally been chosen
to ensure that linear interpolation will yield. four-
or five-figure accuracy, which suffices in most
physical applications. Users requiring higher

! The most recent, the sixth, with F. Loesch added ss co-author, was
published in 1860 by McGraw-Hill, U.8.A., and Teubner, Germany.’

2 The second edition, with L, J, Comrle added as co-author 'was published
In two volumes in 1962 by Addison-Wesley, U.8.A., and Sclent{fic Corne
puting Service Ltd., Grest Britain.

precision in their interpolates may obtain them
by use of higher-order interpolation procedures,
described below.

In certain tables many-figured function values
are given at irregular intervals in the ent.
An example is provided by Table 9.4. The pur-
pose of these tables is to furnish “key values” for
the checking of programs for automatic computers;
no question of interpolation arises.

que maximum end-figure error, or ‘‘tolerance’”
in the tables in this Handbook is %, of 1 unit
everywhere in the case of the elementary. func-
tions, and 1 unit in the case of the higher functions
except in a few cases where it has been permitted
to rise to 2 units.

=



< INTRODUCTION

3. Auxiliary Functions and Arguments

One of the objects of this Handbook is to pro-
vide tables or computing methods which enable
the user to evaluate the tabulated functions over
complele ranges of real values of their parameters.
In order to achieve this object, frequent use has
been made of auxiliary functions to remove the
infinite part of the original functions at their
singularities, and auxiliary arguments to cope with
infinite ranges. An example will make the pro-
cedure clear.

. The exponential integral of positive argument
is given by

Ei(z)= f _:%du
- 2 78
=Y+In 3+m+fm+‘3‘.§!+ ses

= 1 !
~r 5 eoe

The logarithmic singularity precludes direct inter-
polation near 2=0. The functions Ei(z)—In z
and z7'[Ei(z)—In 2—v], however, are well-
behaved and readily interpolable in this region.
Either will do as an auxiliary function; the latter
was in fact selected as it yields slightly higher
accuracy when Ei(z) is recovered. The function
¢7!|Ei(z)—In z—+] has been tabulated to nine
decimals for the range 0<z<%}. For $<z<2,
Ei(z) is sufficiently well-behaved to admit direct
tabulation, but for larger values of z, its expo-
nential character predominates. A smoother and
more readily interpolable function for large z is
z¢~*Ei(z); this has been tabulated for 2 <2<10.
Finally, the range 10 <z<e is covered by use of
the inverse argument z~*. Twenty-one entries of
ze~*Ei(z), corresponding to z™'=.1(—.005)0, suf-
fice to produce an interpolable table.

4. Interpolation

The tables in this Handbook are not provided
with differences or other aids to interpolation, be-
cause it was felt that the space they require could
be better employed by the tabulation of additional
functions. Admittedly aids could have been given
without consuming extra space by increasing the
intervals of tabulation, but this would have con-
flicted with the requirement that linear interpola-~
tion is accurate to four or five figures.

For usgp]ications in which linear interpolation
is insufficiently accurate it is “intended that
Lagrange’s formula or Aitken’s method of itera-
tive linear interpolation® be used. To help the
user, there is a statement at the foot of most tables
of the maximum error in a linear interpolate,
and the number of function values needed in
Lagrange’s formula or Aitken’s method to inter-
polate to full tabular accuracy.

As an example, consider the following extract
from Table 5.1.

z ze*E\ (z) T ze*E(z)
7.5 . 89268 7854 8.0 . 80823 7113
7.6 . 89384 6312 8.1 . 89927 7888
7.7 . 89497 9666 8.2 . 90029 7308
7.8 . 89608 8737 8.3 . 90129 6073
7.9 . 89717 4302 8.4 . 90227 4695

(—6)3

5
The numbers in the square brackets mean that
the maximum error in a linear interpolate is
3X10~° and that to interpolate to the full tabular

accuracy five points must be used in Lagrange’s
and Aitken’s methods.

¥ A. C. Aitken, On interpolation bg iteration of gfoparuonal arts, with-
out the use of differences, Proe. Edinburgh Math, Soc. 3, 66-76 (1933).

Let us suppose that we wish to compute the
value of ze*K;(z) for 2=7.9527 from this table.
We describe in turn the application of the methods
of linear interpolation, Lagrange and Aitken, and
of alternative methods based on differences and
Taylor’s series. .

1) Linear interpolation. The formula for this
process is given by

So=Q0—p)fo+2h

where f,, fi are consecutive tabular values of the
function, corresponding to arguments Z, 2, Te-
spectively; p is the given fraction of the argument
interval

p=(2—2,) [(%1—20)
and f, the required interpolate. In the present
instance, we have
Jo=.89717 4302 fi=.89823 7113 p=.527
The most convenient way to evaluate the formula
on a desk calculating machine is to settgo and f;
in turn on the keyboard, and carry out the multi-
plications by 1—p and p cumulatively; & partial
check is then provided by the multiplier dial
reading unity. e obtain

For=(1—.527)(.89717 4302)+.527(.89823 7113)
=.80773 4403.

Since it is known that there is a possible error
of 3)X10~%in the linear formula, we round off this
result to .89773. The maximum possible error in
this answer is composed of the error committed
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by the last rounding, that is, .4403X10~%, plus

3X10~% and so certainly cannot exceed .8 107,
(2) Lagrange’s formula. In this example, the

relevant formula is the 5-point one, given by

f=A-B (P)f—z +A—1 (P)f—|+Au(?).fu+ A! (P),fli_

2(p)fa

Tables of the coefficients A:(p) are given in chapter
25 for the range p=0(.01)1. e evaluate the
formula for p=.52, .53 and .54 in turn. Again,
in each evaluation we accumulate the A;(p) in the

multiplier register since their sum is unity. We

If the quantities z,—z and z,—z are used as
multipliers when forming the cross-product on a
desk machine, their accumulation (z,—z) — (2,—z)
in the multipiier register is the divisor to be used
at that stage. An extra decimal place is usually
carried in the intermediate interpolates to safe-
guard against accumulation of rounding errors.

" The order in which the tabular values are used

is immaterial to some extent, but to achieve the
maximum rate of convergence and at the same
time minimize accumulation of rounding errors,
we begin, as in this example, with the tabular
argument nearest to the given argument, then
take the nearest of the remaining tabular argu-
ments, and so on. d

The number of tabular values required to
achieve & given precision emerges naturally in
the course of the iterations. Thus in the present
example six values were used, even though it was
known in advance that five would suffice. The
extra row confirms the convergence and provides
a valuable check.

_(4) Difference formulas. We use the central
difference notation (chapter 25),

The numbers in the third and fourth columns are
the first and second differences of the values of
ze"E (z) (see below); the smallness of the second
difference provides a check on the three interpola-
tions. The required value is now a:)'latai]:uag0 by
linear interpolation: L

£,=.3(.89772 9757)+.7(.89774 0379)
=.89773 7192.

now have the following subtable. In cases where the correct order of the Lagrange
polynomial is not known, one of the prelimina
” i) mterpolations may have to be performed wit
7.952 89772 9757 polynomials of two or more different orders as a
7953 BOTTA 0370 oor g check on their adequacy.
' ' 10620 . (3) Aitken’s method of iterative linear interpola-
7.954 89775 0999 tion. The scheme for carrying out this process
| in the present example is as follows:
n Zn  Ya=2zerE(z) Yon Yo.1,n Yo12n Uo.1.2.3,n Ta—3
0 80 .89823 7113 . 0473
1 7.9 89717 4302 . 89773 44034 —. 0527
2 8.1 .89927 7888 .BOTT4 48264 . 89773 71499 . 1473
3 7.8 .89608 8737 2 90220 2394 . 89773 71938 —. 1527
4 82 90029 7306 4 98773 1216 16 89773 71930 . 2473
5 7.7 .89497 9666 2 35221 2706 43 30 —. 2527
Here T Jo ¥
— /1
e L T &
Za—ZolYn Tn—2% 8fap 3
2 fi &y &y
 toaa= ok - W 8fsa &fin
et Za—T1|Y0,n e T3 fa 6’,‘(3
. Sfin
" =___1___ Yo1,+ v o, m=Ilm e Ty f,;
R Tn—Tm|Uo,1, « « «, m=1,n In—T Hare

hip=fi—fo, 8fsp=fo—fi, . . ..
¥fi=8fin—&hp=r—2N+fo
8= Ff— ¥ =fi—3fi+3fi—fo
84y = 8%y s — ¥an=Fi—4fs +6fs—4&fi+fo
and so on.

In the present exa.m;])}e the relevant part of the
difference table is as follows, the differences being
written in units of the last decimal place of the
function, as is customary. The smallness of the
high differences provides a check on the function
values

z ze*E,(z) 8*f &f
7.9 . 89717 4302 —2 2754 —34
8.0 .89823 7113 —2 2036 -39

Applying, for example, Everett’s interpolation
formula

fo=(—D)fot+ Es(p) 8o+ Eu(p) 54+ . . -
+pfi+ Fa(p) 8+ Fu(p)&fit . . -

and taking the numerical values of the interpola-
tion coefficients Fi(p), Ei(p), Fa(p) and Fy(p)
from Table 25.1, we find that
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10% sn=.473(89717 4302)+.061196(2 2754) — .012(34)
+.527(89823 7113) +.063439(2 2036) —.012(39)
=89773 7193.

We may notice in passing that Everett’s
formula shows that the error in a linear interpolate
is approximately

Ex(p) 8o+ Fo(p) 81 = ¥ Ba(p) + Fa(p) (6%, + 8211)
Since the maximum value of |E,(p) +Fy(p)| in the

range 0<p<1 is %, the maximum error in a linear
interpolate is approximately

36 Bt 811, that s, ok | o fi—fut o,

(5) Taylor's series. In cases where the succes-
sive derivatives of the tabulated function can be
computed fairly easily, Taylor’s expansion

@) =F(@o) + (& —o) I_l(f_cﬂ G y;(!a:o

+($—$n)3f———“'3(rn)—f- o w

5. Inverse

With linear interpolation there is no difference
in principle between direct and inverse interpola-
tion. In cases where the linear formula provides
an insufficiently accurate answer, two methods are
available.  We may interpolate directly, for
example, by Lagrange’s formula to prepare a new
table at a fine interval in the neighborhood of the
approximate value, and then apply. accurate
inverse linear interpolation to the subtabulated
values.  Alternatively, we may use Aitken’s
method or even possibly the Taylor’s series
method, with the roles of function and argument
interchanged.

It is important to realize that the aceuracy of
an inverse interpolate may be very different from
that of a direct interpolate. This is particularly
true in regions where the function is slowly
varying, for example, near & maximum or minj-
mum. The maximum precision attainable in an
inverse interpolate can be estimated with the aid of
the formula

sa~tfi Y

in which Af is the maximum possible error in the
function values.

Example. Given z¢?E,(z)=.9, find z from the
table on page X.

(i) Inverse linear interpolation. The formula

for p is
2=~/ (h—f).
In the present example, we have

-9—.89927 7888 __72 2112
P™'50020 7306—.89927 7888 101 9418 08367

can be used. We first compute as many of the
derivatives f™(z,) as are significant, and then
evaluate the series for the given value of z.
An advisable check on the computed values of the
derivatives is to reproduce the adjacent tabular
values by evaluating the series for z=z_, and z,.

In the present example, we have

f(z) =ze=Ey(x)
"(z)=(14+z")f(z)—1
" (z) = (14z-1)f (z) —z~2(z)
7" (@)= (1-+z)f" (z) —20~%f" (z) + 223 (z).

With 2,=7.9 and z—2,=.0527 our computations
are as follows; an extra decimal has been retained
in the values of the terms in the series to safeguard
against accumulation of rounding errors.

k B (z) k! (z —20) ¥ (20) /]
0 89717 4302 89717 4302
1 01074 0669 .00056 6033 3
2 —.00113 7621  —.00000 3159 5
3 .00012 1987 .00000 0017 9
89773 7194
Interpolation

The desired z is therefore
T=xo+ p(z;—x,) =8.14.708357(.1) =8.17083 57

To estimate the possible error in this answer,
we recall that the maximum error of direct linear
interpolation in this table is Af=3X10-%. An
approximate value for df/dz is the ratio of the
first difference to the argument interval (chapter
25), in this case .010. Hence the maximum error
in 2 is approximately 3)107%/(.010), that is, .0003.

(i) Subtabulation method. To improve the
approximate value of z just obtained, we inter-
polate directly for p=.70, .71 and .72 with the aid
of Lagrange’s 5-point formula,

z zecFy (z) § &?
8. 170 . 89999 3683
1 0151
8. 171 . 90000 3834 -2
1 0149
8.172 . 90001 3983

Inverse linear interpolation in the new table
gives

.9—.89999 3683
P="Go0o1 o151 0228

Hence z=8.17062 23.

An estimate of the maximum error in this result

is
df 1x10°°
M =10 —1X10

(iii) Aitken’s method. Thisis carried outin the
same manner as in direct interpolation.
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n Ya=ze*Ei(z) za Zo.n T0,1,n To1,2.m To123,m Ya—y

0 .90029 7306 8 2 . 00029 7306
1 .89927 7888 8.1 B 17083 5712 —. 00072 2112
2 .90129 6033 & 3 8 17023 1505 & 17061 9521 i . 00129 6033
3 .89823 7113 8.0 8 17113 8043 2 5948 8. 17062 2244 —. 00176 2887
4 90227 4695 8.4 8 16992 9437 1 7336 415 8.17062 2318 . 00227 4695
5 89717 4302 7.9 8 17144 0382 2 8142 231 265 —. 00282 5648

The estimate of the maximum error in this
result is the same as in the subtabulation method.

An indication of the error is also provided by the

discrepancy in the highest interpolates, in this
€ase %194, 80d Zo, 235

6. Bivariate Interpolation

Bivariate interpolation is generally most simply
performed as a sequence of univariate interpola-
tions. We carry out the interpolation in one
direction, by one of the methods already described,
for several tabular values of the second argument
in the neighborhood of its given value. The
interpolates are differenced as a check, and

interpolation is then carried out in the second
direction.

An alternative procedure in the case of functions
of a complex variable is to use the Taylor’s series
expansion, provided that successive derivatives

of the function can be computed without much
difficulty.

7. Generation of Functions from Recurrence Relations

Many of the special mathematical functions
which depend on a parameter, called their index,
order or degree, satisfy a linear difference equa-
tion (or recurrence relation) with respect to this
parameter. Examples are furnished by the Le-
gendre function P,(z), the Bessel function .J,(z)
and the exponential integral E,(z), for which we
have the respective recurrence relations

(ﬂ+ I)Pn-ﬂ’_ (2ﬂ+ l)an‘i‘ﬂPn—l:O
Juri =2 Iy d =0

ﬂE-.” +IE.=E—‘.

Particularly for automatic work, recurrence re-
lations provide an important and powerful com-
puting tool. If the values of P,(z) or J,.(z) are
known for two consecutive values of n, or E,(z)
is known for one value of 7, then the function may
be computed for other values of n by successive
applications of the relation. Since generation is
carried out perforce with rounded values, it is

vital to know how errors may be propagated in

the recurrence process. If the errors do not grow
relative to the size of the wanted function, the
process is said to be stabie. If, however, the
relative errors grow and will eventually over-

whelm the wanted function, the process is unstable.

It is important to realize that stability may
depend on (i) the particular solution of the differ-
ence equation being computed; (i1) the values of
¢ or other parameters in the difference equation;

(iii) the direction in which the recurrence is being
applied. Examples are as follows.

Stability—increasing n
Pp(z), PR(z)

Oa(z), QR (2) (@<1)
Ya(@), Ka(z)

Jen-y5(z)y Tn—sslx)
Ey\(z) (n<z)
Stability—decreasing n
Py(z), P7(z) (=<1)
Qn(z), Qn(2)

Ja(@), In(z)

Int34(z), Tniss(®)

En(z) (n2>2)

Fu(m, p) (Coulomb wave function)

Illustrations of the generation of functions from
their recurrence relations are given in the pertinent
chapters. It is also shown that even in cases
where the recurrence process is unstable, it may
still be used when the starting values are known
to sufficient accuracy.

Mention must also be made here of a refinement,
due to J. C. P. Miller, which enables a recurrence
process which is stable for decreasing n to be
applied without any knowledge of starting values
for large n. Miller’s algorithm, which is well-
suited to automatic work, is described in 19.28,
Example 1.
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2. Physical Constants and Conversion Factors

The tables in this chapter supply some of the
more commonly needed physical constants and
zonversion factors.*

The International System of Units (SI)
established in 1960 by the General Conference
of Weights and Measures under the Treaty of
the Meter is based upon: the meter (m) for
length, defined as 1650 763.73 wave-lengths
in vacuum corresponding to the transition
2p.,—bd; of krypton 86; the kilogram (kg)
for mass, defined as the mass of the prototype
kilogram at Sevres, France; the second (s) for
time, defined as the duration of 9 192 631 770
periods of the radiation corresponding to the
transition between the two hyperfine levels of
cesium 133; the kelvin (K) for temperature,
defined as 1/273.16 of the thermodynamic tem-
perature of the triple point of water; the am-
pere (A) for electric current, defined as the
current which, if flowing in two infinitely long
parallel wires in vacuo separated by one meter,
would produce a force of 2 x 10 newtons per
meter of length between the wires; and the
candela (ed) for luminous intensity, defined as
the luminous intensity of 1/600 000 square
meter of a perfect radiator at the temperature
of freezing platinum.

All other units of SI are derived from these

meter as the unit for length and 1/1000 of the
kilogram as the unit for mass gives rise simi-
larly to the cgs system, often used in physics
and chemistry.

SI, as it is ordinarily used in electromagne-
tism, is a rationalized system, i.e., the electro-
magnetic units of SI relate to the quantities
appearing in the so-called rationalized electro-
magnetic equations. Thus, the force per unit
length between two current-carrying parallel
wires of infinite length separated by unit dis-
tance in vacuo is 2f = poi,i./4», where u, has
the value 4» X 10-"H/m. The force between
two electric charges in vacuo is corresponding-
ly given by f = q.q./4we1?, ¢ having the value
1/p,c?, where c is the speed of light in meters
per second. (e~8.854 % 10-*F/m)

Setting u, equal to unity and deleting 4r
from the denominator in the first equation
above defines the ecgs-emu system. Setting e
equal to unity and deleting 4r from the de-
nominator in the second equation correspond-
ingly defines the cgs-esu system. The cgs-emu
and the cgs-esu systems are most frequently
used in the unrationalized forms.

Table 2.1. Commmeon Units and Conversion
Factors, CGS System and SI

base units by assigning the value unity to the S1 CGS
proportionality constants in the defining equa- Quantity Name Name Faets‘“'
tions (official symbols for other SI units appear E;E.egy ?;:"IYED?J)(N) gif;“’ %gr
in Tables 2.1 and 2.2). Taking 1/100 of the Power watt (W) [ s 107
*See also “Preface to Ninth Printing,” page ITla and page II.
Table 2.2. Names and Conversion Factors for Electric and Magnetic Units
) ST emu esu emu-SI esu-SI

Quantity name name name factors factors
Current ampere (A) abampere statampere 10-1 ~3 x 10°
Charge coulomb (C) | abecoulomb statcoulomb 10-t ~3 X 10°
Potential volt (V) abvolt statvolt 108 ~(1/8) % 10-2
Resistance ohm (9) abohm statohm 109 ~(1/9) % 10-11
Inductance henry (H) centimeter e | 109 ~(1/9)x 10-1
Capacitance farad (F) v | CEDtimeter 10-9 ~0 % 1011
Magnetizing force Aem-! oersted 4w % 10-2 ~3 % 108
Magnetomotive force A gilbert | 4r X 10! ~3/108
Magnetic flux weber (Wbh) maxwell 108 ~(1/8) x 10-?
Magnetic flux density tesla (T) gauss (G) 104 ~(1/8) % 10-¢
Electric displacement = | s | e 10-3 ~3 % 105

Example: If the value assigned to a current is 100 amperes its value in abamperes is 100 X 10-! = 10.
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The values of constants given in Table 2.3 are based on an adjustment by Taylor, Parker, and Langenberg,
Rev. Mod. Phys. 41, p.375 (1969). They are being considered for adoption by the Task Group on Fundamental Con-
stants of the Committee on Data for Science and Technology, International Council of Scientific Unions. The uncer-
tainties given are standard errors estimated from the experimental data included in the adjustment. Where appli-
cable, values are based on the unified scale of atomic masses in which the atomic mass unit (u) is defined as 1/12 of
the mass of the atom of the 12C nuclide.

Table 2.3. Adjusted Values of Constants

Unit
Constant Symbol | Value T{E:f:%; Systeme International| Centimeter-gram-second
1 (CGS)
Speed of light in vacuum ................ e 2.9979250 | =10 |x10% m/s %101  em/s
Elementary charge ........ccooooereeeeee. e 16021917 70 10-1® C 10-20  cm!/2gl/3 *
4,803 250 21 |.. 10-10  cm?3/2g1/28-1 +
Avogadro constant ... Na 6.022 169 40 1032 mol-! 1023 mol-!
Atomie mass Wnit oo u 1.660 531 11 10-27 kg 10~ g
Electron rest mass ....coccmccnonce m, 9.109 558 54 | 1031 kg 10-3% g
5.485 930 34 . 104 1 104 1
Proton rest Mass ..o my 1.672 614 11 ° 10?7 kg 10-2 g
: 1.007 276 61 8 100 u 100 u
Neutron rest Mass -......oce| Mo o 1.674 920 11 | 1027 kg 1024 g
1.008 665 20 10 100 u 10 u
Faraday constant ... F 9.648 670 B4 | 10¢ C/mol 108 cm?/2g1/2mol-1*
2.892 599 16 fovecreeneirereceoenesecassenensnaens 104 em?/2gl/s-lmol-1 ¢
Planck constant k 6.626 196 50 10-3¢ J.s 10-27 erg-s
K 1.054591 9 80 10-3¢ J.s 1027 erg-s
Fine structure constant ... «a 7.297 361 11 10-3% 102
1/a 1.370 360 2 21 103 e 108 e
Charge to mass ratio for electron..| e/m, 1.758 802 8 54 | 101 C/kg 10T  cm!/3/gl/2 %
5.272 7569 16 . 1017 cm3/3g-1/2g-1 ¢
Quantum-charge ratio .| hle 4,135 708 14 10-15 J.g/C 10-7  cm3/2gl/2g-1 *
13795234 46 - 10-17  cmd/2g1/2 ¢
Compton wavelength of electron ....| A¢ 2.426 309 6 T4 10-12 m 10-1" em
Ae/ 2w 3.861 592 12 10-1* m 10-11  em
Compton wavelength of proton ....| A¢,, 1.321 4409 90 10-15 m 1 10-1 em
Ae,p/2x 2.103 139 14 10-'% m 10-1* em
Rydberg constant ........................ R 1.097 87312 11 107 m-?! 103 em-!
Bohr radius ...l ag 5.291 7715 81 10-11 m 10 cm
Electron radius a Te 2.817 939 13 10-1% m 10-12 em
Gyromagnetic ratio of proton ...\ ¥ 26751965 82 10¢  rad.s1T-? 104 rad-s1G-1*%
¥/2r 4257 707 13 107 Hz/T 108 sIG-1 %
(uncorrected for diamagnetism, L 2.6751270 82 108  rad.s1T-? 10¢ rad.g1G-1*

H.0) . { ' [2x 4.257 597 18 10" Hz/T 108 s1G1*

Bohr magneton ..........ooeeceenenn un 9.274 096 65 10-2¢ J/T 1021 erg/G*
Nuclear magneton .........ccooooie. ux 5.050 951 50 10-27 J/T 10-2¢ erg/G*
Proton moment | o 14106208 99 | 10-%¢ J/T 10-%%  erg/G*

ol un 2.792 782 17 100 e 100 aaenanis
(uncorrected for diamagnetism,

H0) o W ol un 2.792 709 17 0 s 100 s
Gas constant R 8.314 34 35 100 J-K-!mol! 107  erg+ K-! mol-!
Normal volume perfect gas ............ Ve 2.241 36 39 10-2  m3*/mol 104 em?/mol
Boltzmann constant .........cceoeeuee. k 1.380 622 59 10-2¢ J/K 10-%  erg/K
First radiation constant (8whe) ....| ¢ 4,992 579 38 10-2¢ J.m 10-15 erg-.cm
Second radiation constant ............ c: 1.438 833 61 102 m-K 10 em-K
Stefan-Boltzmann constant ............ v 5.669 61 96 | 10-* W.m-2K-H 10~ erg-cm-2s-1KH
Gravitational constant ............ G 6.673 2 a1 10-11 N« m?/kg? 10-%  dyn-cm?/g?

i{Based on 1 std. dev; applies to last digits m preceding column.

*Electromagnetic system.

tElectrostatic system.
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Table 2.4. Miscellaneous Conversion Factors

Standard gravity, g,
Standard atmospheric pressure, P,

= 9.806 65 meters per second per second*
= 1.013 25 X 10° newtons per square meter*

= 1.018 25 X 10° dynes per square centimeter*

1 thermodynamic calorie, cal,
1 IT calorie?, cal,

1 liter, 1

1 angstrom unit, A

1

= 4,1840 joules*

= 4,1868 joules*

— 10~ cubic meter*
= 10-2° meter*

bar = 10% newtons per square meter*
= 10°® dynes per square centimeter*

1 gal

= 10-2 meter per second per second*

— 1 centimeter per second per second*

1 astronomical unit, AU
1 light year
1 parsec

= 1.496 X 10** meters
= 9.46 X 10 meters
= 3.08 x 1078 meters

= 3.26 light years

1 curie, the quantity of radioactive material undergoing 3.7 X 10* disintegrations per second*.

1 roentgen, the exposure of x- or gamma radiation which produces together with its secondaries
2.082 x 10° electron-ion pairs in 0.001 293 gram of air.

The index of refraction of the atmosphere for radio waves of frequency less than 3 X 10*° Hz
is given by (n — 1)10° = (77.6/t) (p 4 4810e/t), where n is the refractive index; t, temperature
in kelvins; p, total pressure in millibars; e, water vapor partial pressure in millibars.

Factors for converting the customary United
States units to units of the metric system are
given in Table 2.5.

Table 2.5. Factors for Converting Customary
U.S. Units to SI Units

Geodetic constants for the international
(Hayford) spheroid are given in Table 2.6.
The gravity values are on the basis of the re-
vised Potsdam value. They are about 14 parts
per million smaller than previous values. They
are calculated for the surface of the geoid by
the international formula.

Table 2.6. Geodetic Constants
a—6378388 m; f=1/297; b = 6 366 912 m

1 yard 0.914 4 meter*

1 foot 0.304 8 meter*

1 inch 0.025 4 meter*

1 statute mile 1 609.344 meters*

1 nautical mile (inter- 1852 meters* -

national)

1 pound (avdp.) 0.453 592 37 kilogram*

1 oz. (avdp.) 0.028 349 52 kilogram

1 pound force 4.448 22 newtons

1 slug 14,593 9 kilograms

1 poundal 0.138 255 newtons

1 foot pound 1.355 82 joules

Temperature 32 + (9/5) Celsius
(Fahrenheit) temperature*

1 British thermal unit® 1055 joules

Length of Length of
Latitude 1’ of 1" of g
longitude latitude
Meters Meters m/s*
0° 1 855.398 1842.925 9.780 350
15 1 792.580 1844.170 9.783 800
30 1608.174 1 847.580 9.793 238
45 1314.175 1 852.256 9.806 154
60 930.047 1 856.951 9.819 099
75 481.725 1 860.401 9.828 593
90 0 1 861.666 9.832 072

1 Used principally by chemists.
2 Used principally by engineers.
3 Various definitions are given for the British thermal unit. This represents a rounded mean value differing
from none of the more important definitions by more than 3 in 104,

* Exact value.
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3. Elementary Analytical Methods

3.1. Binomial Theorem and Binomial Coeffi-
cients; Arithmetic and Geometric Progres-
sionsj Arithmetic, Geometric, Harmonic and
Generalized Means

Binomial Theorem

3.1.1
osir=r(()e- () e

+(”§) a4 . L. b7
(n a positive integer)

Binomial Coefficients (see chapter 24)
3.1.2

N\_ n_nn—=1)...(n—k+1) =l
* (k)““"" — 7 ==

3.1.3 ("D=(ﬂi‘_ k)= (— 1)t (k— 2—1)

e CEROH)
s QR

e QG ()
w11 1-()Q)- o (o

Table of Binomial Coefficients (:)

3.1.8
NElo|1|2]3|4|5]|6|7|8]9]10{11]12
N
| 1] 1
2777 1 2 1
37| 1 3 8 1
a7l 1| 4 6 4 1
5.2 1| s 10 10| 5 1
67| 1| 6 15/ 20/ 15 6| 1
)
7...| 1| 7] 21| 35| 38 21| 7| 1
8__-| 1| 8| 28| 56| 70| 56| 28 8| 1
o~ 7| 1| ol 36| 84/126/126| 84| 36| 9| 1
10--2| 1| 10| 45120/210/252[210]120] 45| 10| 1
1.1 1) 11] 55/165/330462|462|330(165] 55 11| 1
12°°77 1] 12| 66/220/405|792(024|792|495220| 66| 12| 1

For a more extensive table see chapter 24.
*See page IL

10

3.1.9

Sum of Arithmetic Progression to n Terms
a+(a+d)+(a+2d)+ . . . +(e+mn—1)d)
=m+% n(n-—-—l)d=?2—b (a+1),
last term in series=Il=a+ (n—1)d
Sum of Geometric Progression to n Terms

3.1.10
s,=a-+tar+tar*+ ... +ar

u-l_a(l-‘r")
T 1—r
(—1<r<1)

lim s,=a/(1—7)
n—o

Arithmetic Mean of 7 Quantities A

A:___a‘l+a'2+ §_se +an
n

35.1.11

Geometric Mean of n Quantities G

3.1.12 G@=(a\az...a)"" (@:>0,k=1,2,...,0)

Harmonic Mean of n Quantities [

3.1.13

1 1
H% (all+alg+ e +E;) (@:>0,k=1,2, ...,7m)

Generalized Mean
n 1/t
3.1.14 M(c)=(l > a;)
N k=1
3.1.15 M(t)=0(t<0, some @ zero)

3.1.16 lim M(t)=max.

=

(a;,ae, ey, @) =INAX.q

3.1.17 lim M(¢)=min. (@, @, - - -, @Gn)=M0iN.
5 2]
3.1.18 lim M (t)=6
-0
3.1.19 M(1)=A
3.1.20 M(—1)=H

3.2. Inequalities

Relation Between Arithmetic, Geometric, Harmonie
and Generalized Means
3.2.1

Az‘ G> H, equality if and only if a;=a,= ... =a,

3.2.2 min. < M (t)<max. a
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3.2.3 min. < @< max. ¢

equality holds if all g, are equal, or t<{0
and an a; 1s zero

3.2.4 M(t)< M (s) if t< s unless all g, are equal,
or <0 and an a; is zero.

Triangle Inequalities

3.2.5 |ay| —|ae| < @y +as| < ||+ a2
™ T
3.2.6 ’ al< 30l
=] t-l
Chebyshev’s Inequality
If e >a>a02 . . . 20
bi>b2b0> ... 2b,
i) n n
327 a3 abh> (z ag) >3 b,,)
k=1 k=1 k—_]

Holder’s Inequality for Sums

1.1
If =4==1, p>1, ¢>1
p+q p>1, ¢

n n ipy n 1/¢
3.2.8 Elaxbkls(z !aklﬂ) (Z[bﬂ') :
k=1 k=1 k=1

equality bolds if and only if |be|=c¢|ax|?~! (¢=con-
stant>0). If p=g=2 we get

Cauchy’s Inequality

3.2.9
n 2 n n
[Z ot ] < e 230
k=1 k=1 =]

¢ constant).

(equality for a,=cby,

Holder’s Inequality for Integrals
I |
If —4==1,p>1 1
3T p>1, 9>
3.2.10

[esenas<] [ir@re]""[ [ o]

equality holds if and only if |g(x)|=c|f(x)|*™*
(e=constant >0).
If p=g=2 we get N

Schwarz’s Inequality
3.2.11

I:J;b f(@)g (x)dz:] i < Jj [f () JPdz J:a [g(z) Pda

Minkowski’s Inequality for Sums
If p>1 and ax, b, >0 for all £,

3.2.12

equality holds if and only if bi=cax (¢=con-
stant>0).

Minkowski’s Inequality for Integrals
It p>1,
3.2.13

(J] veorro@rae)"<(f] 1rpaz)”
([ lo@raz)”

equality holds if and only if g(z)=c¢f(z) (¢=con-
stant>0).

3.3. Rules for Differentiation and Integration

Derivatives
3.3.1 ac'i' (cu)=c g?—;; ¢ constant
3.3.2 = ( ik )_j:i _[_?;
3.3.3 = (w)=u g%_w j_:'
3.3.4 ( /)_vdu/d:vg udv/dz
3.3.5 u(v) g: ji
M4 G (:., )

Leibniz’s Theorem for Differentiation of an Integral

3.3.7

d B(c)
T o f(z,c)dz

_J'“ 2 1@, )izt 16,0 T—1 @ 0%
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Leibniz’s Theorem for Differentiation of a Product The following formulas are useful for evaluating
3.3.8 f (axf-;(—?:—?-c)" where P(z) is a polynomial and
d*udv | /m\ dV 2 d?
(m:)— +( )dxn—.'l T +(2) a7 dz n_>1 is an integer.
dr="u d'y d"v 3.3.16
o () Gt e N \  msis
(@ +bz+0) (dac—b7)t " dac— b9
3.3.9 %—1 d: (b*—4ac<0)
3.3.17 1 2az+b— (b*—4dac)?
_ (b*—4ac)?  [2ax+b+ (b*—4ac)?
&'z _ —d’ dy 3
Y
—2
3.3-18 TR (62—40,6:0)
2az+b
Pz [dydy dzy) dy\~*®
3.3.11 e [W dm_3 (d-_xi z:l(d_:c) 3.3.19
Integration by Parts famz_|_x£§;+c 2a In |a’w2+ bate|— ﬁ—r—;
3.3.12 J‘udv=uv—ff)du 3.3.20
dz _ 1 le +dx
; G Dot s ad—bo® |ofhs (@4%b0)
3.3.13 f uvdz=(fud.n:) ﬂ—f(fudz) © dz
dx 3.3.21 fasiﬁz i lb arctan %
Integrals of Rational Algebraic Functions il
3.3.22 f In |a®+ b%2?
(Integration constants are omitted) a*+b'z* 2‘52 a5l
de 1 a-+bx
(az-Hb)™+ $ie28 a*—b** 2ab " |a—bx
3.3.14 f(ax+b)"dz=w (n;-f—l) 1 2
3.3.24 f(zz+az)z 2@3 arctan +__2(.’32T&'42)
dz —x etz
3.3.15 a3 aln |az+b| 3.3.25 f(:ﬁ B P =4a3 In ==
Integrals of Irrational Algebraic Functions
. dx —d(a-F+ b:t)
3.3.26 [@F02) CF ™ (= bd)”’ arctan Fletdn) (bd<0)
3.3.27 = gy avesin %d—"b‘j_%ﬂ) (b0, d<0)
3.3.28 =@§)~ﬁ In |[6d(a+ba) |2+ ble+dz)|  (3d>0)
2 d(a—l—ba:) ha
3.3.29 f(a-}-bz)“’(c—!—dz) [@Go—ad)]" arctan (d(ad—be)<0)
_ 1 d(a+bm) V2—[d(ad—be)]'?
=A% [@@d—bo)]” ™ |datb2) " Fldlad—bo ~ 4@d—b)>0)




3.3.31

f[(a-l—ba:) (c-+do)] iz

_ (ad—bc)+-2b(c+-dx)
4bd

[(a+b2) (e+dx)]/?

(ad—bc)? dz
8bd  J [(@t+b2) c+do]”

3.3.32
[TEEET" domg o+ b0) i
wi—

be) J'
[(a+ ﬁz) (c+d3:)]”’
3.3.33

dx
(az?+bz+-c)'?
=a~2In [26"*(az®+bz-+c) ”2+2ax+bl (@>0)

3.3.34 a="2 arcsinh 2 1 0) (az-+1)

(4“ bz)ua
(>0, 4ac>b%)
02438 =a"*In |2az+-b|(a>0, b*=4ac)
3.3.36 ——(—a)~V2 arcsin ( gai—:j;)m
(a<0, b7>4ac, [202+b|< (—4dac)"?)
3.3.37
. f(a$3+bx+c)lfﬂdm 2a$+b (a,zﬂ_i_bx_l_c)uz
4(36 b2
3.3.38 ! (“”’+5x+c) =
dx dt
IW=-— there t=1/z
3.3.39
J' rdz
(az*+ba+c)'"2
4_ b dz
Ta ’(E_x_‘fj-bz-i-c)lm A Frr e
d
3.3.40 (xz—:E?Ei':ln |z+ (zzztaﬁ)”
3.3.41

f (P a)do=E (@ +a)i+ % In [o+ @a)

a+ (2 +a*)?

Sl ot

£

dz 1 a

3.3.43 fm = A&rccos -$_
dz .

3.3.44 fm—arcsm a

2
3.3.45 f(a.s—:cz)*dm=§ (a“—-:c"‘)*-l—% arcsin E

a+(a?—2%)}

z

dx 1
3.3.46 f—z(a’—z’)*_—-aln

dz . T—a
3.3.47 fm—&l‘ﬁ-ﬁlﬂ T

3.3.48
— 2 S
J' (az—2) *dm=¥ (2az—2944% arosin 2

3.3.49
dz
(az®+-b) (c2®+d)*

_1 arctan ____x(ad bo)
~ [b(ad—be)]} [b(cz*+d)]}

(ad>>be)

3.3.50

_ 1 (b4 dli+a(be—ad)}
“2[b(be—ad) T |[b(cx*+d)*—xz(bc—ad)?

(be>ad)

3.4. Limits, Maxima and Minima
Indeterminate Forms (L’Hospital’s &ul_e)

3.4.1 Let f(z) and g(z) be differentiable on an
interval a <z<{b for which ¢’ (z) #0.

If
hmf(:t:) 0 and hm g(x) 0
or if . _
zhﬁglﬂf(x)= m&ﬂdilﬁ g(@)=-<
and if
1@ f@) _
Sy = then B Gy~

Both b and I may be finite or infinite.
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Maxima and Minima

3.4.2 (1) Functions of One Variable

The function y=f(z) has & maximum at z=z,
if f'(x)=0 and f"'(z)<0, and a minimum af
a=n, if f'(%)=0 and f’(x,)>0. Points 2, for
which f’(z,) =0 are called stationary points.

3.4.3 (2) Functions of Two Variables
The function f(z, 7) has & maximum or minimum
for those values of (,, %) for which

3 o,
oz 'y
. 0¥ /oxdy o¥f[dx? )
and for which 2oy >f/oady <0;

(a) f(z,v) has a maximum

if Z)‘f<0 and E>3(0 at (2o, %),

(b) f(z,y) has a minimum

EJ?]f>0 and aZ;>0 at (2o, %)

3.5. Absolute and Relative Errors

(1) If z, is an approximation to the true value
of z, then

3.5.1 (a) the absolute error of x, is Ax=uz,—2,

&—u, is the correction to z.

3.5.2 (b) the relative error of z, is 62:—%:5~%$~
0

3.5.3 (c) the percentage error is 100 times the

relative error.

3.5.4 (2) The absolute error of the sum or
difference of several numbers is at most equal to
the sum of the absolute errors of the individual
numbers.

3.5.5 (3) If f(a;, 23, . . ., Zs) is a function of
T, %, ... %, and the absolute error in z,
(i=1, 2, . . . m) is Az, then the absolute error
in fis

Afs: Ax:—i— f - Ant +E%f Az,

3.5.6 (4) The relative error of the product or
quotient of several factors is at most equal to the
sum of the relative errors of the individual factors.

3.5.7
"(z
(5) If y=f(x), the relative error Ey— -{,L\)

Approximate Values

If If|<<11 |7?l<<1; b<<a'1

3.5.8 (@+b) ~a*+kat-1h
3.5.9 (1+e)(1+n) =1+etn
3.5.10 11 €l te—y

3.6. Infinite Series

Taylor’s Formula for a Single Variable
3.6.1

flath)= 1@ +hf" @) 451" @)

hﬁhl n—1)
. +(’n-—'1)1f{ (x)+ R,
3.6.2
B=L fo g ay = (16" D (a+0,h)
"l T (n—1)! . g

(0<61.2(x)<1)
3.6.3

=(n—E‘1_)-!J: A= 1 f ™ (z+th)dt

3.6.4

(x a)

1@ =f @+Z52 1@+ 552 1 @+

(x a)

365  R=U"P g (@<E<2)

Lagrange’s Expansion
It yzf(x)y "Jo=f($o)s f,(xﬂ) #0, then
3.6.6
= (y— yu)
=1%o+ ;L:-:l {dxt—l {ffx) — % } ]x=z0
3.6.7

g(z)=g(20)

dx"' (g (@) {f(:i) mayn} )] z=1

where g(z) is any function indefinitely differenti-
able.

3.6.8
a+a=33 (3)

Binomial Series

(—1<2<1)
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3.6.9 3.6.14
R I ittt
(142 H=1—3 2 21 e ot
3.6.10
~ ‘ 91 o 728 20
(1+x) 1:1—$+$2—333+$ ==—a (_1<I<]) 729 +6561 T oeae (H1<I<l)
3.6.11 i — .
xz 5 34 7 35 21 xﬁ symp 1C¢ LXpansions
— B il
(1+2)=1+45— +16 128 7256 1024 - i
(—1<2<1) 3.6.15 A series ;é,{‘] @z ~* is said to be an asymp-
306-12 ~4 ] f s
totic expansion of a function f(z) if
. &, 3 52 350% 632° P /@)
U+a)=l—+ 5 —Ts T 138 256 2=t
253 j(m)-—-kZ‘,o G F=0(x"") as g
x = |
+—1024-— (—1<z2<1) _
for everyn=1,2,.... We write
3.6.13
11 5 10 o gk
=14 p—= 22— P——— fl@)~>
(It2)i=ltge—gatg T35 =
22 ., 154 , The series itself may be either convergent or
729 6561 ° i (~l<a=]) divergent.
Operations With Series
Let sy=1+az+ar® ta®+at+ . . .
Sg=1-+bx+b,2*+b 2+ b+ . . .
sg=14cxter* + e te*+ . . .
Operation i c C; A
3.6.16 | sy=st" —ay ai—ay 2a,a;—az—a? 2a,a;— 3aiay —as+ a3 +ab
3.6.17 83:8T! "‘231 3'3? —2a, 601@2 —233 — 40.{ 66;33—1'36; —2a,— 12a3%+56f
1
3.6.18 | sz=sff 3o éaz—%a’f %aa—éu.a;+r16a? %m—ia.aa lar’r a-aa i-ﬁaz
1 3, 1
3.6.19 83=8TH _'éal Eaf—aaz ga;ag - %Gs -— 1—601 gﬂlaa'i‘gag "%Gl —;_'ﬁafal‘l'mﬂ:
3.6.20 | s=8 nay 1, aa(n—1) ‘ g
2(”- Deaar+nas * +écm§(n— 1)(n—2) * na¢+c1as(n;1)+§n(n 1)ai
R +35(n—1) (n—2)ema
+o3(=1)(n=2) (n—3)ciat
3.6.21 | sy=ai:, a;-+b | batabita bs+abs+abi+as byt arbs+agba+asby +au
3.6.22 | sp=si/s, a;—by | ag— (bei+by) ag— (biea+ bacy+bs) ai— (bies+ baca+bser +b4)
3.6.23 | sy=exp (51— a Ca-l-%ﬂ? aa+a1aa+%a’i' m+alas+%a§ +%aza§+‘211a?
3.6.24 s=1-+In 8 a; Rs—%alc; ﬂa—é(a;ﬁ-f-za;c;) a.—i(a;m—lﬁmﬁ- 3a1f-'3) *
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Reversion of Series
3.6.25 Given
y=az+b*+cx®+det+erS+fabt g™ L ..

then
z=Ay+ By*+ O+ Dy*+Ey +Fy*+-Gy'+ . .
where
aA=1
@*B=—b
a’C=2b*—ac
a’D=5abe—a*d—5b°
@’E=6a*bd+ 30+ 14b*—a’e—21ab%e

aF="Ta’be-+Ta’cd+84ab’c—atf
—28a%hc?—42b65—28a*b?d

a®@=8a*bf+8a‘ce+4a'd*+120a%h*d
+ 180a%b%*+ 132h°—a’g— 36a%b%
—T72a*bcd— 12aPc2—330ab'c
Kummer’s Transformation of Series
3.6.26 Leti a,=sbe agiven convergentseries and
=0

> ¢;=c be a given convergent series with known
k=0

sum ¢ such that lim B0,

k= Ck
Then

s=)\c—|—é (I—A:T: @

Euler’s Transformation of Series
3.6.27 If ;Z (—*a=ay—a;+a— . .
=0

vergent series with sum s then

28, wa=33 (1% )

. 1s a con-

(—=1)*A¥a
‘?_Z o+ .

k=0

Euler-Maclaurin Summation Formula
3.6.28

“p"fﬁ [ sae—3 150 +f(n);+1i2 0~ O)
720 If:n(n) f!ff(o) 30240 f(ﬂ(n)_f(m(o)]

_'—120;600 S () —f 0 O)]4+ . . .

3.7. Complex Numbers and Functions
Cartesian Ft;rm

3.7.1 e=z+1y

Polar Form
3.7.2 z=re¥=r(cos #-+1 sin )
3.7.3 Modulus: |2|= (2*+y?)i=r

3.7.4 Argument: arg z=arctan (y/z)=6 (other
notations for arg z are am z and ph 2).

3.7.5 Real Part: 2=%z=r cos 6

3.7.6  Imaginary Part: y=z=r sin 0
Complex Conjugate of

3.1.7 Z=3—1y

3.7.8 Iz]=|z|

3.7.9 aTg z= —arg z

Multiplication and Division

If sy=z 4%, z=x3-+1y,, then

3.7.10 az=n2— Yo+ 1 (@Y +2y1)
3.7.11 |z122| =| 2| | 2]
3.7.12 arg (z;2;)=arg z,arg 2
3.7.13 ﬂ=|z;‘fﬁ;=xlh+yly§-:§zyl 2
3.7.14 ﬂ inl{
3.7.15 arg (:—:)=&rg —brg 2
Powers
3.7.16 z"=r"e'™
3.717  =r" cos nf+ir" sin nf
- (n=0,+1,%2,...)
3.7.18 =z —y*+i(22y)
3.7.19 2=2*—3zy*+i(3z%—v*)
3.7.20  A=ot— eyttt Hidty—day)
3.7.21 ZF=15— 1027+ Byt +i(5aty— 102%+9)
3.7.22

zn=[:bu___(?23) :r:"""y”+(:) xn—iyi_
+i [C;) Z““y—(g) 3P4

n=1,2,...)
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I z"= Un —i—’i@m t:hen Zhtl— Unt1 +‘£@Jn+1 Where

3.7.23  Unp1=TUp—Y0s; Vnp1=20n+ YU
A z" and S2" are called harmonic polynomials.

1_2 _2—iy
3-7-24 z-_J zIB zz+y2
s [ R S
3-7-25 ?—izlzﬂ—'(z )
Roots

3.7.26 zt=+z=rle}""=r cos }9+ir! sin 36

If —x<6<r this is the principal root. The
other root has the opposite sign. The principal
root is given by

3.7.21  Z2=[}(r+z)f+i3¢r—2z)f=u+i» where
2up=y and where the ambiguous sign is taken to
be the same as the sign of y.

3.7.28 2V/"=p/*¢*/* (principal root if —x<8<7).

Other roots are ri/net@+a®\/a (b—1 2.3 . . n—1).
Inequalities
3.7.29 |21[—I32|| SIZ;iEQ!SI&I"‘IZgI

Complex Functions, Cauchy-Riemann Equations

f(2)=f(e+iy)=u(z,y)+iv(z,y) whereu(z,y), v(z,y)
are real, is analytic at those points z=z-+14y at
which

ou 0V ou v
3.7.30 ou_0Ov ou_ _ov
dz oy Oy o

If z=re,
3.7.31 Ou 10 l1ou_ o

Laplace’s Equation

The functions u(z,y) and v(z,y) are called
harmonic functions and satisfy Laplace’s equation:

Cartesian Coordinates

0%, *u_O% A %

3.1. Qu, du_ v ¥ _
733 32 oy o T oyt 0

Polar Coordinates

AR5 0/
3.7.33 r gr (‘r a)-}—yf::r -5’._ (»r a)_{_g'_f‘::o

3.8. Algebraic Equations
* Solution of Quadratic Equations

3.8.1 Given az*+bz+¢=0,

b 1
z"9=_(2_a :E% q’, g-—- b?—.4a£)
21+ 2=—Dbla, z1z3=c/a

If ¢>0, two real roots,
g=0, two equal roots,
¢<0, pair of complex conjugate roots,

Solution of Cubic Equations

3.8.2 Given 2+ a2®+a,2+a=0, let

S WG STWWIE. Y . T
9—3 a ga'il ?"——6 (ﬂxﬂ'z 3“0) 27@3

If #+r*>0, one real root and a pair of complex
conjugate roots,

@+r*=0, all roots real and at least two are
equal,

¢+7r2<0, all roots real (irreducible case).

Let
si=[r+(@+)M], s,=[r—(F+r)}]}
then

5= (31“1"32)"'%

22="-% (81+82) "%'{‘%-3 (81—%2)

o= ko) =218 ()

If 2,, 2, z; are the roots of the cubic equation
atata=—a
212+ 2123+ 2=y
S1Z=—ly
Solution of Quartic Equations

3.8.3 Given #*+as2+a:2°+a2+a,=0, find the
real root u; of the cubic equation

U — agu® + (@403 — 4a0)u— (@] + 003 —4a0a2) =0

and determine the four roots of the quartic as
solutions of the two quadratic equations

?}3+[%1;:F(§+ﬂl—dz)*] 'u+%:F (%5 s—a,.;:|i=0
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If all roots of the cubic equation are real, use
the value of u, which gives real coefficients in the
*quadratic equation and select signs so that if
240,20+ 02+ az+ao= (2 +piz+q) (2 + paztgo),
then

D1+ Pa=03, PP+ @+ =, JiG2+ D21 =1, Q1Q2=0o.
If 2, 23, 23, 2, are the roots,
2= —0y 2222y=—0y,

Zz lz,= Gz, 21222324=— Qy.

3.9. Successive Approximation Methods
General Comments

39.1 Let z=2, be an approximation to z=¢
where f(¥)=0 and both z; and # are in the interval
a<z<b. We define

IWI=II|+CJ($R)

Then, if f’(z)>0 and the constants ¢, are
negative and bounded, the sequence z, converges
monotonically to the root £.

If ¢,=c=constant<0 and f’(z)>0, then the
process converges but not necessarily monotoni-
cally.

=12, ..

Degree of Convergence of an Approximation Process

3.9.2 Let z;, 25, 73, . . . be an infinite sequence
of approximations to & number £. Then, if

2 a4 —E| < Alza—E,

where A and k are independent of n, the sequence
is said to have convergence of at most the kth
degree (or order or index) to & If k=1 and
A< the convergence is linear; if k=2 the con-
vergence is quadratic.

m=1,2,...)

Regula Falsi (False Position)

3.9.3 Given y=f(z) to find £ such that f(£)=0,

choose 2, and z; such that f(x) and f(z,) have’

opposite signs and compute

(21—x) fzf:%_fnxl
(i "' fi—To

Then continue with z, and either of #, or z, for
which f(z;) or f(z,) is of opposite sign to f(z,).

Regula falsi is equivalent to inverse linear inter-
polation,

Igﬂxl—

BCan mama ot

Method of Iteration (Successive Substitution)

3.9.4 The iteration scheme 2;.,=F(z;) will
converge to a zero of z=F(z) if

(1) |F'(z)|<g<1 for a<z<b,

@ oszs =% (fﬂf"’sb,

Newton’s Method of Successive Approximations

3.9.5
Newton's Rule

If 2=z, is an approximation to the solution
z=%¢ of f(z)=0 then the sequence

S (@)

Tr41— 3;-_]-: ()

will converge quadratically to z=¢: (if instead of
the condition (2) above),

(1) Monotonic convergence, f(zo)f’’ (zo) >0
and f'(z), f'’(z) do not change sign in the
interval (zo, £), or

(2) Oscillatory convergence, f(zo)f’’ (z0)<<0
and f’'(z), f"/(z) do not change sign in the
interval (zo, 7), T <£<L2;.

Newton’s Method Applied to Real nth Roots

3.9.6 Given z"=N, if z; is an approximation
z=N"" then the sequence

1NN
T H= [E::i"‘ (n—1) 3&]
will converge quadratically to z.

If n=2, 2,,+1=% (%r-}-zk)a

1/N
Ifﬂ=3, $k+l=§ x_g+2‘rt)'

Aitken’s §’-Process for Acceleration of Sequences

3.9.7 If u, 7441, 242 are three successive iterates
in a sequence converging with an error which is
approximately in geometric progression, then

IxIx+r‘$3+1.
Az, !

AL, =2, — 2Ty 1+ Tk 42

= (e — 2 1)2
Ty =2,— A’J::

is an improved estimate of 2. In fact, if z,=2+*

O(\*) then Z=2-+0(\¥), A|<1.
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3.10. Theorems on Continued Fractions

Definitions
3.10.1
W Let  J=bipis
betas
bs+
_py G G G
=5 F boF Bk

If the number of terms is finite, f is called a
terminating continued fraction. If the number
of terms is infinite, f is culled an infinite continued
fraction and the terminating fraction

j=A,._ L O @ n
"By bt bt b

is called the nth convergent of f.

(2) If lim 4, exists, the infinite continued frac-

n—o -Bu
tion f is said to be convergent. 1f a,=1 and the

b; are integers there is always convergence.

Theorems

(1) If @, and b, are positive then fp,<fonss,
fin—l >j2ﬂ+l '

@ Iffu=

Ay=b,A4, 140, 4,
B,=b.B,_1+0.B,,
where A_1=1, Ao=bu, B_1=0, Bo=1.

A‘M An—l An—z bs
o [Ha 5L
Bn Bn—‘l Bn—2 a‘n

(#9)  ABai—drBe=(—D" 1 @,
(6) For every n>0,

= iy Ci1Cay CyCyly Cn—1Cnn
j _bo+clbl+ Cobot b+ T Cnbs
(6) 14-by+babst ... 4-bby. .. 0y
_ 1 b by b,
T 1— by Fl— by+1— " —b,+1
1,1 i 1 ul ul_,
“1+ﬂ2+ Ty W— Uyt te— T — Uy Uy
1 x x? "
—_— e ) e —
Gy Qo Qo0a =1 Ty . . . Oy

Figure 3.1.

+tn= 0,-5'1;11 2, B

y=a".

Numerical Methods

3.11. Use and Extension of the Tables

Example 1. Compute z*° and z¥ for =29

using Table 3.1.
V=21 g1
=(1.45071 4598-10%%)(4.20707 2333-10")
=6.10326 1248.10%
27— (g4Yz
=(1.25184 9008 - 10%)?/29

=5.40388 2547 -10%
Example 2. Compute 273/ for £=9.19826.

(9.19826)14=(919.826/100)' 4= (919.826)1/4/10*

Linear interpolation in Table 3.1 gives
(919.826)14~5.507144.
By Newton’s method for fourth roots with

N=919.826,
[(5951378112)3.;.5(5 507144)]_5.50714 3845

Repetition yields the same result. Thus,

2V4=5,50714 3845/101=1.74151 1796,
=gt [x= 18933 05683.
3.12. Computing Techniques
Solve the

Example 3. quadratic equation

z?—18.2z4.056 given the coefficients as 18.2+.1,

*See page II.
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056+.001. From 3.8.1 the solution is
2=4(18.2 1:[(18.2)*—4(.058) ")
—3(18.2+[331.016]")=3(18.2 + 18.1939)
=18.1969, .003

The smaller root may be obtained more accurately

from
* .056/18.1969=.0031 +.0001.

Example 4. Compute (—34.00762)%.
From 3.7.26, (—3+.00767)}=u-+1» where

—z\}
u=%; ﬂr—*(tf) » r=(2249)}
Thus
r=[(—3)%+ (.0076)2]}=(9.00005776)*=3.00000 9627

[3.00000 9627—(—3)
= 5

Yy_ 0076 _ )

We note that the principal square root has been
computed.

=1.73205 2196

U

Example 5. Solve the cubic equationz®—18.12
—34.8=0.

To use Newton’s method we first form the
table of f(z)=2%—18.12—234.8

z  f(@)
4 —43.2
5 — 38
6 72.6
7 181.5
We obtain by linear inverse interpolation:
0—(=.3)

Io=5+m =5.004.

Using Newton’s method, f’ (z)=32>—18.1 we get

I “-'Du—f(%)/f' (o)
(—.07215 9936)
=~5.004— 556048

Repetition yields z,=5.00526 5087. Dividing
f(x) by ¢—5.00526 5097 gives z*+5.00526 5097z
+6.95267 869 the zeros of which are —2.50263 2549
+.83036 8001. )

~5.00526.

Example 6. Solve the quartic equation

x*—2.37752 49222°+6.07350 57412
—11.17938 0232+9.05265 5259=0.

Resolution Into Quadratic Factors
(@*+piz+q1) (@2 +paz+g2)

by Inverse Interpolation’

Starting with the trial value ¢,=1 we compute

We seek that value of ¢ for which y(g)=0.
Inverse interpolation in y(q) gives y(¢) =0 for
¢:=2.003. Then,

successively % ' W pl P | V(@)
5 2 —2. 550 | . 172 . 011
O | =2 |p=U"%N m=a—p y(@)=0+a+pP %008 | L 5% 2
0@ G:—q —az
. 0. 053 L 063 | 284 5 38 Inverse interpolation between ¢,=2.2 and ¢,=
; —1. —1 . 383 : =
2 452 | —2 543 " 165 032 | 2.003 gives ¢;=2.0041, and thus,
2.2 4 115 —3. 106 . 729 —2.023
Q@ o P P y(g)
2. 0041 | 4 51706 7640 —2. 55259 257 | . 17506 765 . 00078 552
2.0042 | 4. 51684 2260 —2. 55282 851 | . 17530 358 . 00001 655
2. 0043 | 4. 51661 6903 —2. 55306 447 | . 17553 955 —. 00075 263

Inverse interpolation gives ¢,=2.00420 2152, and we get finally,

0 ’ g2

‘ Pa y(gy)

2. 00420 2152 ’ 4. 51683 7410

—2. 55283 358 ‘ . 17530 8659

—. 00000 0011
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4. Llementary lranscendental Functions

Logarithmic, Exponential, Circular and Hyperbolic Functions

Mathematical Properties

4.1. Logarithmic Function

Integral Representation

tdt
In 2= | 5

iy

-

TEx+iy

Fiaure 4.1. Branch cut for In. z and 2°.
(a not an integer or zero.)

where the path of integration does not pass
through the origin or cross the negative real
axis. In z is a single-valued function, regular in
the z-plane cut along the negative real axis, real
when z is positive.

z=z+1y=re'.

4.1.2 In z=In r4+i8 (—x<8<n).

4.1.3 r=(*+y)} z=rcos 8, y=rsiné,

Y

g=arctan =
z

The general logarithmic function is the many-
valued function Lin z defined by

*dit
Ln Z—J: T

where the path does not pass through the origin.

4.1.4

4.1.5
Ln (re*)=In (re®)+2kxi=In r+i(6+2kr),

k being an arbitrary integer. In zis said to be the
prineipal branch of Ln 2. '

Logarithmic Identities

4.1.6 Ln (2123)=Ln 21+Ln Za.

(i.e., every value of Ln (z,2;) is one of the values
of Ln z+1Ln 2.)

4.1.7 In (z,25)=In z,+1n 2z,

(—w<larg z;+arg z,<m)
4.1.8 Ln §—;=Ln 2,—Ln 2z,
4.1,9 In :—:=1n z2i—Inz,

(—w<arg z;—arg <)
4.1.10 Inz*=nLn z (n integer)
4,1.11 In z*=nln 2z

(n integer, —w<narg z<m)
Special Values  (see chapter 1)
4.1.12 In 1=0
4.1.13 In0=—w
4.1.14 In (—1)=m
4.1.15 In (£4)=44m
In e=1, e is the real number such that

4.1.16

o “dt
—=1

I3

Sl 1+1)”=2 71828 18284 . ..
n—>eo n
(see 4.2.21)

4.1.17

Logarithms to General Base

4.1.18 log, z=In z/ln a
4.1.19 log, z=}g§—:2
4.1.20 log, b=1 :

08> @
4.1.21 log,z=ln z
4.1.22 log;; z=In z/In 10=log,s e In 2

—(.43429 44819...)Iln 2z
87
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4.1.23 In z=In 10log,, z=(2.30258 50929 . . .) log;, 2

(log, z=In z, called natural, Napierian, or hyper-
bolic logarithms; log, z, called common or Briggs
logarithms.)

Series Expansions

4.1.24 In Q42)=2z—322+325— . ..
(|z|<1and z#—1)
4,1.25
z—1\ , 1 /z—1\* 1 /2—1\*
11”2( 2 )+§( z )+§( z )+
(H221%)
4.1.26
In z2=(2—1)—%(z—1)*+34(z—1)*—. . .
('3_1151: 2?50)
4.1.27
z—1 1/72—1\ 1 /2—1Y\°
ln.g=2 [(z+1)+§(z+1) D)+ ]
(#2=0, = 250)
1 1.1 1
41.28 In (§f1)=2 (E+3—33+5—25+. . )
(lz|>21, 2#+1)
4.1.29

In (z+a)=Ina+2 [(2@3—2)-'_% (2{1:- 2)3
]

(@>0, Hz>—a#z)
Limiting Values
4.1.30 lim z== In 2=0
I—w@
(o constant, Ha>0)
4.1.31 lim z=ln =0
(o constant, ZRa>0)
4.1.32
. 2.1
lim kZ; }—ln m)=—y (Euler’s constant)
=,57721 56649 . ..
(see chapters 1, 6 and 23)
Inequalities
T
4.1.33 m <1n (1+$)<$
(z>—1, x70)
4.1.34 < —In (1—2)< 'l—ix
(z<1, z30)

4.1.35 Il (-2)<3  (0<r< 5828)
4.1.36 In z<2—1 (z>0)
4.1.37 In z<n(z""—1) for any positive n
(z>0)
4.1.38 In (1+2)|<—In (1—|2]) (l2|<1)
Continued Fractions
4,1.39
2 z 2z 4z 4z 9z
ln A= 3T ar5r 6+
(z in the plane cut from —1 to — »)
4.1.40
(1222 2 42t 92t
1—z) 1—3—5—T7—
(z in the cut plane of Figure 4.7.)
Polynomial Approximations ?
4.1.41

1
—< <410
J10T T

logio z=at+ast’*+e(x), t=(z—1)/(z+1)
e(z)| <6X 107

o,=.86304 ay=.36415
1
4.1.42 —<z<410
Y10~

logi, z=a1t+ast® +ast’+a;t’+agt®+e(z)
t=(z—1)/(xz+1)
|e(z)] <1077
a;=.86859 1718

a;=.28933 5524
a;=.17752 2071

a,=.09437 6476
a,=.19133 7714

4.1.43
In (1+2)=az+a2*+a2®+aa' +a;2°+e(z)
le(z)] <1108

0<z<1

as=—.13606275
as=.03215 845

@;=.99949 556
a;=—.49190 896
a;=.28947 478

2 The approximations 4.1.41 to 4.1.44 are from C. Hast-
ings, Jr., Approximations for digital computers. Princeton
Univ. Press, Princeton, N.J., 1955 (with permission).
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4.1.44 0<z2<1
In (1+2)=az+ 22 +as2* a4 a2’ +asz®
+a;2"+ ag2®-¢(z)
le(2)|<3X107#
m= .99999 64239 a;= .16765 40711

a;=—, 49987 41238
a;= .33179 90258
a,——. 24073 38084

as=——. 09532 93897
a;= . 03608 84937
ag=—. 00645 35442
Approximation in Terms of Chebyshev Polynomials ?
4.1.45 0<z<1

T,*(z)=cos né, cos 6=2z—1 (see chapter 22)

In (1+z)=§ A, T *z)

n A’; n A!‘l

0 .37645 2813 6 —. 00000 8503

1 .34314 5750 7 . 00000 1250

2 —. 02043 7252 8 —. 00000 0188

3 .00336 7089 9 . 00000 0029

4 —, 00043 3276 10 —. 00000 0004

5 .00005 9471 11 . 00000 0001

Differentiation Formulas
4.1.46 .4 In z= L
dz
4.1.47 ar In z=(—1)*"'(n—1)lz""
dz"
Integration Formulas
4.1.48 f d?z=ln z
4.1.49 fln zdz=zln z—z
4.1.50
“In sds=2n: ln g
fz nzdz= + z— rEmyE
(n##—1, n integer)
4.1.51
n m 2”+1 (In z)m m f n m—1
2" (In )" dz e g z"(ln 2)""dz

(n#=—1)

¢ The approximation 4.1.45 is from C. W. Clenshaw,
Polynomial a.pproxxma.t.lonﬂ to elementary functions,
Math. Tables Aids Comp. 8, 143-147 (1954) (with per-
mission).

=InInz

4.1.52 f dz
zln 2

4153
fln [+ (22+ ) de=2 In [z (£ 1)} — (2 1)}

4.1.54
fz In [2+4(22+ 1)*1033*- e ln [2+(22+1)4]
1 zl’H-l )
atl ) @E® @F D
Definite Integrals
4155 M . di=—6
0
'Int
4.1.56 e dt=—n*/12
(*dt _;.
4.2, Exponential Function
Series Expansion
4.2.1

3 2 et 2 .
e S TR TR TR (z=2+1y)

where ¢ is the real number defined in 4.1.16

Fundamental Properties

4.2.2 Ln (exp 2)=2+2kr? (k any integer)

4.2.3 In (exp 2)=2z (—7<SIz<7)
4.2.4 exp (In z)=exp (Ln 2)=2z
4.2.5 g- exp g=exp 2
2
Definition of General Powers
4.2.6 If N=a?, then z=Log, N
4.2.7 a*=exp (z1n a)

4.2.8 If a=|a|exp (i arga) (—wr<arga<w)

4.2.9 la*|=|a|?e" 55 2
4.2.10 arg (¢)=y In |e|+zarga
4.2.11

Ln a*=zIn e for one of the values of Ln a*
4212 Ina*=zlna (areal and positive)
4.2.13 |e?|=e*
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4.2.14 arg (e’)=y Special Values (see chapter 1)
4.2.15 aha=q4ts 4.2.22 e=2.71828 18284 ..
4.2.16 a*b*=(ad)* (—r<arg a+targ b<r) 4.2.23 =1
4.2.24 =
" ) 4.2.25 e~ =0
" 4.2.26 eiri |
4.,2.27 Sy A
4.2.28 ¢™=1 (k any integer)
Exponential Inequalities

If 2 is real and different from zero

4.2.29 e“l"i?r<1—z<e-= (2<1)

-8 /
L ! 4.2.30 e>1+z
al !
Fircure 4.2. Logarithmic and exponential functions. | 42.31 o<y @<
Periodic Property 5502 1+I<(1_"_‘) <& (F>—1)
4.2.17 Gl (k any integer) | 4.2.33 I<(ez_1)<1fz (2 1)
Exponential Ildentities ’ ;
4.2,18 eflp—ptita 4.2.34 1+z>et (22>—1)
4219  (en)a=enn (—r<In<n) | 42.38 e’>1—|—2—, >0, z>>0)
The restriction (—»<{fz <) can be removed 2
if z, is an integer. 4.2.36 g’>(1 +§) Sertt (20, y>0)
Limiting Values 2
4.2.90 4237 ¢ <l—5 (0<2<1.5036)
lim ze¢ *=0 (jargz|<3r—e<jr, « constant) ; .
o 4238 glal<le—11<glzl (0<[zl<D)
; a\" .
e s H‘ﬁ) =¢ 4239 |e*—1|<el—1< 2l (all 2)

Continued Fractions

4.2.40 = = == (Jz|< =)

S I =BFT="" (Izl<=)
i 2 22/4.3 22/4.15 2%/4.35 22/4(dnt—1) ”
B e ey e A st
4241 e—ey_ (2)= 2" nlz 2 (n+1)z 2z (n+2)z 3z (lzl< =)

I— (n+1)+ (n+2)— (n+3)+ (n+4)— (n+5)+ (n+6)—
(For e,(z) see 6.5.11)
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4.2.42
g2e aretan §=1+ 2¢ a*+1a*44 a®49 o
z—a+ 3z+ bz+ Tz4 _
(2 in the cut plane of Figure 4.4.)
Polynomial Approximations ¢
4.2.43 0<z<In 2=.693...
¢ =1-+mz+ax?+e(x)
|e(z)| <3%X107*
a,=—.9664 a,=.3536
4.2.44 0<2<In 2
e~ *=1+}az+ a2 a2 +axt+e(z)
le(z)| £3X10~*
a,=—.9998684  a3=—.15953 32
a,= 4982926 a,= .0293641
4.2.45 0<z<In2
e~ *=14a,x4a,2 a2 a2t Hagx’
+agz®+ a2 +e(x)

le(z)| <2x10-1°
a,=—.99999 99995  a,——.00830 13508

a,= 4999999206 a,= .00132 98820
a;——.16666 53019 a;——.00014 13161
ay= .0416573475

4.2.46° 0<2<1

10°= (10,21 @:2* +a;0° +a,2*)*+e(2)
le(z)| <7107

a,=1.1499196  4,=.20800 30
a;= .6774323  a,=.12680 89
4.2.47 0<z<1
10°= (14 a2+ a:2* 4 ag2®+ aya* +as®
+ a5z +a:2") +¢(x)

le(z)| <5 1078
a,=1.15129 277603  as=. 01742 111988

a,= . 66273 088429 as=. 00255 401796
a;= . 25439 357484 a;=. 00093 264267
a,= .07295 173666

+ The approximations 4.2.43 to 4.2.45 are from B. Carl-
son, M. Goldstein, Rational approximation of functions,
Los Alamos Scientific Laboratory 1.A-1943, Los Alamos,
N. Mex., 1955 (with permission).

8 The approximations 4.2.46 to 4.2.47 are from C. Hast-
ings, Jr., Approximations for digital computers. Princeton
Univ. Press, Princeton, N.J., 1956 (with permission).

Approximations in Terms of Chebyshev Polynomials ?
4.2.48 0<z<1
T#(z)=cos nf, cos §=2x—1 (see chapter 22)

=31 A, T%(z) e r=3) A,T%(z)
=0 a=0

n Au n A,
0 1. 75338 7654 0 . 64503 5270
1 . 85039 1654 1 —.31284 1606
2 . 10520 8694 2 . 03870 4116
3 . 00872 2105 3 —.00320 8683
4 . 00054 3437 4 . 00019 9919
5 . 00002 7115 5 —.00000 9975
6 . 00000 1128 6 . 00000 0415
7 . 00000 0040 7 —.00000 0015
8 . 00000 0001
Differentiation Formulas
S
402.49 ;i'_z' e'=¢€
4.2.50 _dl“ F=a"e®
dz
d
4.2.51 —a'=a*lna
dz
d S z—1
4,2.52 7 2 =az
4.2.53 L (1+In 2)z*
. - dz
Integration Formulas
4,2.54 fe“’dz=e‘"/a
4.2.55 1

.[ Z“e“‘de=% [(@2)"—n(az)*""+n(n—1)(az)""*

+ ... (=D nl(az) +H(—1)™l] (n=>0)
4,2.56
eﬂz eal a' 65
z" dz=_(n—1)z"“+n—1 fz"“ dz (n>1)

(See chapters 5, 7 and 29 for other integrals
involving exponential functions.)

4,3, Circular Functions

Definitions
- iz_e—i: .
4.3.1 sin z="—- (z=z+1y)
iz -1z

® The approximations 4.2.48 are from C. W. Clenshaw,
Polynomial approximations to elementary functions,
Math. Tables Aids Comp. 8, 143-147 (1954) (with per-
mission).
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4.3.3

4.3.4

4.3.5

4.3.6

4.3.7
4.3.8
4.3.9

4.3.10
4.3.11
4.3.12

4.3.13
4.3.14

4.3.15

4.3.16

ELEMENTARY TRANSCENDENTAL FUNCTIONS

sin 2
tan z=——
cos z

CSC 2=—
sin 2z

sec 2—
cos 2

1
tan z

cot z=

Periodic Properties

sin (z-+2kr)=sin ¢
cos (z+2km)=cos z
tan (z-+kr)=tan z

(k any integer)

—— CS5CX%
------ -~ SEC X
——— col X

Freure 4.3. Circular functions.
Relations Between Circular Functions
sin? z+4-cos? z=1
sec? z—tan? z=1
csc? z—cot? z=1
Negative Angle Formulas
sin (—z)=—sin 2

cos (—z)=cos 2
tan (—z)=—tan 2
Addition Formulas

sin (2 +2,)=sin 2, €08 22-+C08 2; sin 2,

4.3.17 cos (z,+2;)=cos 2, cos 2;—sin 2z, 8in 2,

tan z;-+tan z,

43,18 tan (erte) =1 oy

cot z; cot 2,—1

4.3.19 cot 2,+cot z

cot (z+2)=

Half-Angle Formulas

4.3.20 sm——:l: 1—cos z)}
4.3.21 cos ——:I: 1—|—cos z)

z 1—cos 2\} 1—cosz sinz
4.3.22 tané—:t: TFoos & sinz  1-cosz

The ambiguity in sign may be resolved with the
aid of a diagram.

Transformation of Trigonometric Integrals

If tan ~—z then

2
4.3.23 sin u-—l_:zg, cos u—i;::, du=1_|%z, dz
Multiple-Angle Formulas

4.3.24 sin 2z=2 sin z cos z=%’%—f—z
4.3.25 cos2z=2cos’z—1=1—2sin’2

o . 5. 1—tan’z

=cos’ z—sin’ e=1— e
il Al s 22_1%};.1:1:2 cf)t;(:f 1 cot z-2—ta.n 2
4.3.27 sin 3z2=3sinz—4sin®z
4,3.28 cos 32=—3 cos z+4 cos® z
4.3.29 sin 42=8 cos® zsin z—4 cos zsin 2
4.3.30 cos 42=8 cos* z—8 cos? z2+1

Products of Sines and Cosines

4.3.31 2 sin z sin z;=cos (z21—2)—c0s (211 25)
4,3.32 2 cos 2, €08 2,=008 (21— 2,) +cos (z1+22)
4.3.33 2 sin z; cos z;=sin (2;—2;) +sin (21422)

Addition and Subtraction of Two Circular Functions

4.3.34

sin 2z;-+sin z,=2 sin (zl:‘;zz) cos (21;23)
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4.3.35

. . z21+z2 . 21—z
sin z,—sin z,=2 cos( 2) sin (1——3)

2 2

4.3.36

21}z 21—2
oS z1+c0s 2,=2 cos (~1—-2——3) cos (J——”)

2
4.3.37

. (21F2\ . [2,—2
COS 2;—COS 2a=—2 sm( 1t 2) sm(f)

2
4.3.38

tan z;4+tan 32=w

4.3.41

73

cos? z;—c0s? z,=—sin (z,+2,) sin (21— 2,)

4.3.42

c0os? 21—sin? z;=cos (214 2;) cos (21—2,)

4.3.43

Signs of the Circular Functions
in the Four Quadrants

€OS 2; COS 2,
4.3.39 Quadrant | sin | cos | tan
__sin (z,+21) cse sec cot
eot g1k 00t 2 =cr 2, 8in 2,
Relations Between Squares of Sines and Cosines I -+ - -+
II + = —
4.3.40 111 — — +
sin? z;—sin? z,==sin (214 2,) sin (21— 2,) v = + -
4.3.44
Functions of Angles in Any Quadrant in Terms of Angles in the First Quadrant. (0<6 S-g , kany integer)
—8 "2—’ﬂ:e T8 ?’gia 2w 46
.+ —sin 6 cos 6 Fsin 0 —cos 6 +sin 68
COS_______ cos 8 Fsin —cos 6 +sin +cos @
tan__._____ —tan @ Fcot 6 +tan @ Fcot 6 +tan 6
esc__ - ____ —ese 0 +sec 6 Fese 8 —sec 6 +ese d
8eC_ _ . _._. sec @ Fcsc @ —sec +csc 6 +sec 0
cot_______ —cot § Ftan 6 *cot 8 Ftan @ +cot 0
4.3.45 Relations Between Circular (or Inverse Circular) Functions
sin r=a cos T=a tan z=a csec 2=a sec r=a cot z=a
)1« JES a (1—a?)} a(l+a*)"t a™! a Y a*—1)} (1+a*}
S (1—a?) a (1+a”)~ a(@*—1)t | o™ a(1+a?)
tan z._____ a(l—a?™} a~(1—a?)t a (a*—1)7% (@*—1)} a™!
CSC L. o _ a™! (1—a?)? a” ' (14a?)t a a(a®—1)"% (14-a?)?
sec ¥______ (1—a?)t a’! (1+4a?} a(a®—1)"% a a ' (1+a%)t
(3 A a (1—a?)? a(l—a?®~t a™! (a*—1)* (a*—1)"? a

(05&:5%) Illustration: If sin z=a, cot z=a"!(1—a?)}

arcsec a=arccot (e*—1)#
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4.3.46 Circular Functions for Certain Angles

0 712 7/6 /4 /3
0° 15° 30° 45° 60°
. V2
sin |0 | F (B |12 (22 |32
cos |1 ‘?Néﬂ) ¥3/2 | +2/2 |1/2
tan [0 |2—+3 ¥3/3 |1 V3
esc | @ |42(+B4+1) |2 V2 | 2433
sec |1 |+2(3—1) |2v3/3]|+2 2
cot | » | 2443 V3 1 v3/3
57/12 /2 Tr/12 2r/3
75° 90° 105° 120°
sin ?wé‘ﬂ) 1 Q(«/ﬂl) V3/2
cos ‘-‘-ig(ﬁ-—l) 0 _Tﬁ(-./g—l) —1/2
tan | 2443 o | —(24++/3) -3
esc |V2(+3—1) |1 |+2(3—1) 2v3/3
BeC | V2(v34+1) | = | —v2(+3+1) | —2
cot | 2—+/3 0 | —(2—43) —+/3/3
/4 5u/6 117/12 x
135° 150° 165° 180°
sin V2/2 1/2 ' ‘? +3—1) |0
cos —v2/2 | —+3/2 %EWEH) =1
tan -1 —B/3 | —@—+3) |0
csc V2 2 V2(H3+1) | =
sec | —2 | —2yB/3 | —/2(+3—1) | —1
cot —1 —v3 —(2++3) ®

Euler’s Formula

4.3.47 et=¢* " =¢* (cos y+1 sin y)
De Moivre’s Theorem
4.3.48 (cos z+1 sin 2)’=cos vz+1 sin »z

(—r<#z<w unless » is an integer)
Relation to Hyperbolic Functions (see 4.5.7 to 4.5.12)

4.3.49 sin z=—¢ sinh 22

4.3.50 cos z=cosh ¢z
4.3.51 tan z=—1 tanh ¢z
4.3.52 csc z=1 csch 4z
4.3.53 sec z=sech 1z
4.3.54 cot z=+t coth ¢z

Circular Functions in Tlg:rms of Real and Imaginary
arts

4.3.55
4.3.56

sin z=sin z cosh y+1 cos z sinh ¥
cos z=cos 2 cosh y—1 sin z sinh ¥

sin 221 sinh 2y

4357 tan o= ek By

__sin 2z—1 sinh 2y

4.3.58 cot z= cosh 3j—oco8 Zt

Modulus and Phase (Argument) of Circular Functions

4.3.59 [sin z|=(sin® z+sinh? y)}
=[4 (cosh 2y—cos 2z)}
4.3.60 arg sin z=arctan (cot z tanh y)
4.3.61 |cos z|=(cos® z+sinh? y)}
=[4% (cosh 2y+-cos 2z)}
4.3.62 arg cos z=—arctan (tan z tanh y)
__(cosh 2y—cos 2z ¥
36 [tan z‘_"(coah 2y-+cos 2z)
_ sinh 2y
4.3.64 arg tan z=arctan (—Hsin %z
Series Expansions
4.3.65
. 2# 2 2
sin z=z—ﬁ+-5-i—ﬁ+ = (lz|< =)
4.3.66
22 2z 2* -
cos z=1—gpty—git - - (|z|< =)
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4.3.67

228 1727
tan z= z+ -{—15—!-.315-}“

(—1)"128%(22*—1) By, -1y

(1)

(2n)!
4,3.68
1 2z
osc z=;+gt355 #tpep 2T
_—1)yn-1 an—1__
BT e ey (el<o)
4.3.69
5z¢ 61z°
secz—1+ -I- +720+
K
+( (12)”’)!2,; 2 (|z|<g)
4,3.70
cot & 1 2z 28 24°
3 45 945
n=102n
= 1)(2?1)2: Bia j1n-1 (lz|<m)
4.3.71
* «© —1\nm02n-1
mslgzzﬂﬂ( 1?1(3;)1321‘ & (2| <)
4.3.72 _
= - mOAn—=1/02n__
lncosz=§( 1)211(2(:)! I)Ba"z’" (lz|<4r)
4.3.73
tan 2 & (—1)*12(2*1—1)B,, .
In =2==24 (@] &
(J2|<3m)

where B, and E, are the Bernoulli and Euler

numbers (see chapter 23).

Limiting Values

4.3.74 lim 2%
=0

4.3.75 fim, L% _y
-0 z

4.3.76 lim n sm 2 2
f=»x n

4.3.77 lim » tan E=-—-:i:
o n

4.3.78 " lim cos 2=1
o n

4.3.79

4.3.80

4.3.81

4.3.82

4.3.83
4.3.84
4.3.85
4.3.86
4.3.87

4.3.88

4.3.89

4.3.90

4.3.91

4.3.92

4.3.93

4.3.94
4.3.95

tan az=

(9—a?) tan’z

Inequalities
sin ™ g
'———>" —5<2<3
sin z<z<tan z (0<z57§r
cos 3:_<_Bu; f<1 (0<z<r)
sin 72
1r<$(1__x)_4 (0<L2<1)
|sinh y| < [sin z|<cosh y
|sinh | < [cos z|<cosh y
|ese 2| <cschly|
|cos 2| <cosh|z|
|sin z|<sinh|z|
|cos z|< 2, [sin z|$§|z[ (J2|<1)
Infinite Products
3
sin z=2 k];[ lﬁk"—r’
“' 422
cos z=1£11 1—(—-—-——2’{:__1)._,’._3
Expansion in Partial Fractions
cot z—-+2z Z‘_, zﬂ—k%l
(z#0,+m,+2m, ...)
esc? 2= i} .
b= (2—kx)?
(270, +m,+2m, . ..)
@ k
ese z——+2z ?_‘_, 1)
(z#ﬂ,:(:r,:f:%:r, ce)
Continued Fractions
# 2 2 m )
tan 2—1t3—_—5?7_ v W (2#2:l:ﬂ7f
e tan z (1—a?) tan? z (4—a®) tan® z
13 3+ 5+

7+

(-—%(5;? z<§; az #%:I:?‘Mr)
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Polynomial Approximations 7

4.3.96 0<e<y
Sil; I=1—!—a2:c=+a4x‘+e(m)
le(z)[<2X107*
a«_}=—.;6605 a,=.00761
4.3.97 0<z<3
sin &

o =1t taa!+az’ +Haget+air! "+ €(z)

[e(z)| <2X10-°

ag= .00000 27526
a;0=—.00000 00239

a,=—.16666 66664
a,= 00833 33315
-a;=—.00019 84090

T
053:55

cos r=14aa*+axt+e(z)
le(2)| <9104
a;=.03705

4.3.98

a;=— 49670

m
GSIS§

4.3.99
cos 2=1-+4a;2* a2+ a2’ 028 + 21020+ ¢(z)

le(z)| <2X10~°

a;= .00002 47609

a;=—.49999 99963
a;= 04166 66418
as=—.00138 88397

o<z <t

4.3.100 <3

tan z

=14ar? a2t +e(x)

le(z)|<1X1078

@,=.31755 a;=.20330

7 The approximations 4.3.96 to 4.3.103 are from B. Carl-
son, M. Goldstein, Rational approximation of functions,
Los Alamos Scientific Laboratory LLA-1943, Los Alamos,
N. Mex., 1955 (with permission).

4.3.101 0<<q
ta: L1t aar bt a4 agtar

+anz+e(z)

le@)| <£2X 10'8‘

az=.02456 50893
a10=.00290 05250
a,=.00951 68091

a,=.33333 14036
a,;=.13339 23995
a,=.05337 40603

4.3.102 0<z< ;-'
* x cot 2=1-+a,2*+aa'+e(x)
e (x)| <310~
ay=—.332867 a,=—.024369
4.3.103 0<z< g

2 cot =1-+a. 2 +aat+asxbtasz® a2+ € (z)
le(z)| <4X10-1

as=—.00020 78504
Qyp=— — .00002 62619

a,=—.33333 33410
a,=—.02222 20287
a;=—.00211 77168
Approximations in Terms of Chebyshev Polynomials ®

4.3.104 —1<2<1

T*(x)=cosnb, cos #=2x—1 (see chapter 22)

sin dro=z 33 ATHD)  cos hrr=3 A T2
n=0

n=0

n A, n A,

0 1.27627 8962 0 47200 1216
1 —.28526 1569 1 —.49940 3258
2 .00911 8016 2 .02799 2080
3 —.00013 6587 3 —.00059 6695
4 .00000 1185 4 .00000 6704
5 —.00000 0007 5 —.00000 0047

¥ The approximations 4.3.104 are from C. W. Clenshaw,
Polynomial approximations to elementary functions,
Math. Tables Aids Comp. 8, 143-147 (1954) (with per-
mission).
*See page IL
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Differentiation Formulas

4.3.105 -Jd_ it 2=COf 2
z
d .
4.3.106 — C0S 2=——s8In z
dz
d 2
4,3.107 — tan z=sec* z
dz
d
4.3.108 —— e8¢ z=—cC8¢ 2 cot 2
dz
d
4.3.109 ——sec z=sec 2z tan 2
dz
d
4.3.110 — cot z=—csc? 2
dz
g5 Eeme—iin (z-}-—l-m-
- dz" - 27/
4.3.112 5 €08 2=C08 (z-{-zm-)
e dz"® - 2
Integration Formulas
4.3.113 fsin 2dz=—co0s2
4.3.114 fcos zdz=sinz
4,3.115 fta.n zdz=—In cosz=In sec z
4.3.116
Z_ _ _1, 1—cosz
fcsc zdz=In tan §—1n (csc z—cot z)—2 lnl-{r-cos =

4.3.117
fsec zdz=In(secz-+tanz)=Intan (£+%)=gd—l (2)
=Inverse Gudermannian Function

gd z=2 arctan e‘-—-%

4.3.118 fcot zdz=In sin z=—In csc z
4.3.119
fz" sinzdz=—z" cos z-l—nfz"“ cos zdz
4.3.120
sin 2z —sin z 1 [cosz
f?dz_(ﬂ.—l)z““-{_n—lf z"“dz (n>1)

4,3.121 J‘ - i dz=—z cot z+In sin 2
sin* 2

4.3.122

J‘ z2dz = —zcosz 1
sin"z (n—1)sin* 'z (n—1)(@n—2)sin*2z

 (n—2) [ zdz
Tm—1) ) sin" %z

(n>2)
4.3.123

[z" cos zdz=z2"sin z—-nfz"" sin zdz

4.3.124
cos 2 cos 2 1 sin 2
f > o= (n—1)z"! n—lfz"“dz (n>1)
4.3.125 f 23 dz=2 tan z+In cos z
cos?® z
4.3.126

zdz  zsinz 1
cos®z (n—1)cos" 'z (n—1) (n—2)cos™ 2z

(n—2) zdz

+(n—1) cos" 2z (w>2)

4.3.127
J’ - m "d _sin™'z cos" 'z
sin™ z cos” zdz=—"D — ——
+ ((1:;,:—173) sin™ z cos™? zdz
___sin™"'z cos™t! z
- m-+n

—(g%_l__——:]; sin™"? z cos™ z dz

(m#—mn)
4.3.128

dz _ 1
sin™ z cos™ 2 (n—1) sin™ ! z cos™ ! z
+m+n—2 J‘ dz
n—1 sin™ z cos" "% 2
(n>1)
_ —1
~ (m—1) sin™ !z cos™ ! z
+m+fn—-2 dz
m—1 Jsin™ %z cos® 2z
(m>1)

n—1
4.3.129 ftnn" z dz=ta$_1 z—fta.n”" zdz (n#1)

cot™ 'z

4.3.130 |cotzdz=— s cot® 2 zdz (n¥1)
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4,3.131 2
f d2___ 2 . cten ———G - (§)+b (a*>b7)
a+bsinz (a*—b%)} (a>—b¥)}

1
-~ (p—a??

@ tan (%)—}-b—(b’—aﬁ)*

In
a tan (%)-{—b-!—(b*—az)*

(b*>a?)
4.3.132 fl fsnz (
4.3.133 2
2 (a—Db) tan 3
fa—l—b cos z=(a’— bz)!arctan T (@bt (@">5%)
1 (b—a) tan 2+ (b*—a?)}
(Br=alt (b—a) tan = 5 (b*—a?)?
(b*>a?)
4.3.134 fl -!iis z=tan%
4.3.135 f 1_‘5;3 —=—cot
4.3.136
fe‘“ sin bz de=—73 ’-}-b’ (@ sin bz—b cos bz)
4.3.137
J‘e"’ cos bz dz=——7; ’+5’ (@ cos bz+b sin bz)
4.3.138
f ¢4 gin® bz d2=% (@ sin B2 —nb o8 b2)
+%%E—zfe“ sin"~2 bz dz
4.3.139
fe‘“ cos™ bz dz=eu(:{_t—w (@ cos bz-+nb sin bz)
+?%:i_:—;§—)bb.‘,2fe"' cos™ 2 bz dz
Definite Integrals
4.3.140 J:sin mt sin nt di=0

(m##n, m andn integers)

f cos mi cos nt dt=0
(1}

4.3.141 f sin®nt dt=f cos? nt dt=1§r
] 0

(n an integer, n0)
4.3.142 f LU T (m>0)
0 t 2
=0 (m=0)
™
==g (m<0)

4.3.14'4 f Sin {2 dt:lf cos tz dt:iﬁ
0 0 2Yy2

4.3.145
*/2 . xf2 T
f Insint dt=f Incostdi=—=1n 2
0 0 2

4.3.143 f coB.aY
0

4.3.146 TRt
(1]

b e“"‘

T

(See chapters 5 and 7 for other integrals involv-
ing circular functions.)
(See [5.3] for Fourier transforms.)

4.3.147

Formulas for Solution of Plane Right Triangles

c b A
If A, B and C are the vertices (C the right
angle), anda b and ¢ the sides opposite respectively,

1
csc

a
sin A=-=

B

b_ 1
¢ 8ec

cos A=

N

1
b cot A

tan A=
versine A=vers A=1—cos 4
coversine A=covers A=1—sin 4
haversine A=hav A=} vers 4

exsecant A=exsec A=sec A—1
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4.3.148
Formulas for Solution of Plane Triangles

In a triangle with angles 4, B and C and sides
opposite a, b and ¢ respectively,

a b ¢
sin A sin B sin C

—cﬂ_l_ bﬂ_a?
cos A——2 T

a=>b cos C+ccos B

a+b_tan 3(44+B)
a—b tan §(A—B)

a_I:.‘:s;ixu‘?l
T2

s=%(a+b+c¢)
4.3.149
Formulas for Solution of Spherical Triangles

=[s(8—a)(s—b) (s—O)}

If A, B and C are the three angles and a, b and
¢ the opposite sides,

sin A _sinB_sin O
sing sind sine

cos a=cos b cos ¢+=sin b sin ¢ cos A

cos b cos (c+6)
cos @

where tan 6=tan b cos A

cos A=—cos B cos C+sin B sin C cos a

4.4. Inverse Circular Functions

Definitions
4.4.1

. * dt .
Arcsin 2=J; m (Z=2+’b’g‘)
4.4.2
1 di T ’
arccos z= —'—(1__ t,)‘=—-—-a,rcsm 2

2
4.4.3
' odt *
o 1+2

The path of integration must not cross the
real axis in the case of 4.4.1 and 4.4.2 and the
imaginary axis in the case of 4.4.3 except possibly
insiggn the unit circle. Each function is single-
valued and regular in the z-plane cut along the
real axis from — » to —1 and +1 to + « in the case
of 4.4.1 and 4.4.2 and along the imaginary axis
from % to ¢« and —¢ to —i« in the case of 4.4.3.

Inverse circular functions are also written
arcsin z=sin™! 2z, arccos z=cos™! gz, arctan 2z
=tan"'z . ...

When —1<z<1, arcsin z and arccos z are
real and

arctan z=

4,44 —3r<arcsin x<i%n, 0<arccos z<T
r Rz>0
4.4.5 arctan z-t-arccot z= :1:§ R0
4.4.6 arcesc z=arcsin 1/z
4.4.7 aresec z=arccos 1/z
4.4.8 arccot z=arctan 1/z
449 arcsec z-arccsc z=#r
(see 4.3.43)
iy iy
+i
X X
—— - — 5
-
arcsin z oand arctan 2
arccosz
iy iy
+
—— —— B X
-1 0+ o
-1
arcesc z and arccot z
orcsecz

Ficure 4.4. Branch cuts for inverse circular

Junctions.
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Fundamental Property

The general solutions of the equations
sin {=z
cos {=2

tan {=z
are respectively

4.4.10 t=Arcsin z=(—1)* arcsin z-+kx
4.4.11 t=Arccos z= +arecos z+2kxr
4.4.12

t=Arctan z=arctan z+kr (2#—1)
where k is an arbitrary integer.

4.4.13 Interval containing principal value

Y z positive  z negative
Or zero
arcsin z and arctanz 0<y<#/2 —x/2<y<0
*arccos zand arcsec z 0<y<n/2 r2<y<nw
%arccot z and arcesc z 0<y<w/2 —x/2<y<0
’ ¥
L arceos x 3.0
N 25
e ““h_._. 2.0
/T
* 1 1 1 b _W-‘u_“_-:_:;-_-.‘-:-
— 28 __ 8 19 is 25 28
arctﬂ\?___'_‘:a.:-':"" _ —— orcain x
S ™\ farcsin x R"‘""\---i.s e g:z::;:
g
Fieure 4.5. Inverse circular functions.
Functions of Negative Arguments
4.4.14 aresin (—z)=—arcsin 2z
4.4.15 arccos (—z2)=w—arccos z
4.4.16 arctan (—z)=—arctan z
4.4.17 arccsc (—z)=—arcese 2
4.4.18 arcsec (—z)=wr—arcsec z
*4.4.19 arccot (—z)=—arccot z
Relation to Inverse Hyperbolic Functions (see 4.6.14 to
4.6.19)
4.4.20 Arcsin z=—7 Arcsinh 1z
4.4.21 Arecos z=+¢ Arccosh 2z
4.4.22 Arctan z=—1 Arctanh 7z (2*#=—1)

*See page 1L

4.4.23 Arcesc z=1 Arcesch ¢z
4.4.24 Arcsec z=+1 Aresech 2z
4.4.25 Arccot z=i Arccoth iz

Logarithmic Representations
44.26 Arcsin z=—1iLn[(1—2?)i+1z] (2?<1)
4.4.27 Arccos z=—i Ln[z+i(1—a)i] (22<1)
4.4.28 Arctan z= ¥ L i-I_-:: ;Ln H—;

(z real)

—1)g
4.4.29 Arcescz=—1 Ln [(Lllﬂ (x2>1)

y(r2—1)4
4430 Arcsec z——i Ln[L""(:;—ll] @*>1)

4.4.31 Arccot J:——Ln(u+1 —EL (x—z)
w—1 z+1
(z real)
Addition and Subtraction of Two Inverse Circular
Functions
4.4.32

Arecsin 2,4+ Aresin z,

= Arcsin [z (1—22) 4+ 2,(1—2})1]
4.4.33

Arccos 2,4 Arccos z;
= Arccos { 212, F[(1—21) (1—2D]}}

zlizz)
1F 2125/

4.4.34
Arctan 2,4+ Arctan z,
4.4.35
Arcsin z,+ Arccos z,
= Arcsin{zi1z,£[(1—2}) (1—2z) ]}
=Arccos [2;(1—2)¥F2:(1—23)Y]

=Arctan

4.4.36
Arctan z, 4 Arccot 2,

_ legil 23 F 21
—Arctan ( —Arcco (zm .

Inverse Circular Functions in Terms of Real and
Imaginary Parts
4.4.37

Arcsin z=kr-(—1)* arcsin g

(= 1) 10 [t (e — 1))
4.4.38

Arceos z=2kr+ {arccos —1 In [a+(a?—1)#]}
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4.4.39
Arctan z=Fkr+% arctan (1__:_?__%,1»)

iy [2+@+1)°
+ib [T

where k is an integer or zero and

a=%}(z+1)*+yP+3 [(z—1)* 497
B=3%[(@+1)*+y P-4 [(z— 1)+

Series Expansions

(22 —1)

4.4.40
28 1.325 1.3-527

aresin z=z+§3+2-4-5+2-4-6-7+' ..o (7<)

4.4.41

. 2.1-3:-5...(2%k—1)
arcsin (1—z2)=5 (22)‘[1+k=1 PEETDE

(Iz1<2)
4.4.42
gd . gF gt
arctan z=z—~3~+g—?+. .. (2| <1 and 22 —1)
1,1 1
=12r--3-+§;5—§+ .. .(lz]>1and 22 —1)
oz 2 2 247 '}
142t [1"‘3 T+ 135 (1+z‘) - ]
(22 —1)

Continued Fractions

z 2% 4z2% 92° 1622
A4 e S s SR 22
4.4.43 arctan z IF3F5F7F 0+ "

(z in the cut plane of Figure 4.4.)

4.4.44 aresin z_ z 1.2221-22°3-42°3.42°
=2 = 83— &= T— 9= """
(2 in the cut plane of Figure 4.4.)
Polynomial Approximations ?
4.4.45 0<z<1

aresin zzg— (1—2)(ap+a12+a.x2 +-aq2°) +¢(2)

le(x)| <5103

ay= 1.57072 88
a=—.21211 44

as= .07426 10
a;=—.01872 93

. * The approximations 4.4.45 to 4.4.47 are from C. Hast-
ings, Jr., Approximations for digital computers. Princeton
Univ. Press, Princeton, N.J., 1955 (with permission).

4.4.46 0<z<1

aresin :r;=%-—- (1—)¥ay+amr+ax?+ax®
+agt+asr’+-ayr’+a,a") +e(2)
le(z)| <2107

ay= 1.57079 63050
0,=—.21459 88016
08897 89874
as=—.05017 43046

a= .03089 18810
as=—.01708 81256
as= .00667 00901
a;=—.00126 24911

1

4.4.47 —1<zx1

arctan r=a;z+ a2+ a2’ + 0"+ a2’ + ()

le(z)| <107
a= .99986 60 a;=—.08513 30
4y =— 33029 95 = 02083 51
a;=— .18014 10
4.4.481 —1<z<1
arctan x=£§§§+e(m)
le(2)| <5X 1073
4.4.491 0<z<L1

8
MO 14> 0 +¢(a)

|e(a)| <2107

@yo=—.07528 96400
ap= 04290 96138
au=—.01616 57367
00286 62257

ay=—.33333 14528
2= .19993 55085
2s=—.14208 89944
ag= .10656 26393

a15=

10 The approximation 4.4.48 is from C. Hastings, Jr.,
Note 143, Math. Tables Aids Comp. 6, 68 (1953) (with
permission).

1t The approximation 4.4.49 is from B. Carlson, M. Gold-
stein, Rational approximation of functions, Los Alamos
Scientific Laboratory LA-1943, Los Alamos, N. Mex,
1955 (with permission).
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Approximations in Terms of Chebyshev Polynomials 12

T*(z)=cosnf, cosf#=2zx—1  (see chapter 22)

arctan z—g f‘_, A, T%(x?)
=0

n A, n A,

0 . 88137 3587 6 . 00000 3821
1 —.10589 2925 7 —. 00000 0570
2 .01113 5843 8 . 00000 0086
3 —.00138 1195 9 —.00000 0013
4 . 00018 5743 10 . 00000 0002
5 —.00002 6215

*For z >1, use arctan z=3r—arctan (1/z)
4.4.51 —3/2<2<342

aresin =z i} A, T¥(22%)

n=0

0<2<34/2

arccos r=3r—zx i A, T%(2x2%)
n=0

n A, ) A,

0 1. 05123 1959 5 . 00000 5881
1 . 05494 6487 6 . 00000 0777
2 . 00408 0631 7 . 00000 0107
3 . 00040 7890 8 . 00000 0015
4 . 00004 6985 9 . 00000 0002

For $y/2<z<1, use arcsin z=arccos(1—z??}, arc-
cos z=arecsin (1—z?)%

Differentiation Formulas

4.4.52 (—% arcsin z=(1—z?) "4
4.4.53 4 arccos z=—(1—z?%"}
dz

d 1
4.4.54 a';‘ arctan z—m

d —1
4.4.55 = arccot z—m

d 1
4.4.56 3; arcsec Z—W
12 The approximaﬁona 4.4.50 to 4.4.51 are from C. W.

Clenshaw, Polynomial approximations to elementar

functions, Math. Tables Aids Comp. 8, 143-147 (1954)
(with permission).
=0

1

d
4.4.57 g Arccse z_—m

Integration Formulas

4.4.58 J-arcsin z dz==z arcsin z+(1—2?)}
4.4.59 J.a.rccos z dz=2z arccos z— (1—z%)}

4.4.60 fa.rctan z dz=z arctan z—}In (1+22)
4.4.61 .
farccsc 2z dz=z arcesc z+In [z2+4+(22—1)Y]

0< arcese z<§

—%<arccsc 20

4.4.62
farcsec zdz=z arcsec zFIn [+ (22—1)%]

0<arcsec z(%

%(arcsec z<m
4,4.63
f&rccot z dz=z arccot z+3} In (1429

4.4.64
fz arcsin 2z dz=(z—2—-—1- arcsin z-i--z- (1—22)}
2 4 4

4.4.65 .
= e d _Z‘+l Fh 1 Z’H-I d
fz aresin z dz=_— arcsin z— = =z o
(n>=—1)
4.4.66
2
fz arccos z dz=(%—%) arccos z-—-g (1—2%)}
4.4.67
n - gh+? 1 g™
fz arccos 2 dz--i—-_|_—1 arccos z -I-m J‘(l_-—é'i)-* dz
(n#=—1)
4.4.68

fz arctan z dz-:-% (142?) arctan z—-%
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4.4.69
. d _zn-H ¢ zn+1 d
fz arctan z z—n-l-l arctan z m fl—l—z’ 2
(n#—1)
4.4.70
fz arccot z dz=% (142% arccot z+—;—
4,4.71
n d Z"+ zn-l-l d
fz arccot z z_n—l-l arccot z—|—ﬂ+1 1+2’ 2
(n¥#—1)
4.5. Hyperbolic Functions
Definitions
4.5.1 sinh z="2 _;_ (z=2+1y)
4.5.2 cosh z=1 ";"
4.5.3 tanh z=sinh z/cosh z
4.5.4 csch z=1/sinh 2
4.5.5 sech z=1/cosh z
4.5.6 coth z=1/tanh z

Ficure 4.6. Hyperbolic functions.

Relation to Circular Functions (see 4.3.49 to 4.3.54)

Hyperbolic formulas can be derived from
trigonometric identities by replacing 2z by 7z

4.5.7 sinh z=—1 sin ¢z

4.5.8
4.5.9
4.5.10
4.5.11
4.5.12

4.5.13

4.5.14
4.5.15

4.5.16
4.5.17
4.5.18
4.5.19
4.5.20

4.5.21
4.5.22
4.5.23

4.5.24

4.5.25

4.5.26

4.5.27

4.5.28

83

cosh 2=cos 12
tanh z=—1 tan iz
csch z=1 ¢sc iz
sech z=sec 1z

coth z=1 cot 12
Periodie Properties
sinh (z+2kw7)=sinh 2

(& any integer)
cosh (z+2kwi)=cosh z
tanh (z2-+kwi)=tanh z

Relations Between Hyperbolic Functions

cosh? z—sinh? z=1
tanh? z+4sech? z=1
coth? z—csch? z=1
cosh z-+sinh z=¢*
cosh z—sinh z=¢™*
Negative Angle Formulas
sinh (—2z)=—sinh 2
cosh (—z)=cosh 2
tanh (—z)=—tanh 2

Addition Formulas

sinh (2,4 2;) =sinh 2, cosh 2z,

-4 cosh 2z, sinh 2;

cosh (z,-+2;)=cosh 2, cosh 2z,

~+sinh 2, sinh 2,

tanh (z,+2,)= (tanh 2,+tanh 2,)/

(1-tanh 2, tanh z,)

coth (2,-+22)=/(coth z, coth 2,-1)/

sinh §=

(coth z;-}+-coth 2)

Half-Angle Formulas

eosh_z—l)*
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4.5.29

soiky g =(cosh22+1)}
4.5.30

e cosh z2—1 1}=c:03.]1 z2—1 sinhz

2 \cosh z+1 sinh z cosh 241
Multiple-Angle Formulas
4.5.31 sinh 2z=2sinh z cosh z=1—_2_%%%
4.5.32 cosh 22=2 cosh? z—1=2 sinh? 241
=cosh? z-4sinh? 2
| 4.5.33 tanh 2z=-1%_%$

4.5.34 sinh 32=3 sinh 244 sinh® 2
4.5.35 cosh 32=—3 cosh 24 cosh® z
4.5.36 sinh 42=4 sinh?® 2z cosh 244 cosh® z sinh 2
4.5.37 cosh 4z=cosh* z-} 6 sinh? z cosh? z+}-sinh* z

Products of Hyperbolic Sines and Cosines

4.5.38 2 sinh z, sinh zz=cosh (z,+2;)

—cosh (z,—z,)
4.5.39 2 cosh z, cosh z,=cosh (z,+2,)

+cosh (z,—2,)
4.5.40 2 sinh 2z, cosh z,=sinh (z;,+2,)

+sinh (z,—z,)
Addition and Subtraction of Two Hyperbolic Functions

4.5.41
sinh z,+sinh z,=2 sinh (zlizzz) cosh (21;22)

4.5.42

sinh z;—sinh 2,=2 cosh (ﬁgzz) ginh (2;;'23)

4.5.43

cosh 2;-+cosh 2,=2 cosh (zi";z’) cosh (21; 22)

4.5.44
cosh z,—cosh 2,=2 sinh (#?) sinh (;"‘;23")
4.5.45
__sinh (2,42,)
tanh z,+tanh z, el ook
4.5.46

sinh (z;42,)
sinh 2, sinh 2,

coth z;,}+coth z,=

Relations Between Squares of Hyperbolic Sines and
Cosines

4.5.47
sinh? z)—sinh? z,=sinh (z;+2;) sinh (z,— 2;)
=cosh? z,—cosh? z,
4.5.48
sinh? z,+4-cosh? z,=cosh (z,+2;) cosh (z,—z;)
—cosh? z,+sinh? z,

Hyperbolic Functions i.nPTerms of Real and Imaginary
arts

(z=z+1y)
4.5.49 sinh z=sinh 2 cos ¥+ cosh z sin y
4.5.50 cosh z=cosh z cos y+1 sinh z sin ¥

_ sinh 2241 sin 2y
4.5.51 tanh z= 2osh 92005 2y

sinh 22—1 sin 2y

4.5.52 coth z ek 25— 08 i

De Moivre's Theorem
4.5.53 (cosh z-sinh z)"=cosh nz+sinh nz

Modulus and Phase (Argument) of Hyperbolic

Functions

4.5.54 [sinh z|=(sinh? z-4-sin® y)}

=[%4(cosh 2z—cos 2y)]}
4.5.55 arg sinh z=arctan (coth z tan y)
4.5.56 |cosh z|=(sinh? z-}+cos? y)}

=[3}(cosh 2z-+cos 2y) ]}
4.5.57 arg cosh z=arctan (tanh z tan y)

_{cosh 2z—cos 2y\}
4.9.58 o z‘"(coah 2z+-cos 2y

. sin 2y
4.5.59 arg tanh z=arctan (s'mh 22)
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4.5.60 Relations Between Hyperbolic (or Inverse Hyperbolic) Functions
sinh z=a cosh z=a tanh z=a csch z=a sech z=a coth z=a
sinhz___.%| a (a*—1)? a(l—a*)~t a! a(1—a?)} (a?—1)—3
cosh o__.___ (1+a%? a (1—a?)} a~(14a%)? a! a(a*—1)"1
tanh 2_____ a(l+a®)} a Y(a*—1)} a (14+a*? (1—a?)} a!
esechz_____ a! (a*—1)"% a~}(1—a%}t a a(l—a?)~t (a*—1)}
sechz_____ (14a* a™! (1—a??t a(l+a?)~4 a a"l(a®—1)*
cothz__.___ a Y a*+1)} a(a®*—1)"t G (1+a*? (1—a®~? a
Ilustration: If sinh z=a, coth z=a"(¢’+ 1)}
arcsech a=arccoth (1—a?)™?
4.5.61 Special Values of the Hyperbolic Functions | 4.5.66
— ___?_f E i 28 Eﬁﬂ 220
. . T ; - » §_,.: ; " sech z=1 2+24 720 + . (2’3‘1)! 4.
2 2 | )
(<3
sinh z_______ 0 1 0 — o 4.5.67 5
2n _on—
cosh z...__. 1 10 -1 10 © Goth z“_+§"45+945 @ e
tanh z______ 0 | wi |0 —wi |1 (|3|<”)
where B, and E, are the nth Bernoulli and Euler
eschz .. L (R = L 0 numbers, see chapter 23.
sechz_______ 1 © —1 ® 0 Infinite Products
cothzo....| e 0 = 0 1 4.5.68 sinh z=2 r:n1 1+
Series Expansions -1 4z* :I
o, 4.5.69 cosh z El [1-{-(%_1)2*2
: 2 2Pz
4.5.62 sinh z=z+ﬁ+5-!-|-ﬂ-|- ; (Jz|< =) Continned Weaatton
2 2t 2 o B 5 2 a0
4563  coshe=l4itotot ... (el<w) | 4370 tenhe=rparoTar
™ . .
3 (z = z:l:mr'r.)
4.5.64 tanh z=z—= + - z‘-—-~1137 2
15° 315 , . |
Differentiation Formulas
. M@ —1)Byy .,
st (2n)! ¥ 4.5.71 B iishg==coah'z
= dz
(lz|< §) d
4,5.65 4.5.72 7 cosh z=sinh 2z
1 &. ¥ 31
csch z } z* 24+ ..
z 67360 15120 4.5.73 di tanh z=sech? z
2(2*'—1)By, 4, °
T el +- d
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4.5.75 «C-z— sech z=—sech z tanh z

dz

4.5.76 dt_lz" coth z=—csch’ z

Integration Formulas
4.5.77 fsinh zdz=cosh 2z
4.5.78 J‘cosh 2dz=sinh 2z
4.5.79 ftanh zdz=In cosh z
4.5.80 J.csch zdz=In tanh %
4.5.81 fsech zdz=arctan (sinh z)
4,5.82 fcoth zdz=In sinh 2
4.5.83

fz" sinh zdz=2" cosh z—nfz"“ cosh zdz

4,5.84
fz" cosh zdz=2z" sinh z—nfz"" sinh zdz

4.5.85
fsinh”‘ z cosh™ zdz=

sinh™*! z cosh® ! z

1
m-+n
+£L_T1ﬁ fsinh”‘ z cosh® 2 zdz

1
m-}-n

sinh™! z cogh"*! 2z

m 3 m= n
—mfslnh *zcosh™zdz
(m—+n=0)
—1 1

dz
. fsinh”' z cosh™ z m—1 sinh™! z cosh™ ' z

_m-l—n—? dz
m—1 sinh™ %z cosh” z

(m=#1)

1 1
n—1 sinh™~! z cosh®-! 2z

m+ﬂ—2 dz
[ f sinh™ z cosh™? 2z (n+1)

4.5.87
f tanh® z dz _q_tanh““ z-l—fta.nh"" zdz
(n1)
4.5.88
fcoth" 2 dz=— mthn"l z—}-fcoth" tzdz

(n#1)

(See chapters 5 and 7 for other integrals in-
volving hyperbolic functions.)

4.6. Inverse Hyperbolic Functions

Definitions
: * t A
4.6.1 arcsinh z= ) -(-1-?—7)* (z=z+17y)
odi
4.6.2 arccosh Z—J’; m
4.6.3 arctanh z—f 1—f

The paths of integration must not cross the fol-
lowing cuts.

4.6.1 imaginary axis from —ie to —¢ and ¢
to 1@
4.6.2 real axis from — » to +1

4.6.3 real axis from — - to —1 and +1 to
~+ @

Inverse hyperbolic functions are also written
sinh™! z, arsinh z, &/r sinh z, etc.

4.6.4 arcesch z=aresinh 1/2
4.6.5 arcsech z=arccosh 1/z
4.6.6 arccoth z=arctanh 1/z
iy iy iy
+i
X —= +1 % X
B —— e SE——————
0 0 -1 |04
|
arcsinh 2 arccosh z arctanh z
iy WYy iy
Ho oy - +H 4o =4 x
P S —
of_; 0 X 0
orcesch z arcsechz arccoth z

Ficure 4.7. Branch cuts for inverse hyperbolic
functions.
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4.6.7 arctanh z=arccoth z+3m

(see 4.5.60) (according as Fz=0)
Fundamental Property

The general solutions of the equations

z=sinh ¢
z=cosh ¢
z=tanh ¢

are respectively
4.6.8 t=Arcsinh z=(—1)* arcsinh z+kmi
4.6.9 t=Arccosh z= +arccosh z+2kni

4.6.10 t=Arctanh z=arctanh z+kni
(k, integer)

Functions of Negative Arguments

4.6.11 arcsinh (—z)=—aresinh 2
*4.6.12 arccosh (—z)==1—arccosh z
4.6.13 arctanh (—z)= —arctanh z

Relation to Inverse Circuri;s)Funetions (see 4.4.20 to
4.4.

Hyperbolic identities can be derived from trig-
onometric identities by replacing z by 7z.

4.6.14 Arcsinh z=—1 Arecsin 2z
4.6.15 Arccosh z= 417 Arccos 2
4.6.16 Arctanh 2= —1 Arctan iz
4.6.17 Arcesch z=1 Arcese 1z
4.6.18 Arcsech z= +17 Arcsec 2z
4.6.19 Arccoth z=1 Arccot iz
Logarithmic Representations
4.6.20 arcsinh z=In [z+(22+1)}
4.6.21 arccosh 2=In [z (z2—1)}] (z>1)
4.6.22 arctanh z=1 ln 1+x (0<22<1)
4.6.23 arcesch z=In I}+(%+1)i] (20)
4.6.24 arcsech z=In |}+(5:13_ l)*] (0<z<L1)

1, z-+1
4.6.25 arccoth z==1n (z2>>1)
2" 2—1
Y
454 |
4.0 i
35 I
Jo«"-\ 4
25 \ |H *
204\ |
T a
[ _\; : P
PigeS
5 et
80 a0 a0 20 -0 o i 2 T ———
e P— ~arecschs - R 20 30 a0 50
a:tnlh—‘ \"-\. f _:.0 s
\ \ Lis  ====- arccoshs
\ L0 — - — arclanh a
= [ e 2
! 1- 30 — - — arcolh &
.r 35
arctonh « [ L .an
i -—r

Frcure 4.8. Inverse hyperbolic functions.

Addition and Subtraction of Two Inverse Hyperbolic
Functions

4.6.26
Arcsinh 2,4+ Aresinh 2,
=Arcsinh [2,(1+23)3+2,(1+23)1]

4.6.27
Arccosh 2,2 Arecosh z;

=Arccosh {z,2,4[(2}—1)(2i—1)]}}

4,6.28
Arctanh z,4 Arctanh z,=Arctanh (1;2?';2)

4.6.29
Aresinh z,+ Arccosh z,
=Aresinh{z,z,+[(1+427) (25—1) ]!}

=Arecosh [2,(1+2)i+ 2, (2i—1)Y

4.6.30
Arctanh 2,4+ Arccoth z;=Arctanh (21223131
2:':21
zgﬂ: 2y
Arocot.h( v

*See page 1.
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Series Expansions

4.6.31
. = 1 1 - 3 5
arcsinh z=:z 5.3 23-1-2 .5 2
1-3:5
~Z.%.6.727 0
(I21<1)
1 1-3
=l 22t5 555145
1:3:5
T d.6.68
(|2>1)
4,6.32
| 1-3
arccosh z=In 2~ g 4. 45
_1.3.5
2-4.6-62°
(|2|>1)
2 25 2
4.6.33 arctanh z=z+§+-5—+?+— e (l2l1)
1= 1 1 1
4.6.34 arccoth z = %3231. 5254 T
(|2[>1)

Continued Fractions
2 z% 422 922
4.6.35 arctanh 2—-1—_ 3—_5—_ ‘7—: . ¥

(z in the cut plane of Figure 4.7.)
4.6.36
arcsinh z_ 2z 1.2221-2223-42%3.42
Ji+2 1+ 34+ 54+ 74+ 9+

Differentiation Formulas

4.6.37 diz arcsinh z=(1-2%)"}
4.6.38 4 arccosh z=(z2—1)"}
dz
4.6.39 g4 arctanh z=(1—2z%"!
dz
4.6.40 KA arcesch z=F .
dz z(1+2%)}
(according as #z=0)
d 1
4.6.41 d—g arcsech z= :FZ(_]_-—_—ZQ)*

*See page 11

4.6.42 d—ti- axl-ccot,h z=(1—2%)"1

Integration Formulas

4.6.43 f&rcsinh zdz=z arcsinh z—(1+4-22)}

4,6.44 farccosh zdz=z arccosh z—(22—1)}

4.6.45 farctanhz dz=z arctanh z+31n (1—2?)

4.6.46 farccseh z2dz=z arcesch z+arcsinh 2  *

(according as #2=0)

4.6.47 J.arcsech z dz=z arcsech z4-arcsin z *

4.6.48 farccoth z dz=z arccoth z+% In (22—1)

4.6.49

2
f zarcsinh zdz 22 4_'_1

aresinh z—-g (221t

4.6.50

. zn-H .
z"arcsinh zdz=—— arcsinhz—

1
n+1 n+1

zu-H
i

(n#—1)
4.6.51

Iz arccosh z dz=23

4

arccosh z—%(zz— 1)%

4.6.52

eu-H 1
n TS e—— — — .
fz arccosh zdz s | arccoshz A

gntl
=D
(n#—1)

4.6.53
jz arctanh z dz=

z*—1

2

arctanh z—]—%

4.6.54
z!H-! 1 zu+l
fz" arctanh z dz e arctanh z—m‘fﬁ dz
(n#%—1)
4,6.556
fz arccsch z dz=

32

E L
3 arcesh zj:z(l-i-z) *

(according as #z=0)
4.6.56

" hzdee 2 h :I:—ul—f—zf—-—dz *
zarcesch 2z dz= 7 arcesch 2= |

(n%—1)
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2
4651 fz arcsech z dz=% arcsech 32{:-12- (1—2z)}
(according as #2=0)
4.6.58
" sbcandli  domm e aigEsth otk mhe 2
zrarcsech z z-n—-iarcse 4 m a-:-é?j-i z2

(n#—1)

4.6.59
2t—1 2
fz arccoth z dz=T arccoth z+§

4.6.60

2u+

 artonth 2 damte areptth B [ 2 2
fz arccoth z z——m ATCCO z+mf-z—§_—1 2

(n7=—1)

Numerical Methods

4.7. Use and Extension of the Tables

Note: In the examples given it is assumed that
the arguments are exact.

Example 1. Computation of Common Logarithms.

To compute common logarithms, the number
must be expressed in the form z-10¢, (1 <z<10,
— o <g<®). The common logarithm of z-10¢
consists of an integral part which is called the
characteristic and a decimal part which is called
the mantissa. Table 4.1 gives the common
logarithm of z.

z x-10¢ logyo - 107

009836 9.836.10~* 3.99281 85=(—2.00718 15)
00836 9.836.10~* 2.99281 85=(—1.00718 15)

9836  9.836.10~! 1.99281 85=(—0.00718 15)
9.836 9.836.10° 0.99281 85
98.36 9.836.10° 1.9928185
983.6 9.836-10° 2.99281 85

Interpolation in Table 4.1 between 983 and 984
gives .99281 85 as the mantissa of 9836.

Note that 3.99281 85— —3+.99281 85. When
¢ is negative the common logarithm can be
expressed in the alternative forms

logy, (.009836) =3.99281 85=7.99281 85-10
=—2.00718 15.

The last form is convenient for conversion from
common logarithms to natural logarithms.

The inverse of log;o z is called the antilogarithm
of z, and is written antilog z or log~ z. The
logarithm of the reciprocal of a number is called
the cologarithm, written colog.

*See Dage 1L

Example 2.

Compute z~* for z=9.19826 to 10D using the
Table of Common Logarithms.

From Table 4.1, four-point Lagrangian interpola-
tion gives logy, (9.19826)=.96370 56812. hen,

—g logyo () = —.72277 92609=9.27722 07391 — 10.

Linear inverse interpolation in Table 4.1 yields

antilog (1.27722)=.18933. For 10 place accuracy
subtabulation with 4-point Lagrangian inter-
polants produces the table

N ].Ogm N A A?
.18933 27721 94350

.18934 27724 23729
18935 27726 53095

2 29379

229366 O

By linear inverse interpolation
2= 18933 05685.

Example 3.

Convert logy, z to In z for z=.009836.

Using 4.1.23 and Table 4.1, In (.009836)=
In 10 log;, (.009836)=2.30258 5093 (—2.00718 15)
=—4.,62170 62,

Example 4.

Compute In z for z=.00278 to 6D.

Using 4.1.7, 4.1.11 and Table 4.2, In (.00278)=
In (.278-10"*)=In (.278)—2 In 10=—5.885304.

Linear interpolation between z=.002 and
z=.003 would give In(.00278)=—5.898. To
obtain 5 decimal place accuracy with linear
interpolation it is necessary that z>.175.

Example 5.

Compute In z for z=1131.718 to 8D.
Using 4.1.7, 4.1.11 and Table 4.2

1131.718
In 1131 718=ln( 22 1131

. 1131718 ;
=In S ETE +In1.131 +1n 10

=In (1.00063 4836)+In 1.131+3 In 10.
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Example 25.

Compute arcsec 2.8 to 5D.
Using 4.3.45 and Table 4.14

. (22—1)}
arcsec z=arcsin ~———

[(2.8)*—1]!
2.8
=arcsin .93404 97735

=1.20559
or using 4.3.45 and Table 4.14

arcsec 2.8=arcsin

arcsec z=arctan (22—1)}
arcsec 2.8=arctan 2.61533 9366

=’§’— arctan .38235 95564,

from 4.4.3 and 4.4.8
=1.570796—.365207

=1.20559.
Example 26.

Compute arctanh z for z=.96035 to 6D.
From 4.6.22 and Table 4.2

11, 14.96035_ ., 1.96035
arctanh .96035=% In 1'__95035_’} In .03965

=3 In 49.44136 191
=3(3.90078 7359) =1.950394.

Example 27.

Compute arccosh z for z=1.5368 to 6D.
Using Table 4.17

arccosh z__arccosh 1.5368

.852346

@—1)7  [(1.5368)'—1]}
arccosh 1.5368=(.852346)(1.361754)t
= (.852346) (1.166942)
=.994638.

Example 28.

Compute arccosh z for z=31.2 to 5D.
Using Tables 4.2 and 4.17 with 1/r=1/31.2
=.03205 128205

arccosh 31.2—In 31.2=.692886
arccosh 31.2=.692886+3.440418=4.13330.
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5. Exponential Integral and Related Functions

Mathematical Properties

5.1. Exponential Integral

Definitions

gt
511 Ey(o)= f Sdt (argsl<n)

L g _£

512 Ei(z)— JE e Lo @>0)
5.1.3 h(z)—TE—t——El(]n z) (x>1)
5.1.4
E(z)f CCat 0=0,1,2,.. ; R>0)
5.15
aalefes J' Tineudt (=0,1,2, . . .; B2>0)

5.1.6 ﬁ,,(z)=f1 tre-tdt  (1=0,1,2, ...)
=3

In 5.1.1it is assumed that the path of integration
excludes the origin and does not cross the negative

real axis. _ )
Analytic continuation of the functions in 5.1.1,

5.1.2, and 5.1.4 for n >0 yields multi-valued func-
tions with branch points at z=0 and z==?
They are single-valued functions in the z-plane
cut along the negative real axis.* The function
li(z), the logarithmic integral, has an additional
branch point at z=1.

Interrelations
5.1.7
E,(—z+10)=—Ei(z) Fim,

—Ei(z)=3}E\(—2+1i0)+Ei(—2—0)]  (z2>0)

3 Some authors [5.14], [5.16] use the entire function
J: (1—e-9dtft as the basic function and denote it by
Ein(z). We have Ein(z)=E,(z) +1n 2.

4 Various authors define the integral fz (et/t)dt in the

z-plane cut along the positive real axis and denote it also
by Ei(z). For z=2>0 additional notations such as Ei (z)
(e.g., in [5.10], [5.25)), E*(2) (in [5.2])), Ei*(z) (in [5.6]) are
then used to designate the principal value of the integral.
Correspondingly, F,(z) is often denoted by — Ei(—z).

228

Explicit Expressions for a,(2) and 8,(2)

5.1.8 a,(z)=nlz"""1e™* (1+z+§:+ - "'%1‘)
5.1.9
Bu(a) =ttt l—sd B . (12

2 n
—e~t (Iatgit - o)

Ficure 5.1. y=Ei(z) and y=E,(2).

o} .2 4 6 8 .o 1.2 1.4 1.6

Ficure 5.2. y=E,(z)
n=0, 1, 2,3,5 10
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Yy
n=0 n=l n=2 n=3 n=4 n=5 n=6

5 0 15 20 25 30 35

Figure 5.3.

w

Y

(]

[1+]

x

y=an(3)
n=0(1)6

Ficure 54. y=@,(z)
n=0, 1,2, 5, 10, 15

Series Expansions
5.1.10 El(z)~7+lnz+ P mm! (z>0)
5.1.11
B@=—v-be=2 0T (arg 2l<n)
5.1.12
En@) =20 I a-hp(m)] - 2 mj—ﬂflm
(larg 2|<<m)
n-1
VO=—7, YW=+ 2 @D

v=.57721 56649 . . . is Euler’s constant.

229

Symmetry Relation
5.1.13 E,@)=E,()

Recurrence Relations
5.1.14 :

Ena ()= [e*—2Ea(2)] (0=1,2,3,.. )

5.1.15 zan(2)=e""+nas-1(2) (n=1,2,3,...)
5.1.16
zﬁn(z)=(_1)“3’_3_‘+nﬂn—l(z) (n=112:31 ‘e ')

Inequalities [5.8), [5.4]
5.1.17

P B )< B (@< Ea) (@>0n=1,2,3,..))

5.1.18

E3f3)<En_|(3)Es+1($) (2>0;7=1,2,3,...)

5.1.19
S o N
m<e Eﬂ(x)sz_l_ —1 (.-".'>0,ﬂ 1r2:3r---)
5.1.20
30 (142)<eE@<i (143)  @0)
5.1.21
E,(2) .
p m]>0 (@>0;n=1,2,3,...)
Continued Fraction
5.1.22
2
B@=e (i e T o) (argel<e)
Special Values
5.1.23 E,(0)=ﬁ (n>1)
et
5.1.24 Ey(z) —-——
5.1.25 a(2)= —s Bo (z)=—smh z
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Derivatives

dE ( 2)

51.26 “=22_ B, () (=1,2,3,..)

5.1.27
& B ()= B ()]

40D 2,3,

Definite and Indefinite Integrals

(For more extensive tables of integrals see
[5.3], [5.6], [5.11], [5.12], [5.13]. For integrals
involving E,(z) see [5.9].)

5.1.28 ¢% it— e E,(ab)

o bt
5.1.29
: b-: dt=e—E (—iab)  (a>0,5>0)
5.1.30
" i—ib tdt—o®F (ab 0, 5>>0
. PEbhe t=e"E\(ab) (@>0, 6>>0)

5.1.31

J;’ %‘i’, ¢t d— ¢~ (—Ei(ab) +ir)

(@0, 5>0)
5.1.32 J; i -‘i'-}ﬂ dt=In g
5.1.33 J;m E2(f)dt=21n 2
5.1.34
L T e B (t)dt=
e e s R

5.1.35
fl —-—-—e“ S:n U dt=mr—arctan 2 +SJE(—a+1ib)
0
(d>0:b>0)

EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS

5.1.36

1 =6t o3
J; %mbt dt=arctan 2 + S E, (a+1b)

(@>0,b real)
5.1.37
le*(1—cos bt) , 1 b .
fo 200 ) =y In (1 +a:)+E1(a)
_ +REy(—a+1b) (a>0,b real)
5.1.38 _

Lg=o(1—cos bt) , 1 B
fo — %—gh (1+a:) E(a)
+RE(a+1b)  (@>0,b real)
91.39 &)+ z+y
5.1.40 f =Ei (z)—ln z—« (z>0)
5.1.41
fg;i:f 2 [ ~*E\(—a—1z)—e’E(a—17)]
~+const.
5.1.42
f;j:za -3 2 [e~Ey(—a—iz) +e°Ey(a—iz)]
~+const.
5.1.43

f e da:-*—— S (e“E,(—z+1a)) +const. (a>0)

5.1.44

f P dz=—R(e*E,(—z+1a))+const.  (a>0)
Relation to Incomplete Gamma Function (see 6.5)

5.1.45 E\(2)=2z""'T(1—n, 2)

5.1.46 ax(2)=2"""I'(n+1, 2)

5.1.47 B.(2)=z""'['(n+1, —2)—T(n+1, 2)]

Relation to Spherical Bessel Functions (see 10.2)

5.1.48 au(z)=é Ey(2), ﬁo(z)=\/—2"; I3(2)

5.1.49 «(2) =J1-r2—z K;p(2), Bl(z)=—l\/g:- I5(2)
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Number-Theoretic Significance of li (z)

(Assuming Riemann’s hypothesis that all non-
real zeros of {(z) have a real part of §)

5.1.50 li (z)—=(2)=0(ZIn z)

x(z) is the number of primes less than or equal
to x.

(z—>w=)

¥
A

200

150

100

50

1 | | | 1 =

0 200 400 600 800 1000 5
FIGURE 5.5. y=li(z) and y=n(2)
Asymptotic Expansion

5.1.51
et 1 1 2
E,.(z)w%{l :+n(n; ) _nnt zs(ﬂ-E- )+___}
(larg 2|<§x)
Representation of E,(z) for Large n
5.1.52
n(n—2x)
u(x)'- { t (2:+ﬂ)3+ (z+n)*
, n(6z? _8m+n=)iR(n o

r=h
—.36n",<_R(n,:c)5(1+3 +;_1)n“ @>0)

Polynomial and Rational Approximations §
5.1.53. 0<z<1

E\(z)+In 2=a,+ a2+ a2’ a2 + ezt +ax’ 4 e(2)
|e(z)| <2 X107

t The approximation 5.1.53 is from E. E. Allen, Note
169, MTAC 8, 240 (1954); approximations 5.1.54 and
5.1.56 are from C. Hastings, Jr., Approximations for digital
computers, Princeton Univ. Press, Princeton, N.J., 1955;
approximation 5.1.55 is from C. Hastings, Jr., Note 143,
MTAC 7, 68 (1953) (with permission).

Go=—.57721 566
a= .99999 193
Gy=— 24901 055

5.1.54 1€2< =

2?*+-azta,
z*+biz+ b,

le(z) <5108

a,=2.334733 b,=3.330657
= .250621 b;=1.681534

1052 ™

a;= .05519 968
a,=—.00976 004
a;= .00107 857

ze*E\(z)= +e(2)

5.1.55

2
2¢°E, () =:———,i‘;’:;i‘;:+e ()
|e(z)| <1077

a,=4.03640 b,=5.03637
a;=1.15198 b,=4.19160

1<z<{™

'+ a8’ a2’ ez +a +e(@)
z*+ bﬂs'}‘bﬂs'i" bsz+by
le(z)| <2102

o= 8.57332 87401 b= 9.57332 23454
a;=18.05901 69730  b;=25.63295 61486
a;= 8.63476 08925  b,=21.09965 30827

5.1.56

ze’E\ ()=

a,= 26777 37343 b= 3.95849 69228
5.2. Sine and Cosine Integrals
Definitions
5.2.1 Sx(z)——f ‘ﬂ‘dt
5.2.2

cost 1

Ci(2)=v+In 2+ f dt  (larg 2/<m

5.2.37 Bhi(g)= f i “mh‘ t g
0
5.2.4 7

Chi(z)=7-+In z+J;' "“—“9{_—1 dt

(larg 2|<m)

8 Some suthors [5.14], [5.16] use the entire function
'r'(l-cos t)dt/t as the basic function and denote it by
0

Cin(z). We have
Cin(z)=—Ci(2) +In z4~.

" The notations Sih(z) =_J;' sinh ¢ dift,
Cinh(z) = J' * (cosh ¢—1)d¢/t have also been proposed [5.14.]
[ ]
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5.2.5 si(2)=Si(z) “E
Auxiliary Functions
5.2.6 f(2)=Ci(2) sin z—si(2) cos 2z
5.2.7 g(2)=—Cli(z) cos z—si(2) sin z
Sine and Cosine Integrals in Terms of Auxiliary

Functions
5.2.8 Si(z) =g-— f(2) cos z—g(2) sin z
5.2.9 Ci(2)=f(2) sin z—g(z) cos z

Integral Representations

3

5.2.10 si(g)=— [ e~ %% cos (zsin ¢)dt
0

Ci(z)+E,(2) *-fz ~2cost gin (zsin ¢)dt

5.2.11
5.2.12 f(2)= f %ﬁ—ids J; tzj‘_ldt (R>0)
5.2.13 g(5)— fo ) ;‘f; dt— j; m:f—_;dt (92>0)

Ficure 5.6. y=3Si(z) and y=Ci(z)
Series Expansions

(-—1)”2“'“

5.2.14 Si(z)=ﬂz_':] @nED)@ntD!
- il z
5.2.15 Si()=r 3 T4y (2)

*See page 11.
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5216  Ci(z)=y+] +2( 1)z
2. z)=y+In z Snn)]
5211 Sh=> T
2 &)= Gty @t
@ 2n
5.2.18  Chi(z)=y+In z+§m
Symmetry Relations
5.2.19  Si(—z)=—Si(2), Si(z)=Si(2)
5.2.20
Ci(—2)=Ci(2)—ir (0<arg 2<m)
Ci(2)=Ci(z)
Relation to Exponential Integral
5.2.21
Si(e)=g: [Bi(i2)—Ei(—id)]+]  (larg 21<3)
5222 Sili)=5Ei@+E@] (>0
5.2.23
Ci(e)=—3 [E(i2) + Ei(—i2)]  (larg 2|<})

5.2.24 Ci(iz):% [Ei@)—E@)l+iy  (@>0)

Value at Infinity

5.2.25 lim Si(z)=75

@
Integrals

(For more extensive tables of integrals see
(5.3], [5.6], [5.11], [5.12], [5.13].)

5.2.26 f
5.2,27 f

5.2.23‘[“ ~Ci (t)dt=—-L In (14+a?)
0 2a

sin ¢

— dt=—si (2) (larg z|<m)

&” dt=—Ci(2) (larg z|<7)
(Ra>0)*

5.2.29 J“ e "si (t)dt=-——é arctan a (Fa>0)
[}

5.2.30 Jw cos ¢ Ci (¢)dt= f sin ¢si (¢)dt=—]
(1] 1]
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5.2.31 f Ci? (£) dt= f sit (t)dt=]
[1] 0

5.2.32" fo Ci (¢)si ()dt=In 2
1]

5.2.33
'(1—e*) cos bt , 1 a? ]

+RE,(a+1ib) (areal, 5>0)

Asymptotic Expansions
5 - 2. 34

fA~t (154554 ) (g i<
5.2.35
! ! !
g@~p(1-54+5-5 ) (arg 2l<n

Rational Approximations ¢

5.2.36 1<z2< @
_1 2*+a,2?4a,
f(@)= (I Fb,2°+b, )+€(I)
l (x)| <210
a,=7.241163 5,=9.068580
a,=2.463936  5,=7.157433
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5.2.37 1<z<

ﬁi‘;*i,i‘;ﬂ)ﬁcw)

le(@)| <104

a,="7.547478 b;=12.723684 ¥
a,=1.564072 b,=15.723606 *

g(z )—

5.2.38 1<z
oG
le(@)| <5X 107
wm= 38.027264  b— 40.021433
0,=265.187033  b,—322.624911
4;=335.677320  by—>570.236280
@= 38.102495  b,—=157.105423
152<
sy =5 (Grattertarte) o
le(z)| <3X 1077
= 42242855  b,— 48.196927
0,=302.757865  b,— 482.485984
0,=352.018498  b,—1114.978885
a— 21.821899  b,— 449.690326

5.2.39

Numerical Methods

5.3. Use and Extension of the Tables

Example 1. Compute Ci (.25) to 5D.
From Tables 5.1 and 4.2 we have

Ci (25)— In(.25)—y

e =— 249350,
Ci (.25)=(.25)*(—.249350)+ (—1.38629)
+.577216 = — .82466.

Example 2. Compute Ei (8) to 58S.

From Table 5.1 we have ze~?Ei (z) =1.18185 for
z=8. From Table 4.4, ¢¢=2.98096X10%. Thus
Ei (8) =440.38.

*See page I

® From C. Hastings, Jr., Approximations for digital
computers, Princeton Univ. Press, Princeton, N.J., 1955
(with permission).

Example 3. Compute Si (20) to 5D.

Since 1/20=.05 from Table 5.2 we find
f(20)=.049757, g(20)=.002464. From Table 4.8,
sin 20=.912945, cos 20=.408082. Using 5.2.8

Si(20) =%-—j(20) cos 20—¢(20) sin 20

=1.570796 —.022555=1.54824.

Example 4. Compute E,(z), n=1(1)N, to 53
for z=1.275, N=10.

If z i1s less than about five, the recurrence
relation 5.1.14 can be used in increasing order of n
without serious loss of accuracy.

By quadratic interpolation in Table 5.1 we get
E\(1.275)=.1408099, and from Table 4.4, ¢ '*®
=.2794310. The recurrence formula 5.1.14 then
yields
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n  E,(1.275) E.(1.275)
1 .1408099 6 .0430168
2 .0998984 7 .0374307
3 .0760303 8 .0331009
4 .0608307 9 .0296534
5 .0504679 10 .0268469

Interpolating directly in Table 5.4 for n=10
we get Fyo(1.275)=.0268470 as a check.

Example 5. Compute E,(z), n=1(1)N, to 55
for =10, N=10.

If, as in this example, = is appreciably larger
than five and N<z, then the recurrence relation
5.1.14 may be safely used in decreasing order of
n([5.5]). From Table 5.5 for z7'=.1 we get
(z110)¢*Eyo(z) =1.02436 so that F;o(10)=2.32529

%10~%, Using this as the initial value we obtain
column (2).
10°E,(10)  10°E,(10)

n (1) ()]
1 41570 41570
2 .38300  .38302
3 .35500  .35488
4 .33000 .33041
5 .31000  .30898
6 .28800  .20005
7 27667 27325
8 25333 25822
9 25084 24472
10 22573 23253

From Table 5.2 we get ze*E,;(2)=.915633 so
that E;(10)=4.15697<107° as a check. Forward
recurrence starting with E;(10)=4.1570X10"*
yields the values in column (1). The underlined
figures are in error.

Example 6. Compute E,(2), n=1(1)N, to 55
for z=12.3, N=20.

If N is appreciably larger than z, and z appre-
ciably larger than five, then the recurrence rela-
tion 5.1.14 should be used in the backward direc-
tion to generate E,(z) for n<n,, and in the forward
direction to generate E.(z) for n_>n, where
Thg=(2).

From 5.1.52, with n,=12, 2=12.3, we have

—12.3 3
E\(2) =55 (1+.02032— 00043 —.00001)
: =1.91038X10~".

Using the recurrence relation 5.1.14, as indicated,
we get

EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS

n 10°E,(12.3) 10°E,(12.3) n

12 . 191038 . 191038 12
11 . 199213 . 183498 13
10 . 208098 . 176616 14
9 . 217793 . 170042 15
8 . 228406 . 164015 16
7 . 240073 . 168397 17
6 . 252951 . 153144 18
5 . 267234 . 148226 19
4 . 283155 . 143608 20
3 . 300998
2 . 321117
1 . 343953

From Tables 5.2 and 5.5 we find E;(12.3)=.343953

X 1078, Ey(12.3)=.143609 X 10~° as a check.
Example 7. Compute «,(2) to 6S for n=1(1)5.
The recurrence formula 5.1.15 can be used for

all z>>0 in increasing order of n without loss of

From 5.1.25 we have QU(Z)=% e~
=.0676676, so we get

accuracy.

a,(2}
0676676
.101501
.169169
.321421
710610

1.84394

Independent calculation with 5.1.8 yields the
same result for o;(2). '

The functions a;,(z) and «;(z) can be obtained
from Table 10.8 using 5.1.48, 5.1.49.

Example 8. Compute 8,(z), n=0(1)N to 6S
for z=1, N=5.

Use the recurrence relation 5.1.16 in increasing
order of n if

z>.368N-.184 In N.821

and in decreasing order of n otherwise [5.5].
From 5.1.9 with n=5 we get B5(1)=—.324297
correctly rounded to 6D. Using the recurrence
formula 5.1.16 in decreasing order of » and
carrying 9D we get the values in column (2).

(S B VU RS ]

Bn(1) Ba(1)
n (1) (2)
0 2.35040 2 2.35040 2389
1 —.73575 9269 —.73575 8880
2 87888 3849  .87888 4620
3 —44950 9723  — 44950 7383
4 65236 3499 55237 2854
5 —.32434 3774 —.32429 7

Using forward recurrence instead, starting with



EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS

Bo(1)=2 sinh 1=2.350402 and again carrying 9D,
we obtain column (1). The underlined figures
are in error. The above shows that three signifi-
cant figures are lost in forward recurrence, whereas
about three significant figures are gained in back-
ward recurrence!

An alternative procedure is to start with an
arbitrary value for n sufficiently large (see also

[5.1]). To illustrate, starting with the value
zero at n=11 we get

n Ba(1) n Bx(1)

11 0. 5 —.324297

10 280560 4 552373

9 —.206984 3 —.449507

8 .319908 2 .878885

7 —.253812 1 —.735759

6 404621 0 2.350402

The functions 8y(z) and §,(z) can be obtained
from Table 10.8 using 5.1.48, 5.1.49.

Example 9. Compute E,(2) for 2=3.2578

+6.89431.
From Table 5.6 we have for z,=2,+1y,=3+72

ze*o Ly (20) = .934958 +.0955984,
€0k (2,) =.059898 —.1078954.

From Taylor’s formula with f(z)=e¢E,(z) we have

J’(z)—f(ao+Az)—f(zn)+f (&) 5,

+f " (20) (Az)%+ . -
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with Az=2z—2,=.2578—.10574. Thus with 5.1.27

we get
k ® () k! (az) kR (z0) [k |

0 . 059898 —. 107895¢ . 059898 —. 107895¢

1 . 008174 +. 012795¢ . 003460 . 0024354

2 —. 001859 -.0001556¢ —. 000094 +.000110¢

3 . 000088 —.000212¢ —. 000003 —. 0000041
f(2)=.063261 —.1053542
e"*=.031510 —.022075¢
E\(2)=—.000332 —.004716%

Repeating the calculation with z,=3-6¢ and
Az=.2578-}.89437 we get the same result.

An alternative procedure is to perform bivariate
interpolation in the real and imaginary parts of
ze*E) (2).

Example 10. Compute E;(z) for z=-—4.2
+12.74. '
Using the formula at the bottom of Table 5.6
o 711093
“E\2)~ —g7sima5 11078

, 278518 . .010389 -
T _1.90572+12.7¢ ' 2.0900+12.7¢

=—.0184106—.0736698%
E\(2) = —1.87133—4.705401.
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6. Gamma Function and Related Functions

Mathematical Properties

6.1. Gamma (Factorial) Function
Euler’s Integral

611 T(2)= ﬁ " gty (RB2>0)

—k J" Teemdr (RS0, Bh>S0)
0

Euler’s Formula

6.1.2 \
. nln?
I‘(Z):}gl_?:z(z“"‘l) . (z+n) (3 #0,'—1, 2, . .)
Euler’s Infinite Product
6.1.3 — —ze"' “]El [(1 +—) _’f“] (‘z|< @)

y=lim 1+%+%+i+ e —I—%L—ln m]

==
=.57721 56649. . .

v is known as Euler’s constant and is given to 25
decimal places in chapter 1. T'(z) is single valued
and analytic over the entire complex plane, save
for the points z=—n(n=0, 1, 2, . . . ) where it
possesses simple poles with residue (—1)"/nl. Its
reciprocal 1/T'(z) is an entire function possessing
simple zeros at the points z=—n(n=0, 1, 2, .. .).

Hankel’s Contour Integral
1 —s
614 o %f( =t dt (Jo|< =)

The path of integration C starts at + « on the
real axis, circles the origin in the counterclockwise
direction and returns to the starting point.

Factorial and II Notations
6.1.5 O(z)=z!=T(z+1)
Integer Values
6.1.6 TI'(n+1)=123...n—1)n=n!

6.1.7
1 1

lm =0~y @=0,1,2..)
Fractional Values
6.1.8
P(i)=2f e~ dt=n?=1.77245 38500 . . . =(—})!
0

Ficure 6.1. Gamma function.

*

, y=T(z), - = =-=,y=1I'()

6.1.9 T(3/2)=3%r?=.88622 69254 ... =(})!

1.5-9-13 ... (4n—3)

6.1.10 I'(n+3%)= = r3)
I'(%)=3.62560 99082 . . .
6.111 T(n+ %)—1'4'7'10 ... (3n=2) @

3!

I'($)=2.67893 85347 . . .

6.1.12 T'(n+3)=

2!!

6.1.13 T'(n+3%) 3

T'(3)=1.35411793% ...

3.7.11-15 . . . (4n—1)
4“

6.1.14 T(nt+3)=

I'(3)=1.22541 67024 . . .

*See page II.

1.3-5:7 ... (2n—1) r3)

2-5-8-11 ... (3n—1) r@)

r()

265



256 GAMMA FUNCTION AND RELATED FUNCTIONS

‘Recurrence Formulas

6.1.15 T'(z+1)=2zl(2)=z2l=2(z—1)!
6.1.16
I'n+2)=Mn—142)(n—2+2) ... (1+2)T(1+2)
=(n—1+2)!
=mn—1+2)(n—242) ... (1+2)2!
Reflection Formula
6.1.17 I (2)T(1—2)=—2I(—2)T(2)=*n csc vz
@ ts-—l
=fﬂ—»1+tdt 0L B2<1)
Duplication Formula
6.1.18 T(22)=(2m) ¥ 2%t P(2) r(2+3)
Triplication Formula®
6.1.19 T(32)=(2m) '3~ P()I(z4+PT(2+2)

Gauss’ Multiplication Formula

n—1

6.1.20 P(nz):(QW)i'(l—n)ﬂnt—f}kEor(z _1_11_:-)
Binomial Coefficient

St :=> wl(zz—!w)! I‘(w-l-g)(;?;.l_)w+1)
Pochhammer’s Symbol

6.1.22 ]

(2)o=1,

@u=2(z+1)(2+2) . . . (z4n—1)="ETD

I'(z)

Gamma Function in the Complex Plane

6.1.23 I‘(E)=m; In I'(z)=In I'(2)
6.1.24 arg I'(z+1)=arg r(z)+mmg

6.1.25 lI‘(:c-l-'r,y)

n=0 |._, +(I+ﬂ)’

6.1.26 [T (z+iy)| <|T'(2)|
6.1.27
arg T (o-ig)=pi(a)+ 33 (; L —aretan 1)

(2+iy0,—1,—2, . .. )
¥(2)=T"(2)/T'(2)
T (144y) =1y T (iy)

where

6.1.28

. . . T
6.1.29 T(i)T'(—wy)=|T(iy) |3_m

6.1.30 T@E+iy)TG—w)=|TG+w)|'=

™
cosh my

6.1.31

I‘(l+*£y)I‘(1—iy)=|I‘(1+iy)|’=Sin11;yry

T(}+iy)T(E—iy)= xy2

Bead cosh my-+1 sinh =y

Power Series
6.1.33

In I (1+2)=—In(1+2)+2(1—)

+33 (D" =Lz (12]<2)

{(n) is the Riemann Zeta Function (see chapter
23).

Series Expansion? for 1/I'(z)

1l S,
6.1.34 m=§ Cr2 (lzl<°°)

k Cr
1 1. 00000 00000 000000
2 0. 57721 56649 015329
3 —0.65587 80715 202538
4  —0.04200 26350 340952
5 0. 16653 86113 822915
6  —0.04219 77345 555443
7 —0.00962 19715 278770
8 0.00721 89432 466630
9  —0.00116 51675 918591
10 —0.00021 52416 741149
11 0. 00012 80502 823882
12 —0.00002 01348 547807
13 —0.00000 12504 934821
14 0. 00000 11330 272320
15  —0.00000 02056 338417
16 0. 00000 00061 160950
17 0. 00000 00050 020075
18  —0.00000 00011 812746
19 0. 00000 00001 043427
20 0. 00000 00000 077823
21  —0.00000 00000 036968
22 0. 00000 00000 005100
23 —0.00000 00000 000206
24  —0.00000 00000 000054
25 _ 0.00000 00000 000014
26 0. 00000 00000 000001

2 The coefficients ¢ are from H. T. Davis, Tables of
higher mathematical functions, 2 vols., Principia Press,
Bloomington, Ind,, 1933, 1935 (with permission); with
corrections due to H. E. Salzer.



GAMMA FUNCTION AND
Polynomial Approximations?

6.1.35 0L2<1

I(z+1) =2!=1+az+a,2*+ a2’ +az'*+az’+ ¢(z)
le(z)| <5X 108

a;=—. 57486 46
a;= .95123 63
a;——. 69985 88

as=—. 10106 78

6.1.36 0<z<L1
M(z+1)=z!=1+bz+bz*+ . . . +bz®+ ()
le(z)| <3X1077
1 =—. 57719 1652 s=—. 715670 4078
b,= .98820 5891 bg— . 48219 9394
by=—. 89705 6937 b,=—. 19352 7818
b= .91820 6857 bs= .03586 8343
Stirling’s Formula
6.1.37
~p=Ini—% L 1 R 1 139
Flg)~ee (21)9[1—' 12z ' 2882 518402°
571 -
24883202‘+ :I (2= in |arg 2|<7)

© 6.1.38

2l=+/2r :c’*‘-'exp(-s:-l—lzx (>0, 0<6<L1)

Asymptotic Formulas

6.1.39
T(az+b) ~2re*(az)**-}  (jarg 2|<m, a>0)
6.1.40
InT(z)~(z2—%) In 2—2z+4 In (2n)
+i : Bon . (z— = in |arg z|<r)

& 2m@m—1)z7

For B, see chapter 23

6.1.41
In s - 1
I'(z)~(z—%) Inz—2+%1n (2w)+12 gge
1 -
+126025_168Oz’+' o (2> in |arg z|<7)

® From C. Hastings, Jr., Approximations for digital
computers, Princeton Univ. Press, Princeton, N.J., 1955

(with permission).
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Exror Term for Asymptotic Expansion
6.1.42

If

R.2)=InT (2)—(2—3%) In 24-2—3% 1n (2r)

z Bnm
— X Imen—1 7

then
JBh+ZIK (2)
(2n+1) (2n+2) 2| !

|Ba(2)| <

where

K(z) =upper>lgound |23/ (ut+-2%)|

For z real and positive, R, is less in absolute value
than the first term neglected and has the same

sign.
6.1.43
Zn T(iy)=ZIn I'(—1y)

=410

~% In (2r)—3ry—3}ln y, (y—+ =)
6.1.44
Fln I'(iy)=arg T'(iy)=—arg T'(—wy)

=—F1In I'(—1y)

@ {_1) =1 B -
~ylny—y—ir—3 o e
Y=+ =)

6145 lim(2r)- Hr(etiy) e Wy i2=1

Iyl

. Tn+ta)

6.1.46 11‘1_’m; n’ I‘(n—!—b)—l
6.1.47

_o I'(2+a) 1¢(a—-b)(a.~i—b 1)
I‘(z—l—b) 2z

+5(%5 t")(3(':;-1—‘!; —Dr—ab—1) 5t ...

as z—w along any curve joining z=0 and z=e
providing z#% —a, —e—1, ... ; 2% —b, —b—1,



258

Continued Fraction

6.1.48
In T'(2)4+2—(2—%) In z—% In (27)

“ot et ek et... #2220
1,1 . 53 195
%=1 1=3¢’ #2210 *T 371
022999 29944523 109535241009
“oo737’ B 19733142 T 48264275462
Wallis’ Formula*
6.1.49
2 f-ﬂ(sin)“ p _1~3-5...(2n-—1)
rJo \cos) P 246...(2n)
@n)! 1 2ﬂ, _T'(nt+3)
Tz 2 TAr(+1)

Y 1+ L ]
Antl 8 1280

(n—>w)
Some Definite Integrals
6.1.50
mr(z)—f [(z 1) emt— @ (@e>0)
=(z—%) In z—z-!—% In 27
= arctan (¢/2)

6.2. Beta Function
6'2.1

B(z 'w)-—f -1 (1—¢)v? dt———f (1—|—t)‘+“’ dt

= f (sin ¢)#~1 (cos 1)?* ' d¢
(1]
(Rz>0, Zw>0)

_Tr@)_
6.2.2 B(z,w)~m—3(w,z)
6.3. Psi (Digamma) Function °
6.3.1 ¥(2)=d|[ln '(2)]/dz=T"(2)/T'(2)

+ Some authors employ the special double factorial nota-
tion as follows: ]
(2n) 1! =2.4.6 . . . (2n)=2"n!
(@n—1) 11 =1.8:5. .. 2n—1)=»+ 2" T'(n+3%)
8 Some authors write y(2) =% In I (24 1) and similarly for

the polygamma functions,

GAMMA FUNCTION AND RELATED FUNCTIONS

A

Ficure 6.2. Psi function.
y=y(z) =dln I'(z)/dz

Integer Values

6.3.2  Y(I)=—7¢(m)=—7+ :é B (n22)

Fractional Values
6.3.3

v(3)=—y—21n 2=—1.96351 00260 21423 .

6.3.4
Y(n+3)=—v—21n 242 (1+%+ - +ﬁ)
(n2>1)
Recurrence Formulas
6.3.5 Wt D)=v()+ 1
6.3.6 )
TS (N SUSL
e =D Fe T -2 +z
1 1
+m+m+‘ﬁ(1+2)



GAMMA FUNCTION AND

Reflection Formula

6.3.7 v(1—2)=y¢(2)+r cot w2
Duplication Formula
0.3.8  Y22)=i(2)+i¥(z+d) +1n 2
Psi Function in the Complex Plane
6.3.9 v(@)=y(z)
6.3.10

RV ()= RY(—y)= AV (1+y) =AY (1—1y)

6.3.11 JY(ay)=4y"'+% 7 coth ny
6.3.12 FY(}+1y) =4 tanh wy
6.3.13 y¢(1+iy>=_%+; xcoth 7y
=y§(n’+y*)"“‘
Series Expansions
6.3.14 ¢r(1+z)=-—‘r+g(—-1)"g‘(n)z"“ (J2|<1)
6.3.15
Vv(1+2z)=3z"'—4x cot m—(1—22) "141—v
—SlkEn+D—1a  (2l<2)
6.3.16
¢(1+z)=—7+§ %%-z—)- (e%—1,—2,—3, .. .)
6.3.17
. 1
R+ i) =11
+33 (D™ Ent 1) —1h
(ly|<2)
=—4yt zi; n=Y(ni4y?) 1
(—o<ly< =)
Asymptotic Formulas
6.3.18
V() ~In 2= — 32
el 11 1

2z 12z ' 12024 252z’+ :

(2— = in |arg 2| <7)
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RELATED FUNCTIONS

6.3.19
RU(1-+iy) ~ny+ 3 (”—yﬂ‘

1

=gty 2y2 ’ 120y“+252y°+
y—=>=)
Extrema®of I'(z) — Zeros of y(z)
I (xa) =y/(za)=0
n z, I'(z,)
0 + 1. 462 -+0. 886
1 —0. 504 —3. 545
2 —1.573 +2. 302
3 —2. 611 —0. 888
4 —3. 635 -+0. 245
5 —4. 653 —0. 053
6 —5. 667 -+0. 009
F —6. 678 —0. 001
r,—1.46163 21449 68362
T'(zo)= .88560 31944 10889
6.3.20 Zp=—n-+(n n)"*+o[(n n)~?
Definite Integrals
6.3.21
T = le (>0
vo=f i —15=] w20

1 dt
_(1+z)=:| T

tdt
2, e

[T

=In z

1)

(sl

1—#-1

6‘3‘

Y@ +r= f C = f ‘
7:J; (?l_i-g) di
=] )%

¢ From W. Sibagaki, Theory and applications of the
gamma function, Iwanami Syoten, Tokyo, Japan, 1952
(with permission).
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6.4. Polygamma Functions’

6.4.1
up""(z)—- 1,&(2) d i ln I'(z)
(n=123, ...)
. = 1)..+1J' b ;_'t (R2>0)

¥ (2),(n=0,1, . . .), 18 a single valued analytic
function over the entire complex plane save at
the points z=—m(m=0,1,2, . . . ) where it pos-
sesses poles of order (n+1).

Integer Values

6.4.2
v (1)=(—=1)""nlf(n+1) (n=123, . .)
6.4.3
¥y™(n+41)=(—1)"m! [—;‘(m+1)+ 1
1 1
+§;._+'i+ e +nT+—i]
Fractional Values
6.4.4 _
ym @) =(—=1)"*"l2"*" —1)¢(n+1)
(n=1,2, )
645  Y(tP=ir—4 if (2k—1)-
Recurrence Formula
6.4.6 Y™ (2+1)=¢® (2)+(—1)"nlz="!
Reflection Formula
6.4.7

¥ (1—2) 4 (=)™ (2) = (—1)#«%‘; cot xz

' Multiplication Formula
6.4.8

® ‘p(u)(mz) 5]!1 m+mn+l ,wts) (z‘i"—)

i=1, n=0

=0, n>0

7 ¢/ isknown as the trigamma function. ¥/, ¢@, ¢ are
the tetra-, penta-, and hexagamma functions respectively.
Some authors write ¥(z) =d[lnI'(2+ 1)]/dz, and similarly
for the polygamma functions.

®See page II.
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Series Expansions

6.4.9
\‘P(“)(1+3)=(—'1)”+I [n!g-(n_!_:h
e A
(lzl<1)
6.4.10 )

Y@= (—1)nl 3 (k)
(z2%0,—1,—2,...)

Asymptotic Formulas

6.4.11
Y™ (2) ~(—1)"! [gn—;.l)‘!-i- nl

2za+1

+3 Bﬂ‘i’;;;;:ii !:| (2—>w in|arg z | <n)

6.4.12

111,
v (@)~ 22’+623 305 T8 302
(z—> = in |arg z|<w)
6.4.13
VO~
21 28 224 628 62° ' 1029 62"
(2> win | arg 2| <)
6.4.14

2. 3,2

v (2) ""—a+zq+ 21"]'329 zu"’

213
(z— = in |arg z |<7)

6.5. Incomplete Gamma Function
see also 26.4)

6.5.1
P(a, "")’:r:_a) fn " et dt (Ra>0)
6.5.2
v(a,r)=P(a, z)T'(a) =J:e“t'"‘ dt (Aa>0)

6.5.3
T'(a, r) =T(a)—(a, :r)==J‘ et dt

6.5.4

v*(@a, r)=2"P(a, )= ‘Y(G.- T)

I‘()

~* is a single valued analytic function of ¢ and
z possessing no finite singularities.
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EAN:

(=2

\,_> \>_, N

*
Y s

Tl

T2 —tpa—1
() J:s dt
pleta, Annali di Matematica, IV, 33, 1950 (with permi

6.3. Incomplete gamma funciion.

v*(a,z)

Ficure
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6.5.5
Probability Integral of the x*-Distribution

T
- J"‘ 14171 dt

i i1 0

2br(3)

P(2) =

6.5.6

(Pearson’s Form of the Incomplete Gamma Funetion)

- 1 upHl
I(”:P)—WJ; e~ 't? dt

=P(p+1, uyp+1)

657 C (x,a)=fwt“‘1 cos ¢ di (Za<l)

658 S(za)= f "ot sin ¢ dt (Ba<1)

-

6.5.9
E, (a:)=fme"“t"‘dt=x""1"(1—n,z)
1
6-5.10

a, (z) =J‘we""t"dtmz"“P(1+n,z)
1

6.5.11 e, (z)= ?ﬂ‘_,

...I“

Incomplete Gamma Function as a Confluent
Hypergeometric Function (see chapter 13)

6.5.12 ~y(ax)=a 2% *M(1, 1+a,z)
=a"'z% M(a, 1+a,—x)
Special Values
6.5.13
P 1—(14+2+Z Call
) =1—(14+et5t .+,

=1—¢,—(z)e~*

6Fc-r relation to the Poisson distribution, see
26.4

6.5.14 y*(—n, 2)=2"

6.5.15 T (0, :c)=fne“t”‘ dt=FE, (z)

6.516 (3,2 }_.zf e~ dt=+r erfz
6.5.17 I‘(&,xz)=2fme"gdt=\/; erfc z
6518  jrzr*G—at)= f “edt
0
6.5.19 I'(—n, x)-_ [El(z) "”JZ‘, » x,l,i_),'?]
6.5.20 I'(a,i7)=¢t"* [Q'(z,0) —1iS(z,a)]
Recurrence Formulas
Cg"'@
6.5.21 P(a+1, x)=P(a, z)— Tl
6.5.22 y(a+1,z)=ay(a,z)—z%*
6.5.23 y*(a—1,z)=zy (a,m)-{-l_, {a)
Derivatives and Differential Equations
6.5.24
dy* gt
%) u=-—-J: ¢ tdt-—ln 2=—F (z)—In 2
6-5-25 a'y (G,I) = ar(a'l'z) =m¢—1e—:
oz oz
6.5.26
bx" [27°T (a,2)]=(—1)"2z~*""I'(a+n,z)
7=0,1,2,...)
6.5.27
bm" [2%y* (a,2)]=€2*""v*(a—n, T)
(n=0,1,2, ..3)
* *
6528 23X +at1+n L tart=
Series Developments
6.5.29
o et 1= (=)
vH(@,2)=e""2] T(atn+1) T(a) = (@+n)n!

(|zl< =)
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6.5.30

y(a, z+y)—v(a, z)
—T = li(a 1 (q’ 2

=e "I

.. (a—n) 1= en(@)]

(l<|=[)

n=0 z?

Continued Fraction

6.5.31

I‘(a,:r)=e"x‘(1 J—g 1 =g '3 )

o+ 1+ z+ 1+ z+
(@>0,al< =)

Asymptotic Expansions

6.5.32
T'(a, z) ~2%"l¢? [1

z2

a-1+(a-l)(a—-—2)+. ]

(1o i 1<)

Suppose R,(a,2)=u,.(a,2)+ . . . is the re-
mainder after n terms in this series. Then if a,z
are real, we have for n>a—2

[Rn(azzj!smnﬂ(a:z)l
and sign R,(a,z)=sign u,4,(a,z).
6538 V(g2)~ 3 12" (a—>+ =)

n=0 (ﬂ+n)7ﬂ
0 for a>>1
6534 Im=_{ 1 trel1
Limic 1 for 0<a<1

6.5.35

I’(z+1,2)~e“’z‘(\/ 242 +‘/224'"' :!_|_. . )

(2= in | arg z|<3rm)

263

Definite Integrals
6.5.36

fo " e, ct)dt—r(b)[ e +c)°:|

(Bla+6)>0,%b>—1)
6.5.37

J:)u tu_lp(b;t) dﬂ:,r(;":__b)
(R (a+b)>0, Ra>0)

6.6. Incomplete Beta Function

6.6.1 B.(a,b) =f 31 (1— )1
0

6.6.2 I.(a,b)=B,(a,b)/B(a,b)
For statistical applications, see 26.5.
Symmetry

6.6.3 I.(a,b)=1—1,_.(b,a)

Relation to Binomial Expansion

6.6.4 I,(a,n—a+1) =}2_§_,": (?) pPa=p"

For binomial distribution, see 26.1.
Recurrence Formulas
6.6.5 I.(ab)=zl.(a—1)+(1—z)I.(a,b—1)

6.6.6 (a+b—az)I(a,b) .
=a(l—z)I.(a+1,b—1)+bl,(a,b+1)

6.6.7 (a+b)I.(ab)=al(a+1,0)+bl.(ab+1)
Relation to Hypergeometric Function
6.6.8 B,(a,b)=a"'2°F(a,1—b; a+1; )

Numerical Methods =

6.7. Use and Extension of the Tables

Example 1. Compute T(6.38) to 83. Using
the recurrence relation 6.1.16 and Table 6.1 we
have,

['(6.38)=[(5.38)(4.38)(3.38)(2.38)(1.38)]I'(1.38)

=232.43671.

Example 2. Compute In I'(56.38), using Table
6.4 and linear interpolation in f,.  We have

In I'(56.38) = (56.38—%) ln (56.38) — (56.38)
+/£2(56.38)

The error of linear interpolation in the table of
the function f; is smaller than 1077 in this region.
Hence, £,(56.38)=.92041 67 and In T(56.38)=
169.85497 42.

Dircet interpolation in Table 6.4 of log,, I'(n)
eliminates the necessity of employing logarithms.
However, the error of linear interpolation is .002 so
that log, I'(n) is obtained with a relative ecrror
of 1075,

*Bee page i1,
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Example 3. Compute ¢(6.38) to 8S. Using the
recurrence relation 6.3.6 and Table 6.1.

111
¥(6.38)= 538 Fiss T3 TasetT 38""(1 -38)
=1.77275 59.

Example 4. Compute ¥(56.38). Using Table
6.3 we have ¥(56.38)=In 56.38—,(56.38).

The error of linear interpolation in the table of
the function f; is smaller than 8 10~7 in this
region. Hence, f;(56.38)=.00889 53 and ¢(56.38) =
4.023219.

Example 5. Compute In T'(1—%). From the
reflection principle 6.1.23 and Table 6.7,
In '(1—%)=InT(1+1%)=—.6509-+.3016.

Example 6. Compute In I'(3+47). Taking

the logarithm of the recurrence relation 6.1.15 we
have,

In TF+44)=In T'G+39)—In (3+37)
=—.234194.03467i
—( In 4+ arctan 1)
=.11239—.750734

The logarithms of complex numbers are found
from 4.1.2.

Example 7. Compute In I'(3+74) using the
duplication formula 6.1.18. Taking the logarithm
of 6.1.18, we have

—%1n 2r=— 91894
(5+74:) In 2= 1.73287+ 4.85203i
In T'(§+42)=—3.31598+ 2.325531
In T'(2-+§i)=—2.66047+ 2.938691

In T(3+472)=—5.16252-+10.11625%

Example 8. Compute In I'(3+47%) to 5D using
the asymptotic formula 6.1.41. We have

In (83+74)=2.03022 15-+1.16590 451.
Then,
(2.5+74) In (3+7i)=—3. 0857779+17.1263119;

— (3474) =—3. 0000000— 7. 00000004

3+In (2r)= .9189385
(12(3+74)]'= .0043103— .01005751
—[360(3474)%"'=  .0000059— . 0000022;

In I'(34-779)=—5. 16252 +10. 116251
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6.8. Summation of Rational Series by Means
of Polygamma Functions

An infinite series whose general term is a ra-
tional function of the index may always be reduced
to a finite series of psi and polygamma functions.
The method will be illustrated by writing the ex-
plicit formula when the denominator contains a
triple root.

Let the general term of an infinite series have
the form

p(n)
d:(ﬂ*)dz(n}da(n)
where
din)=m+a)nta) . . . tam)
d(n)=n+8)*n+B)? . . . (n+8,)°
di(n)=(n+7) n+7)® . . . (nt)®

where p(n) is a polynomial of degree m-+2r-+3s—2
at most and where the constants a;, 8;, and v, are
distinet. Expand u, in partial fractions as follows

' b + bax
k-l (n+B8) ' (n+BY?

= F (’ﬂf+ﬂt)

i 2 Cix + 4 Ca

2wt T 22

ﬁ ar|-é burl‘E c=0.
=1 k=1 k=1

Then, we may express >, u%, in terms of the
n=1

constants appearing in this partial fraction expan-
sion as follows

g U= “% ayy(1+ay)
-77;1 buw(1+ﬁ,)+!z:3 bas’ (148))
_;i:i €y 'ﬁ(1+7,)+1213 ey (147))
E Y (14y).

Higher order repetitions in the denominator are
handled similarly. If the denominator contains
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only simple or double roots, omit the correspond-
ing lines.

Example 9. Find

. 1
=& GFDE D@
Since
1 _ 2 n ]
(n+1)(2n+1)(4n+1) n+l n+; nt+3

we have
=1, =%, a=1%, a1=1%, =—1, 0,=%.
Thus,
=—3¥(2)+¥(17)—3¢(11)=.047198.

Example 10. s
Find s= 3) et
a=1m*(8n+1)?
1 16, 16

Since e n T T Y
we have,

BI=O: 52=%, b1:|=_'16, buzlﬁ, bg]':]., bn=1.
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Therefore

s=16y(1)—16¢(13)+ ¢’ (1) +¢/(1%) =.013499.

Example 11.
- 1
Evaluate 3=ﬂ‘1 W (599 also 6-3.13) ‘
We have, sl = :

(’—}—l)(n‘-{-tl) 6\n+i n—1

2 1 1 )
12 \n+27 n—21

2 —1 —1 3
Hence, G=g G=—5~1 Ge=157 0= 12

=1, ag=—1, =21, ay=—21,

and therefore
== ) —h(— )] W20 —p(1—20)]
By 6.3.9, this reduces to
=2 SUI+H)—5 FU(1+20),

From Table 6.8, s=.13876.
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7. Error Function and Fresnel Integrals

Mathematical Properties

7.1. Error Function

Definitions

2 LY
7.1.1 erf z=— J' e~ Vdt
JrJo

7.1.2 erfe z=.%_ J: e~ dt=1—erf 2

7.1.3 w(z)=e“2(1+& f e"‘da)=e--2 exfe (—iz)
vrJo

In 7.1.2 the path of integration is subject to the

restriction arg {—a with |c|:i<~ir as t—>« along the

path. (a=g is permissible if Z* remains bounded

to the left.)

Integral Representation
7.1.4

. @ _‘zdt 2- @ _‘Bdt
we=t [T SR (T ()

™

—@

] .2 A B -8 Lo L2 (K] L6 L8 20 2.2 24

Ficure 7.1. y=e”f eV
z

p=2(1)6

7.1.5 erf z=-2- >

7.1.6

7.1.7

7.1.8

Series Expansions
© (_ 1)n22a+l
\/;. =0 nl(2n+1)

_2 -~ 2" 2n+1
G 215 @nt1) °

=2 é (=D)L 41/2(2%) —I2nss2(2

(i2)"

w@=§

For I,,_4(z),see chapter 10.

7]1.9
7.1.10
7.1.11

7.1.12

Symmetry Relations
erf (—z)=—erf 2z
erf z=erf 2
w(—z)——~2e“2—w(z)

w(z)=w(—2)

—p [CT
Fieure 7.2. y=e¢ * I &,

p=2(1)6

297
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& \.{\\
AV SR T
RS

'\ "

RS
RN

120" 100" -ize® -B0" 0" 60" 1207 %80° -2 -R0" 0°

Fioure 7.3. Altitude Chart of w(z).

Inequalities [7.11], [7.17]

7.1.13
ﬁ<ez’fw e~ dt< ;___Z (z=0)
x z I+ »\/332-}";
(For other inequalities see [7.2].)
Continued Fractions
7.1.14
o pap L 1213232
26° [ ertam— 22 L2 2 (@e>0)

7.1.15
Loty 1121302
Vr)_o 2—t 2—2—2—2—2—

1 - n Hiu)

=— lim —
‘J; n—o k=1 2—$k

(Az540)

zt” and H{™ are the zeros and weight factors of
the Hermite polynomials. For numerical values
see chapter 25,

Value at Infinity

7.1.16 erf z—1 (z—>°° in |arg zl<g)

Maximum and Inflection Points for Dawson’s
Integral [7.31]

F(z)=e"‘2 sz edt

7117 F(.92413 88730...)=.54104 42246 . . .
7.1.18 F(1.50197 52682 . . . )=.42768 66160 . . .

Derivatives
7.1.19
dr+t rfz_(_l)a_g_H ( ) = ( =0,1,2 )
I ILE= vr n(2)e =M by @y o «
7.1.20
WD (2) 220"+ (2) +2(+1)w™ (2) =0
®%=0;,1,2, . ...)

w® (z)=w(2), w’(z)=—2zw(2)+%

(For the Hermite polynomials H,(z) see chapter
22.)

Relation to Confluent Hypergeometric Function (see

chapter 13)
7.1.21
_22,5,(1 3 _ 3)\_22 2 ( 3 2)
erfz—ﬁM(fz, e)=re M 1,2,2

The Normal Distribution Function With Mean m and
Standard Deviation o (see chapter 26)

(t—m)?

1 = O | z—m
ma =TT s (et ()
7.1.28 Asymptotic Expansion
Vrzet erfez~14+3> (—1)™ LT 52,:“—1)

m=1 (22 )

3
(o I )
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If B,(2) is the remainder after n terms then

7.1.24
Ru(@)= (-1 L=,
a:ﬁwe-‘ (1-1?’5,;)_“_i dt (]a.rg 2l<2
o<t (lorg 21<)

For z real, R,(z) is less in absolute value than
the first neglected term and of the same sign.

Rational Approximations? (0 <z< @)

7.1.25
2 1
=, [ 2 3 —_— I
erf =1— (a;t}-ayt®+ast®) e™* +¢(a), | t 5
le(2)| <2.5X10""
p=.47047 a;=.34802 42 a,="—.09587 98
a;=.74785 56
7.1.26
erf z=1—(a;f +ast*+agt®+asd'+-ast®) e~ +¢(z),
1
t=——
1+pz
le(z)| <1.5X1077
p=.32759 11 a,=.25482 9592

a;=—.28449 6736
a,=—1.45315 2027

a;=1.42141 3741
a;=1.06140 5429

7.1.27
erf g=1— - +e(z)
[l+ﬂlz+%3&+%f+ﬂixﬂi
le(z)| <5X10~*
a,=.278393 a,=.230389
a;=.000972 a;=.078108
7.1.28
erf z=1 L

[1+az+taa®+ - - - +au$a]u+5<x)
le(2)|<3X1077
a,;=.07052 30784

a;=.00927 05272
a;=.00027 65672

a,=.04228 20123
a,=.00015 20143
as=.00004 30638

? Approximations 7.1.25-7.1.28 are from C. Hastings, Jr.,
Approximations for digital computers. Princeton Univ.
Press, Princeton, N. J., 1955 (with permission).
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Infinite Series Approximation for Complex Error
Function [7.19]
7.1.29

-2
erf (z-+1y) =erf :::-]—;Tx [(1—cos 2zy) -+ sin 2zy)

@ —{n2
+2 67 2 L [l ) i@, He(z,0)

where

Ja(z,y)=2z— 2z cosh ny cos 2zy-+n sinh ny sin 2zy

gn(z,y)=2z cosh ny sin 2zy+n sinh ny cos 2zy
le(z,9)| =107 erf (z+1y)|

7.2. Repeated Integrals of the Error Function

Definition
7.2.1

iterfo o= [ Timtertotdt  (0=0,1,2,...)
2
i~terfe z=-—2— e~#, i erfe z=erfc 2
N

Differential Equation

7.2.2 Yo, W

dz" ““dz

y=A4i" erfc z+ Bi" erfc (—2z)

2ny=0

(A4 and B are constants.)

Expression as a Single Integral

7.2.3 i" erfec 2z 4 (t—2) e~dt
e n!
Power Series ?
@ — 1\EE
7.2.4 i* erfc z=2 (=D zn—k
=0 gn—kp| (1+—2
Recurrence Relations
7.2.5

A z. T
i* erfe z= - i"! erfe z+% i"2 erfe 2

n=1,2,3,...)
7.2.6
2(n+1) (n+2)i*** erfe 2
=(2n+1+422H)i" erfe z—% "2 erfc 2z
n=1,2,3,...)

* The terms in this series corresponding to k=n+2,
n+4, n+6, . . . are understood to be zero.
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Value at Zero

1
2 (g-|—1)

T.2.7

i" erfe 0= n=-1,0,1,2,...)

Fioure 7.4. Repeated Integrals of the Error Function.

y-?r(:ffl) irerfor

n=0,1,2,4,8,14 2

Derivatives

7.2.8 d—%i" erfc z=—i"'erfcz (n=0,1,2,...)

7.29

% (e erfe 2)=(—1)"2"nle”i" erfc 2
(ﬂ’=0r1)21 .. ')

Relation to Hh,(z) (see 19.14)

i 1
7.2.10 i* erfe z=(§;_l~;-)-! Hh,(+22)

Relation to Hermite Polynomials (see chapter 22)

7.2.11 (—1)""erfc z4i"erfc (— H (iz)

) 2*-%1
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Relation to the Confluent Hypergeometric Function
(see chapter 13)
7.2.12

i* erfc z=¢~# |: 1 M

ap (T
2T (2+1)
2 (P13
23_111 7?.--|~1)M(2+1’2’ Z2

2

Relation to Parabolic Cylinder Functions (see

n+11,
2’y

chapter 19)
o e
7.2.13 i* erfe z——(gn_lr)iﬂ_ﬂ_l(zm
Asymptotic Expansion
7.2.14
i e ™ (=D)™@2m+n)!
oo z"’r (22)"“ ,,,Z.Qu nlml(2z)™
(s, arg | <2
7.3. Fresnel Integrals
Definition
7.3.1 C’(z)=f’ cos (%r t”) dt -
0
7.3:2 S(2)= f *sin (’g t’) dt
u -

The following functions are also in use:

7.3.3

Cy(z)= ‘f f cos t%dt, Cu(z)= \/2 °3'i‘d:

7.3.4
*gin ¢

S,(x)——.\[f sin ¢%dt, S,;(z)= ‘/_ 1[_ dt

Auxiliary Functions
7. 3.5

f(e)= %-—-S(z)] cos (% z’)-—[%—-(,‘(z):l sin (72—'- z’)

7.3.6
I BEP ¥ R
Interrelations

731  Cx)=C, (z\/’zf)=02 (’2—,’ z’)
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7.3.8

S(x)=5, (":\/9: S, (g xz)

139 0(e)=y+f(z)sin (g z’)—g(z) coe (’g a’)

1300 §()=3—(2) eos (5 2*)—g(a) sin (5 )
Series Expansions
2 n
7311 O(z)= E E%&% 1
7.3.12
S
O(z)—cos(2 ):L':ol T (4n—|-1) pin+1
& (_]_lﬂ’r}?n-l-l .
+sin (2 )ﬂ_o (4n+3) zén+3
7.3.13 S(z)= Z (—1)*(xr/2)%nH! .

n=0 (2n+1) ! 4ﬂ«+3)

Ficure 7.5. Fresnel Integrals.
y=C(2), y=5(z)

301
7.3.14
_ m ( 1)3 2n41 3
S(2)=—cos (2 22 DIY S T Zints
(,__ )n 2n .
+oin (5) 3 3 ey =
1315 Cy(z)=dy2(2)+Jsn(2)+Jepn(z)+ . . .
7.3.16  Sy(2)=32(2)+J7(2) FJ1p(z)+ . ..
For Bessel functions J,,./:(2) see chapter 10.
Symmetry Relations
7317 O(—z)=—C(z), S(—z)=—8(2)
7.3.13/ C(iz)=10(2), S(i2)=—18(z)
7.3.19 C(z)=C(z), S(z)=8(z)
Value at Infinity
7.3.20 G(z)—)%’ S(:z:)-)% (z>)
Derivatives
7.3.21 %(?”)=—ﬂg(x), dg( 99C) rt(5)—1

Relation to Error Function (see 7.1.1, 7.1.3)
7.3.22

O(z)+1,S(:-a)-—-—— erf I:"F (1— z)z]

=1_;.|‘_"'{1— %0 [g (l-l—i)z:l}

7.3.23 g(z):ﬁ{lT-H: w [‘g (l-i-i):c:l}

1.3.24 f(:)=.ﬂ{%1£ w [g (l-l—'i)z:l}

Relation to Confluent Hypergeometric Function (see
chapter 13)
7.3.25

O(2)+i8(2)=2M (% g, i z’)

g 8 T
=zg 3 M(l,g: 1,22)

Relation to Spherical Bessel Functions (see chapter 10)

1326 Ci(e)=3 J; " o (0dt, 84(2) =%J; Jy () dt
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Asymptotic Expansions
7.3.27

ref(a)~i4 3 (—pynl e n =l

(w2)™"

(emses o i3

7.3.28

. mz:ﬂ (—1)"-‘1 . (4m—+41)

(11'22) 2m-41

(z-—am , larg z|< g)

If R (2), Ri{¥(2) aretheremainders aftern terms
in 7.3.27, 7.3.28, respectively, then

7.3.29

_ =3 . (4n—1)
Rflf’(z)—-(-—l) ( 22)% 4,
& 1 —:t_ﬂu—
: I‘(2n+%)J; 3 _|_( ) dt(’“’g "'f<4)
22
7.3.30 :
R @=1r it go,
tti +i
g8 — = (27:,-1--3-) f ) - dt (la.rg z|< 4)

1331 [69]<1, [00]<1 (jorg 21<%)

For z real, R (z) and R (z) are less in absolute
value than the first neglected term and of the
same sign.

Rational Approximations* (0<z< =)

7.3.32
1+.9262
I @) =37 708z 31042

7.3.33

te(z)  |ex)| <2X10-3

1
9(x) 2+4.142z+3.492z=+e.570f+‘(I)

|e(z)|<2X1078

(For more accurate approximations see [7.1].)
7.4. Definite and Indefinite Integrals

For a more extensive list of integrals see [7.5],
[7 8], [7.15].
® yr
P,
J; et 2

7.4.1

{ Approximations 7.3.32, 7.3.33 are based on those given
in C. Hastings, Jr., Approximations for calculating Fresnel
integrals, Approximation Newsletter, April 1956, Note 10.
[See also MTAC 10, 173, 1956.]
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7.4.2
fm e_(a:=+m+=)dtgl\/£ ;u erfc = (Ra>0)
0 2Va 1/_
7.4.3
= PIL
f e ¥R dtz%\/grzm (Ra>0, Zb>0)
0
7.4.4
= . (2n—1)
—ar? =T o
J; t2ng—atldt— 2,.+1 =
T
- 2(“;";;3) (Ra>00=0,1,2, .. )
74.5
® !
J; t2u+1e—ﬂ*dt=2ai,,’+—1 (#a>0;n=0,1,2,...)
7.4.6
= 1 fr -2
e~ cos (2zt)dt=§ —e ¢ (Fa>0)
4 @
T.4.7
® , 1 7l +/a
—at? —— p=tlla 2
fu e~ sin (2zt)dt \/Ee J; e’ dit
(Za>0)
7.4.8
j ) i_mdt=ﬁ es?? erfe +/az (Ra>0, Z=>>0)
tl_ ytﬁ—z’ a
749
@ —aldt
=T ¢ erfe az
o VE(t+z) '\/_
(Ra>0, 27#0,|arg 2|<x)
7.4.10
@ 8—ﬁi2dt_ . \faz 2 1 " ]
L B B [,/; J; e’ di— Bi(az?)
(a>0,z>0)
7.4.11
@ gat dt T
L g e eloyaz  (6>0,2>0)

7.4.12 f t:” dt_ Tell—(erfy@)Y  (@>0)

7.4.13

J'w ye~Udt
- (@—1)*49*

*Hee page IL

* Bw(z+1y) (z real,y>0)
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7.4.14

@ —12

((j:—‘_?;Jr—ijfw(xHy) (z real, y>0)
7.4.15
J‘ I Vi C 0 Lt ﬁ,w{x—!—'éy)
0 —2(f_y”)t’+(x’+y2)" y—iz

(z real, y>0)

7.4.16

» 2aye="dt _7m ow(z+iy)
J; f2@—Pr+ @y’ 27 y—w

(z real, y>0)
7.4.17

- -
f e~ erf bt di=l e erfe =
0 a 2b

(a0, arg bI<5)
7.4.18

stin (2at) erfe bt dt=% [1—e"“’°’2](a>0,91’b>0)
0
7.4.19
" hi _...1 _b_
ﬁ ety Tdt=0y 0 (R(+H>0)

7.4.20
Jm ¢~ erfe Jg dt=é ¢~ 2+ab (Za>0, #b>0)

0

7.4.21

J;..,c -o erfc(w/_+\/_)d
[ WA
Jio(2 ‘/g)]sm(‘{)} (Fa>0)

7.4.23

J; ™ gl (t“’)dt=‘/g{[%_0 (;5 ‘/g)] o (%2)
Hi-sGV)] =)} @0

¢~ 2(ac++be)

VB NatD)
(Rb>0, He>0)
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7.4.24

[P Basg e GVD]

+#[5sGR)] @eo
7.4.25

[ et { Boe (V2 oo
+ 5—8 (\/2;.@)] sin (ab)} (Ra>0, Zb>0)

7.4.26
e~ dt

mx/t(t”+b”) b\/_{[ =8 (m]‘m (ab)
= __0( ‘/2&5)] sin (ab)} (Ra>0, Rb>>0)

7.4.27

J; " e O dt= {[%-S (E)] b (‘21:-) |
o@a) o
7.4.28

[ st {[3-0(¢)] = (%)
s @) w0

7.4.29

pp— 2t gt — 1

J;,, 0( T . 2a(va?+1—a)ia?+1
(Ra>0)

7.4.30

e 2t dt= 1
.Ja ¢ S(\/;) 2a@L1+a)tyar 1

(Ha>0)
7.4.31 J; w{[%—O(t)]’-i-[%—ﬁ'(t):r}dt=11;
7.4.32
J‘ s mero gL ‘/h,, 2 (,/ax-i-‘%)+conat.
(a#0)
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7.4.33

fe_m_:dw=£ [ e*® erf (ax—l—%)

+ e~ % erf (am—g)]+const. (@5%0)
7.4.34
f b #dz—— ‘“2"*':’[ (—~+zax)
+w (“E+ m)]+const. (a50)
7.4.35 ferf rdz=z erf :r:—]-% ¢~**-const.
7.4.36
fe“’ erf bz dz= I:e erf bz—e‘-“-’" erf (6:5-—%)]
-+const. (a#=0)
7.4.37

fe“ erf \/g dm=é{e“‘ erf Jg
el i)

-+ const. (@a20)
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7.4.38

cos (az’+2bz+c)dz
J
=J% { cos (b’;ac)o [‘Ja_%; (az+b):|
+sin (b";ﬁw) S I:J (:E; (az+ b)]} +const.

7.4.39

fsin (az*+2bz+c)dz
Vi {= (T [V ]
—sin (62:}0) 0[& (a:r—{—b):l} +const.

7.4.40 fO(x)da:szO(:c) —% i (g 9:’)+const.

7.4.41 IS (x)de=28 (z) +}r cos (% ::g)-l—const.

Numerical Methods

7.5. Use and Extension of the Tables

Example 1. Compute erf .745 and e~¢%®*
using Taylor’s series.

With the aid of Taylor’s theorem and 7.1.19
it can be shown that

erf (zo+ph)=erf z,
2
= ~ph I:l—phzo-i—% p’h‘(2x?,—1)]+e
e~ ot t— -3 [1 2phzy+ p°h* (203—1)
—3PWn=3) [+

where [e|<12X107%, [4|<3.2X10"" if A=10"%
|p|=% With z,=.74, p=.5 and using Table 7.1

erf 745=70467 80779+ (.5)(.00652 58247) X
[1 — (.005) (.74) + (.00000 83333) (.0952)]
=.70792 8920

e—(.man=%; (.65258 24665) [1—.0074

+(.000025) (.0952) 4 (.00000 00833)(.74)(1.9048)]
=.57405 7910.

As a check the computation was repeated with
29=.75, p=—.5.
Example 2. Compute erfc 2 to 58 for z=4.8.
We have 1/2*=.0434028. With Table 7.2 and
linear interpolation in Table 7.3, we obtain

erfe 4.8=71 (1.11253) (10-)(.652669) ‘-g-;
—(1.1352)10-1,
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COMPLEX ZEROS OF THE ERROR FUNCTION

El'f Z;,(:O
n Tn Un
1. 45061 616 1,88094 300
2. 24465 928 2.61657 514

N Bl B =

2,83974 105
3.33546 074
3,76900 557

3.17562 810
3. 64617 438
4, 06069 723

Za=Ty+1n

7 Tn

6 4,15899 840
7 4,51631 940
8 4,84797 031
9 5.15876 791
10 5.45219 220

erf z,=erf (—z,) =erf Zp=erf (~7y) =0

— |
md [T
yn..2¢ :r(4u 2)=F

(n>0)

Table 7.10

Un
4,43557 144
4,78044 764
5,10158 804
5.40333 264
5. 68883 744

From H. E. Salzer, Complex zeros of the error function, J. Franklin Inst. 260, 209-211,

1955 (with permission).

COMPLEX ZEROS OF FRESNEL INTEGRALS

Zn=an+tiYn
Zn=wa+iyn

an
0. 0000
2, 0093
2.8335
3. 4675
4,0026

4, 4742

_n(=y@i=1)

ok xyfdn—1
. In(2ey)
px——="
2‘[‘4 w

(n>0)

MAXIMA AND MINIMA OF FRESNEL INTEGRALS

Mr=5({/An+2)

C(zﬂ) =0
S(zn) =0
W HE > Un
0 0. 0000 0. 0000
1 17437 0, 3057
2 2. 6515 0, 2529
3 3.3208 0.2239
4 3. 8759 0.2047
5 4,3611 0, 1909
C c Cws_Cr - Gy c, . C, =i O
g(2n) zs< ) =S(7'G) =S( ~Za) =S(’zﬂ) =S(_"-zn) =S(_m")=s<‘zﬂ-) =0
oo — In(ryin—1)
.rﬂ""J4'n —1"m
' g 1n(2ryn)
R‘ﬂ~21/~— Sﬂ-zﬂufz
Mp=C({An+1)  ma=C(y{4n+3)
N M, np
0 0. 779893 0, 321056
1 0. 640807 0. 380389
2 0. 605721 0. 404260
3 0, 588128 0, 417922
4 0,577121 0. 427036
5 0.569413 0. 433666
-1 *2(4n+1)2-3
Mgt s{dn+1)oR
1, 2(4n+2)2-3
]
M gt R @t 2)

My
0, 713972
0. 628940
0. 600361
0. 584942
0. 574957

0, 567822

mo L (4n+8)2-3
"2 =3(dn+3)5R

. 1 16#2(n+1)2-3
3 323 (n+1)52

From G.N. Watson, A treatise on the theory of Bessel functions, 2d ed. Cambridge Univ.
Press, Cambridge, England, 1958 (with permission).

Table 7.11

yn
0. 0000
0. 2886
0,2443
0.2185
0.2008

0,1877

Table 7.12

mn=S(/in+4)

Mq
0.343415
0.387969
0. 408301
0. 420516
0. 428877

0. 435059
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8. Legendre Functions

Mathematical Properties

Notation

The conventions used are z=xz-1y, z, ¥ real,
and in particular, z always means a real number
in the interval —1<z<+1 with cos 8=z where
6 is likewise a real number; n and m are positive
integers or zero; » and u are unrestricted except
where otherwise indicated.

Other notations are:

n!P,(z)
@n—1)1!

Pop(z) for (—1)"P7(2)
T7(2) for (—1)"Pr()

Pi() for (—1)my 2O, pry

Be(2) for Pi(2), Q4(2) for Q4(z)  (A2>1)
2£(2) for e Q4(2)
Q2(2) for SRL U7 sin (v-I—u)'Jr

Pr(z) for

Qr(2)

Various other definitions of the functions occur
as well as mixing of definitions.

Wl sipro—r—i. § L@ TH+1)
8.1.3 @Q¢(z)=etr 2t ————— TorD

_p-p-l(zz_l)iup(l _}.7;_1. + +2

8.1. Differential Equation
8. 1 L 1

(1_ 2) dz 2_22 __-+[ (”+1)_

22] w=0

Solutions

(Degree v and order u with singularities at
z==%1, @ as ordinary branch points—y, v arbi-
trary complex constants.)

P%(z), @ (z) —Associated Legendre Functions (Spher-
ical Harmonics) of the First and Second Kinds ?

jarg (e 1)|<m,  [arg 2|<n
(22— 1= (a— 1)¥(z+ 1)

(For P¥(z), u=0, Legendre polynomials, see
chapter 22.)

8.1.2

e z+1
PHe) == p)[ ]’F( BRVCE | O =
(ll—zl<2)

(For F(a, b; c; z) see chapter 15.)

5%) (>

Alternate Forms

(Additional forms may be obtained by means of the transformation formulas of the hyper-

geometric function, see [8.1].)

1 1 v v 3.
F( 4 .‘ +y “J :23 F(_""_'_E’ 1+'_"_'E? ) 2
8.1.4 Pu(z)—2er(2?—1) 2 222 22 - 2% = 2 2v2p (l22|<1)
5 (“fz“z r(§+§"§)r —272
s 27— 3—p)z et 1wy op 3.
815 Prla) = ipumy— Fgth5 14— e7)
2'T(3+4v)zrts v pl w 1 _2) o
+(22-1)»=f=r(1+p—p) 379'3 2 22 ° (127<1)

T(A+r+u)T(—p)(z—1)#(z+1) "%

8.1.6 ¢ " Qi(z)= 2r (1+v—p)

.
2

1—2z
F(—v,l-i-v;l-hu, )

+l T (w) (3+1)’}“(Z—1)'*"F(—v, 14+v;1—p _;_z) (J1—2|<2)

2 The functions ¥7(6, g) =2

for m=mn.
unit sphere 224324 2=
*See page IL.
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sin mey

ii"}P‘"(t.‘:os 6) called surface harmonics of the first kind, tesseral for m<n and sectoral

With 0 <6 <w, 0<¢ <2, they are everywhere one valued and continuous funections on the surface of the
1 where z=gin 6 cos ¢, y=sinf sin ¢ and z=rcos 4.
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r(5+5+5) i

8.1.7 e QL(2)=m2u(22—1)"M
or (1+-__)

333

v

1 . L.
P(5 bE)

F

T (1+g+§) e

=)

Wronskian

owasp (SEAE) p (k)

- (5 ()
W{Py(2), Qu(2) }=—(2*—1)""

8.2. Relations Between Legendre Functions

BII.B

W{P(2), Q(2)}=

8‘1.9

Negative Degree

8.2.1 P2, (2)=P%(z)
8.2.2
Q*,-.(2)={ —me'¥" cos vrP%(2)

+Q¥(2) sin [w(v+u)]}/sin [7(v—p)]

Negative Argument (F2=0)

8.2.3
—z)=¢¥""P}(2) —gr e~ sin [r(v+u)]Q(2)
8.2.4 Q(—2)=—ex""Ql(2)
Negative Order
8.2.5
Pir(a)=feratd [Pre—2 e sin m)@2(@) |
8.2.6 Q;*(2)=e 2" De—uth) Q(2)

TGFatl)
Degree u+ 4 and Order v+ 3 *

Hz>0

o z (2 _l)lfie—iyer(z)
027 Pol(im)~GrroTas D .
8.2.8

@i (om) -
=—1(3m) V20 (—v—p) (22—1)Vie " P4(2)
8.3. Values on the Cut
(—1<2<1)
8.3.1
Pi(z)=4[et* Pl (z+10)+ e~ Pt (z—10)]

*See page II.

1 » B v B3 2) 2
(2 T (122|<1)

(Upper and lower signs according as $2=(.)

8.3.2
Pi(z)=exterPl(z£10) =
8.3.3
—ixleriun (e =197 Qs (z-+0)
— e (z—10)]
8.3.4

Q4 (z)=%e eV Qi (z+120) +et ' QL (z—10) ]

(Formulas for P#(z) and @Q¥(z) are obtained with
the replacement of z—1 by (1—z)e*'r, (22*—1) by
(1—2%)e*'r, z+1 by z+1 for z=2+10.)

8.4. Explicit Expressions
(z=cos 8)

Py(2)=1 Py(z)=1

W= (155)
—2F(}, 1542

8.4.1

8.4.2
a@=3n ()

8.4.3 P\(z)=z P,(z)=z=cos §
8.4.4

ee=tn()-1  e@=jn(15)-1
8.4.5

Py(2)=3(32"—1)  Py(2)=3(32"—1)

=1(3 cos 2641)
8.4.6

a@=tPa () aw=

3z 322—1 142\ 3z
2 ( 4 )l )__

8.5. Recurrence Relations

(Both P* and Q¥ satisfy the same recurrence
relations.)
8.5.1
Pi+i(z)=(2— 1) (»—p)2PL(2) — (v+u) Pl (2) }

Varying Order
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8.5.2

(1) 2= () 1) (=112
—pzPy(2)

Varying Degree
8.5.3
(r—p+1)Ps 1 (2)=2v+1)2Ps(2) — (v +p) Pi_1(2)
854 (2—1) L0 opr(o)—(wPr()

Varying Order and Degree
8.5.5 Pi(2)=Pi 1(2)+@v+1)(z*—1)IP;~!(2)

8.6. Special Values

z=0
8.ﬁ.1

Py (0)

=274 cos [(§7(v+w)IT (3v+3u+3)/T (Gv—3u+1)
8.6.2

Q0)=

—27ted sin [Fr(v+w)IT (Br+3u+3)/T (v—3p+1)
8.6.3

dP*‘(:c)l _

32:; a4 sin [3r(v+-)] T(Ev+3u+1)/T (v —3u+3d)

dQ“(x)l _

21} cos [3r(v+p)] T(3v+3u+1)/T(3v—
8.6.5

W{P;(2),Q (@) }2mo=

Wtd

25T (v +3u+1)T Gv+3u+3)
I'(3v—4+1)rGE—3u+3)

p=m=1,2,3, ...
8.6.6
Pp(z)=(z2—1)im 2 2) d'"P (2),
Pl (zx)=(—1)"(1—a2)i" %&)
8.6.7
Qr(2z)=(22—1)im d_“_gz:ﬁ@,
@) =(—1)"(1—zx2)im d’%
p==+13
8.6.8

Pi(z)= (2—1)~Y4(2m) =12 { [24 (22— 1) 2]+
HeH (=11

*Jee page IL

FUNCTIONS
8.6.9
"‘*(z) (2) e (322 _15_)11 {[z+(22—1)v2p+h
— [ (2= 1))
8.6.10

@(2)=i(3m) (2 —1) "V 2+ (2 —1) V]

8.6.11

e =—i(em 27

*

[+ (22— 1)1

8.6.12

Pi(cos 6)=(3m)~* (sin 6)~* cos [(v-+})6]
8.6.13

Qi(cos 6)=— ()} (sin 6)~ sin [(++1)o]

8.6.14

P;¥(cos 8)=(3m) 3 (p-+3) ~'(sin 6) 7} sin [(v+3)6]
8.6.15
Q;¥(cos 6)=(27) }(2v+1)~(sin 6)} cos [(»+1)8]

p=—y
i _2—-(22,__1)§l'
8.6.16_ 55 (z)——-——-—l_,(y_i_l)
o __2~*(sin 6)”
8.6.17 P;*(cos )= oD
u=0, v=n
(Rodrigues’ Formula)
1 dr(z*—1)"
8.6.18 P"(z)_2"n! i
8619  Qu(x)=5 Pa(®) In iT"';_ ()
where
2n— 2n— 5
u—l(x)‘— 1-n n—1( )+3(n 1) r: 3(3:)
2n—9
+m Pos(x)+ ...
Z Pm 1(33).? —m(z)
W_l(I)=0
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v=0,1

8.6.20 M] =2 In (cos 39)

L v =0

[~ =1
8.6.21 QD’—-SLB) . —tan $6—2 cot 38 In (cos 36)

[~ =1
8.6.22 @—b{gos—g)] =—1% tan 6 sin® }6-+sin @ In (cos 30)

p=]

8.7. Trigonometric Expansions (0<6<w)

8.7.1 P¥(cos §)=n""2+*(sin 9)* Pg’(“!"_l"i;')l) g (#‘}';)(5"_!‘_;#)‘?1) sin [(v+u+2k+1)6]

L(v+ut1) > (43 (v+u+1),
F'(v+3) =0 K+

8.7.2 Q:(cos §)=m"*2¢(sin 6)* cos [(v-+up+2k-+1)6)

2n+2 ! - .
8.7.3 P,(cos 8)={2r(2n—(|-nl';‘ [sm (n+ 1)6—!—2 :33111 (n+3)8+1—2!—3f2(:i;3————%5m (n+5)8+ . . ]
2 (nl)* 1-3 (n+1)(n+2)

8.7.4 Q,(cos )= [cos (n+1)€+ cos (n+3)0+

2n+1)! 2 +3

8.8. Integral Representations

3T Bnt3)@nts) o8 (PO - ]

(z not on the real axis between —1 and — «)

= 1) e @
I’(z v<21)1£%v+1) f (z2+cosh t)#»=*~! (sinh t)>+dt (R (—w) >Hv>—1)
== 0 '

ot I'(p+p+1)
8.8.2 Ql:(z): I‘(P'"‘{"% I‘(y—p+1

8.8.1 Pi(z)=

)(f 1) f " e+ (2—1) cosh 8]~ -+V(sinh £)¥dt (B +ut1)>0) *

883 Q=3 [ -0 POd=(-1"Qu(—2)

(For other integral representations see [8.2].)

8.9. Summation Formulas

8.9.1 (¢— E}é (2m+1)Pr(2) P ()= (n+1) [Pr 41 () Pa(2) —Pa(§) Pr41(2)]

8"9‘2 (E_Z)T;;;:J, (2m+1)Pni(z)Qnt(£)=l_(ﬂ'+1)[Pn-l-!(z)QN(E)_PH(s)QI+1(5)]

8.10. Asymptotic Expansions

For fixed z and » and Zu—, 8.10.1-8.10.3 are asymptotic expansions if z is not on the real
axis between —e and —1 and 4+« and +1. (Upper or lower signs according as #2=0.)

I'(v+p+1)T (p—») (2+1
T (p+1)

8.10.1 Pi(z)= sin pmw |:F(—v, v+1; 14pu; 3+32)

_SID VT e (
siil um

—v, »+1; 1+u; 3— %z)]

2+1

v u
8102 Qa)=ter TETELD (B5)" rums) [ F(—v, b1y 10 1442)

—ew (1) Flmv, vt 1 1o A —12) ]

*See page IL
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b103. @)t e ()™ i

—(22) " Pl 1 140 49|

With u replaced by —u, 8.1.2 is an asymptotic expansion for P;#(2) for fixed z and v and Z p—e
if z is not on the real axis between —« and —1.

For fixed z and x and #v—=, 8.10.4 and 8.10.6 are asymptotic expansions if z is not on the real
axis between —« and —1 and +« and +1; 8.10.5 if 2z is not on the real axis between —® and +1.

I (v+u+1)
I(v+%)

z2+(2*—1)}

8.10.4 Pi(z)=(2m)}(z*—1)~"* (e (=D FGtw, 3= v S5y )

Fiamrla— E)IPE G, b by o)

v _ —1)p
8.10.5 Qf(z)ze“"(%‘n‘)‘(zz-—-l)‘mF—%—i-:;-)]—) (2= (=1 (3+n, 3—u; 3+ %
8106 Q,() = ADMEDTRTCAN Lo ot (@2 )P 3F Grbmd—n b o)

sin [r(p—»)]  TGE—w)
+iet™ cos prlz— (2 —1) A 3+, d—w 3+ ;?;2(221)3)}) }

The related asymptotic expansion for P£,(z) may be derived from 8.10.4 together with 8.2.1.

8.10.7 P*(cos 6) =% (4 sin 6) cos [(++1) 0—+2714+06~)
8.10.8 Q¥ (cos e):”l‘,’(fg)” (2 I 8) cos [(v-+-Do+T-+ET 4067 (Lir—g ¢>0)

For other asymptotic expansions, see [8.7] and [8.9].

A 8.11. Toroidal Functions (or Ring Funections)

(Only special properties are given; other properties and representations follow from the earlier
sections.)

8.11.1 P% (cosh n)=[T(1—u)]12%(1—e =) ke~ Ot} —pu, I4+v—pu; 1—2p; 1—e™ ™

__ I'(n+m~+3)(sinh o)™ T (sin ¢)™de
$.11.2  Foy(cosh n)=gr T vaT(m 8 Jo (cosh ni-cos ¢ sinh 7)***"

8.11.3 @ y(cosh n)=[T(1+»)] V7™ T (3+v+p)(1—e 2)e~ P F(34p, 3+v+u; 14v; e7™) *

= l)mF(n—f—é)J‘ cosh mt dt -
8.11.4 Q7-s(cosh9)= T(n—m-+1%) (cosh n+cosh ¢ sinh n)*+ * (B>

*See page IL
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8.12, Conical Functions

(P:'“_,-,((‘OS 9}9 Q”—h-n({'os 9))

(Only special properties are given as other
properties and representations follow from earlier

sections with v=—3-1\ (A, a real parameter) and
z=cos 0.)
8.12.1
2 2
P_y.0 (cos 8)-—-1+ +1 m2 3
2 2 2
(4)‘ +12)2‘£? +3z) sin* 2+ SR (<o)

8.12.2 P_yin(cos )=P_y_n(cos 6)

cosh Midt
v2 (cos t—cos 6)

]
8.12.3 P_,.(cos ) == f
mJo

8.12.4

oG “ cos Mdt
_y=afcos 8)= +1 sinh A f
Q-s=a(cos 0) SHELAT Jo +'2(cosh t+cos 6)

J' i cosh Aidt
o +/2(cosh t—cos 6)

8.12.5
P_ji0(—cos 6)
cosh A

[Q }+1h{505 6) +Q i- il(COS 6)1

8.13. Relation to Elliptic Integrals
(see chapter 17) (90 >0)

2 2 =
8131  Py(2)=; \/ 1 K (\/ T:)

T n|! n
8.13.2 P_,(cosh n)=[5 cosh 7| K (tanh 5)
4

8.13.3 Q-;(z)=\/ zZ+1 K (\/ g)

8.13.4 Q_i(cosh n)=2¢""?K (e ")
8.13.5
2 2E—1)"
Pi(2)=;_ (Z-l— '\422-—1 )‘E( 2——1'('(2?)1)”-2)

8.13.6  Py(cosh n)== enffz (VI—e ™)
8137
()
__T_ *

_{2(z+1)]iE( z+_1) e
8.13.8 P (=2K (\/1_;‘)
8.13.9 P_y(cos 6) =12?K (sin %)
8.13.10 Q=K (\/l?) .

8.13.11 Py(z)= [23 (\/ )_K (\/1—1)]
()

8.13.12 Q.(z):K(

8.14. Integrals

8.14.1 J P(2)Q,(2)dz=[(p—) (p+ v+ )]

(Rp>Rv>0)

8142 [7 Q@Q@d=lo—)(o+r+ DI W+ ) —bo+ D] (R(pt0)>—1, ptr120;

8.14.3 Jw [(Q.(2)Pdz=(2v+ 1)~ (v+1)
1

1, —2,-3,..)
(#v>—1)

v, pFE—

8.14.4 _J._l! P.(z)P,(z)dr=T% [(o—») (p+v+1)]~" {2 sinmwsin mply(v+ 1) — ¢ (p+ 1)]+ wsin (rp—mv) }

7 —2(sin )¢ (v+1) =
v+ %)

8.14.5 f_l [P,(z)]*dz=

(p+v+10)

8.14.6 J: Q.()Q,(x)dz=[(p—») (p+ v+ 1)]"{[W(r+ 1) —¢(p+ 1)][1 +cos pr cos vrr]— }r sin (vr— pm)} *

8.14.7 f_l‘[Q,(x)]’dz=(2r+l)“{‘}r‘—w'(v—l-l){lJr(coswr)’]}

—_—————
*Sev page 11.

(P+P+1?£0, v, pFE—1, _2: —3; .« . )
b#E—1,-2,-3,...)
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8.14.8 f_llPu(z)Qn(z)dh[(v— p) (p+v+1)]71 {l—cos (pr—vm) —-21; sin m cos m[Y(v-+1)—y(p+1)] }

(Zv>0, Zp>0, p7)
8.14.9 f ij.(:z:) Q@) dr=—1 @r+1)"" sin 2omy’ (1) (@>0)
(m, n, I positive integers)
8.14,10 8.14.13 J'_'I[P;'(z)pdx=(n+;)-l(n+m)u(n—m)1

1 m 1—(—1)itn + 1
[ @@Pr@d=(-yr g mL

[ a=ay 1Pz Pas=nt-mym(a—m):

8.14.11 IIP’.;‘(z)P’:‘(z)dx=O (15n)

8.14.15

27711 (14 p)

1
8.14.12 [' Pr@)Pi@) (1—2t)~dz=0  (I%m) \
o J, et b e

(Zp>—1)

8.14.16

" xesimcy _ 27T (3ot )T (Ja—30)
J, im0 1Percos atm g Ty (e2>0)
8.14.17

Pr@=@-0+ [T [TP

8.14.18 "

Q.—m(z)z(_l)m(zﬁ_l)-imfw Wi wa,(z) (dz)™ 2ol ) ./'-.\
B - 2 F 4 L /

For other integrals, see [8.2], [8.4] and chapter / ' \
22. 15— Py ,,7.“' ~ '\

/’ . N\
Pnl cos@) // / \\ -\

)
0® 10° 30° 50° 70° 90° i ./

Fieure 8.1. P,(cosd). n=0(1)3. Fiecure 8.2. Pi(z). n=1(1)3,z<1.
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Ficure 8.3. P,(z).

n=0(1)3, z >1.

Qplx)
A

L5 —
W/ |
5] [
; i
/i
-—-._Ea\ i 'l
S5— N / II'
|
N /|

0 J - | l/f/ JJ"! ; s
™ 2 4 6 1.0
W, N\ P [
\\QE \\ K ’f f
W= \\\\ ’\// / /
s / N “l /
TEar NS
I/ RATIeEES
-0 L—- -6]"_'

Fioure 8.4. Q,(z).

n=0(1)3, z<1.

Q,X)

T
/

1
W i
-

|
.

I TTTTH

/
4
¢
7
’
;0
~

TTTTTT
/

Fieure 8.5. @Qa(z). n=0(1)3,z>1.

Numerical Methods

8.15. Use and Extension of the Tables
Computation of P,(2)

For all values of z there is very little loss of
significant figures (except at zeros) in using the
recurrence relation 8.5.3 for increasing values of 7.

Examplel. ComputeP,(z) forz=.31415 92654
and z=2.6 for n=2(1)8.



3

n P.(.31415 92654) P,(2.6)

0 1 1

1 . 31415 92654 2.6

2 —. 35195 59340 9. 64

3 —. 39372 32064 40. 04

4 . 04750 63122 174. 952

5 . 34184 27517 786. 74336

6 . 15729 86975 3604. 350016
7 —. 20123 39354 16729. 51005

8 —. 25617 29328 78402. 55522

Computing Pg(z) using Table 22.9 carrying ten
significant figures, Ps(.31415 92654)=—.25617 2933
and P;(2.6)=78402.55526.

Computation of Q,(z)

For 2<1, use of 8.5.3 for increasing values of n
leads to very little loss of significant figures.
However, for z>>1, the recurrence relation 8.5.3
should be used only for decreasing values of #,
after having first obtained @, using the formulas
in terms of hypergeometric functions. °

Example2. Compute @.(z) for z=.31415 92654
and n=0(1)4.
With the aid of 8.4.2 and 8.4.4 we obtain
n Q.(.31415 92654)
0 . 32515 34813
1 —. 89785 00212
2 —. 8567 85953
3 . 29190 60854
4 . 50974 26989

Using the results of Example 1 together-with
8.619. we find Qo) =1P@h (122 )-Wiz)

sibinge W;=z Pa—}—% P,, giving Qu(.31415 92654)—
59974 26089,

LEGENDRE FUNCTIONS

Example 3. Compute Q;(z) for z=2.6.

: ; v+2 »+1, 3.1
Ten terms in the series for & 5 T’H_ﬁ’?
of 8.1.3 are necessary to obtain nine significant
figures giving Q;(2.6) =4.8182 4468 10~° Using
8.5.3 with increasing values of n carrying ten

significant figures we obtain

Qa(2.6)
. 40546 51081

. 05420 928
. 00868 364
. 00148 95
. 00026 49
5 . 00004 81

B W= O3

where @, and @, are obtained using 8.4.2 and 8.4.4.
Computation of P+3(z), Q=i(z)

For all values of z, Py3(z) and Qiy(z) are most
easily computed by means of 8.13.

Example 4. Compute Q_3(z) for 2=2.6.

Using 8.13.3 and interpolating in Table 17.1 for

K(.5), we find

eeo—yE (V)

=(.74535 59925)(1.90424 1417)

=1.41933 7751.

On the other hand, at least nine terms in the

expansion of F('% ”‘2"1; ,4%; %) of 8.1.3 are

necessary to obtain comparable accuracy.
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9. Bessel Functions Gf\IQeger Order

Mathematical Properties

Notation

The tables in this chapter are for Bessel func-
tions of integer order; the text treats general
orders. The conventions used are:

z=z-+1y; z, y real.

n is a positive integer or zero.

v, u are unrestricted except where otherwise
indicated ; » is supposed real in the sections devoted
to Kelvin functions 9.9, 9.10, and 9.11.

The notation used for the Bessel functions is
that of Watson [9.15] and the British Association
and Royal Society Mathematical Tables. The
function Y,(z) is often denoted N,(z) by physicists
and European workers.

Other notations are those of:

Aldis, Airey:

G.(2) for —3nY,(2), K.(2) for (—)"K,(z).
Clifford:
C.(z) for 2-1"J,(2y7).
Gray, Mathews and MacRobert [9.9]:
Y.(2) for 3x¥Y,(2)+ (In 2—v)J,(2),
Y,(z) for xe** sec(v) Y, (2),
G,(2) for mHX® (2).
Jahnke, Emde and Lésch [9.32]:
A,(2) for I'(v+1)(32) "], (2).
Jeffreys:
Hs,(2) for H® (2), Hi,(z) for H® (2),
Kh,(z) for 2/m)K,(2).
Heine:
K, (2) for—3rY ,(2).
Neumann:
Y*(2) for 4w Y.(2)+ (In 2—v)Ja(2).
Whittaker and Watson [9.18]:
K,(2) for cos(vr)K,(2).
358

Bessel Functions Jand Y
9.1. Definitions and Elementary Properties

Differential Equation

9.1.1 gk %"}'2 ‘fii:+(z==—»=)w.=o

Solutions are the Bessel functions of the first kind
Ji,(2), of the second kind Y.,(z) (also called
Weber’s function) and of the third kind H}"(z), H®(2)
(also called the Hankel functions). Each is a
regular (holomorphic) function of z throughout
the z-plane cut along the negative real axis, and
for fixed z(#0) each is an entire (integral) func-
tion of ». When »= 4, J,(2) has no branch point
and is an entire (integral) function of 2.

Important features of the various soluions are
as follows: J,(2)(#v>0) is bounded as z—0 in
any bounded range of arg z. J,(2) and J_.,(2)
are linearly independent except when » is an
integer. J,(2) and Y,(z) are linearly independent
for all values of ».

H®(z) tends to zero as |z]—><« in the sector
0<arg 2<n; H®(2) tends to zero as |z|—> in the
sector —r<arg z<0. For all values of », H{V(2)
and H®(z) are linearly independent.

Relations Between Solutions

J,(2) cos (pwr)—dJ _,(2)

9.1.2 Y.(2)=

The right of this equation is replaced by its
limiting value if » is an integer or zero.
9.1.3

HY (2)=J,(2)+1Y,(2)

=4 csc(vrr) (e, (2) —J -.(2) }
9.1.4

H®(2)=J,(2)—1Y.(2)
=1 csc(vm) {J_,(2)—e™'J,(2) }

Juu(2)=("_)u']‘u(z) Y—n(z)z(")ny‘u(z)
HY () =e"HO(z) HE ()= HP(2)

9.1.5
9.1.6
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Limiting Forms for Small Arguments

When » is fixed and 2—0
9.1.7
J,(2) ~(k2)/T(v+1)  (p#=—1,—2,-3,..)
9.1.8 Y,(2) ~—iH (2) ~iHP (2) ~(2/7)In 2
9.1.9
Y, (2) ~—iHP (2) ~iHP (2) ~— (1/m) T (»)(32) "
(#v>0)
Ascending Series
T~ o i
9.1.10 J,(2)=(%2) E AT kD)
9.1.11
¥, (=~ 5 Ok DR gy
k=0
-1—— In (32)J,(2)
_Gare (=12*
- g {(k+1)+yn+k+1)} ATCEWAY

where y(n) is given by 6.3.2.

9.112 Jy(z)=1—2Z G2 @22,

(1!)2 (2h)? 3!)2
9.1.13
Yo(2) "'{]-n (%z)'*"Y}Jo(z)'*' {(1!)1
L G @22
a+p B0 rarien G- )
9.1.14
J(2)Ju(2)=

(=) (v+p+2k+1) (329)*
3 e Fe wa T cxwirt =y

Wronskians

9.1.15

W{J.(Z), J—r(z) } =J,+1(Z)J_,(Z) +Jr(Z)J-b+1] (2)

—=—2 sin (v)/(r2)

9.1.16

W{ J,(Z), YI (3)} =J’+l (Z) Y- (2)-:},(2) Y’-{-l(z)
=2/(x2)

9.1.17

W{H?®(2), H?(2)}=H1(2)H? (2)— HP () H21(2)
— —4i/(x2)

OF INTEGER ORDER

9.1.18 Integral Representations

Jo(@)=1 L " cos (2 sin )di=— J; " con(aicon d)dp
9.1.19

Yyl =% J; " cos (2 cos 6) {y-+1In (2 sin? )} ds
9.1.20
J,(z)=1%§ j

2 v 1
__-vr_il%ﬁ (1—t2)*~¥ cos (zt)dt (Bv>—13)

9.1.21

L3
cos(z cos 6) sin® 6d0

J,.(z)s% J;' cos (zsin 8—nb) do

=£Jﬁ e'? °8 cos (nd)do
T Jo
9.1.22

J, (z}=% J: cos(z sin 6—»0)de

_Silliwr)J;a g-teimni-vids (larg z|<4m)

Y=t J; " sin(z sin 9—»9)do

2 [ et cos (m)) et (Jorg 2| <)

9.1.23
Tl J:. sin(z cosh £)d¢ (z>0)

Y (x)=—= f cos(z cosh t)dt (z>0)
9.1.24

J. @)= [ SR (1<t 2>0)
Yr(z}“b:—jé%;)_:;) 1. E:fgs_(:?))f* (lﬂv!<§: 3>0)
9.1.25
Hﬁ“ (z) =1_3'; J‘j‘i_ﬂ et ginh "'"dt (larg z[<,h,)
H(z)(g)_._% = e? sinh ¢—»t J¢ (lm.g zl<§ﬂ')
9.1.26
J@) =5 _‘:’ %dt (Bv>0, 2>0)

In the last integral the path of integration must
lie to the left of the points ¢=0, 1, 2, .
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Recurrence Relations

9.1.27
b+ (=26 @
Cr1(2)—C ot (2) =2%,(2)
Z1(2)=F-1(2)—5 €(2)

€e)=—F m(2rt; €:(2)

& denotes J, ¥, H®, H® or any linear combina-
tion of these functions, the coefficients in which
are independent of z and ».

9.1.28 Ji(2)=—d1(2) Yi(z)=—Y,(2)
If f,(z2)=2?%,(\2%) where p, g, \ are independent
of », then
9.1.29
Fra(@) Hfra(2) = @v/NZ"Y(2)
(p+29)fr1(2) +(@—70) Fr(2)=(2¥/N) 275 (2)
2f(2)=hgz"fr1(2) + (2—2Dfo(2)
zfi(z)=— Agz%fy(2) + (p+»9)f.(2)

Formulas for Derivatives

9.1.30
k
LY (0%, =2%(@)

k
(Y (@) =Pt
o151 (k=0,1,2,...)
: 1

O AU AN ( LAND

+(’2£) G rrri(2)— ... 4 (=) a(2)}
(k=0,1,2,...)
Recurrence Relations for Cross-Products

If
9.1.32
2,=J,(@)Y,(6)—J,(b)Y ,(a)
=T @Y (6)— T DY, (@)
r,=J3(@)Y,(6)—J,(b)Y(a)
s,=d (@)Y ,(b)—J,(0)Y}(a)
then
9.1.33
2w 2v
Pria— 1= Q-"‘T Ty
3
5{-+1+"v=‘3 Pv—% Pr+1
r+1
Tyt Qu=% Pr— _: DPria

1 1 v
=73 Pr41+5 P17 Pr

OF INTEGER ORDER
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and

4

9.1.34 P8y — q,r,=m

Analytic Continuation
In 9.1.35 to 9.1.38, m is an integer.
9.1.35 J,(ze™ ) =e™"* J\(2)
9.1.36
Y, (ze™ ) =e ™", (2)+2i sin(myr) cot(vr) J,(2)
9.1.37
sin (vr) H® (2¢™ )= —sin { (m— 1er}H P (2)

—e~ vt gin(myr) HP (2)

9.1.38
gin(vr)H @ (2™ ) =sin { (m+ D} H? (2)
+ et sin(myr) H®P (2)
9.1.39
H;l) (zeri) p— _e—vrtﬂ'?) (Z)
HY (e =—e"HI (2
9.1.40
J(Z)=J,(2) Y,(2)=1Y,(2)

HO@E=HP® H*@=HP @ (sreal

Generating Function and Associated Series

elrt=1— i t+J.(2)

9.1.41 - (t=0)

0.1.42 cos (2 sin 0)=J,(2) 42 ﬁ} Jal2) cos (2K6)

9.1.43 sin (z sin 6)=2 g Junsa(2) sin { (2k+1)6}
9.1.44
cos (z cos 6)=Jo(2)+2 g (—)*Tn(2) cos (2k9)
9.1.45
sin (2 008 6)=2 33 (—)msa(2) cos {@+1)0)
9.1.46 1=J,(2)+2J:(2)+2Ji(2) +2Js(2)+ . . .
9.1.47
cos z=dJo(2) —2J:(2) +2Ji(2) —2Js(2) + . . .

9.1.48 sin z=2J,(2) —2Ja(2) +2Js(2)— . . -
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Other Differential Equations

9.1.49 ‘w”-!-(?\’ w=2F, (A2)

9.1.50 »'’ + w=2z¢,(\z)

4z 423

9.1.51 w’/++A\%2?"2w=0, w=2V € 1,,(2\2¥?[p)

9.1.52
2v—1 ,

"— w’ +Nw=0, w=2"¢,(\z)
9.1.53
2w’ 4 (1—2p)zw’ + (N2 +p*— ¢ )w=0,

w=2"%,(\2")

9'1.54

w’' + (e —)w=0, w=%,(\¢")
9'1‘55

2(Z—w'’ +2( 3w’

+{(@—v")'— (2" +¥") }w=0,
9.1.56

W = (— ) 2y M,

w=%,(2)

w=2z"% (2 azt)

where « is any of the 2n roots of unity.
Differential Equations for Products

In the following dzzgg and ¥,(z), 2 .(z) are any
cylinder functions of orders », u respectively.
9.1.57
(9 =200+ (=)}

+42(9+1) (9 +2)w=0,
9.1.58
8 (P — 4w+ 4223+ 1)w=0,
9.1.59

2w’’’ +z(42+1—4¥)w' 4+ (4 —1)w=0,
w=2z%,(2)D,(2)
Upper Bounds

w= g’7(3) Du(2)

w=(€-(3) D,(2)

9.1.60 |J,(2)|<1 (»>0), |J,(2)| <142 (»>1)
9.1.61 0<J.(;’)<§l1,—2(%)—”i v>0)

» jz
9.1.62 |J,(z)]5!¥,z(iil)l r=>—% *

*Hee page IL

9.1.63 < |2 exp {n/(1—2D}
Ml B e
Derivatives With Respect to Order
9.1.64

% Titeh=d, () In (32)

v g Wl 41) (32
—&) 2 Vo) B

9.1.65

% Y, (2)=cot (vr) {% J,(2)—7Y,(2)}

e ‘a% J (&)=, (2)

(v#£0, £1,+2,...)
9.1.66

! ) nn— kJE }
[b 10| r.@+" garte d(':)_w‘j

k=0

9.1.67

K i [ n! (%z)"”‘ 1 (32)Y(2)
5@ =—z/@+ DI 1A
9.1.68

) T 0 T
20| =5Te@)[ 5 T@ | =—Fe)

Expressions in Terms of Hypergeometric Functions

9.1.69

Ju(z)'_'r(i_l_l) IJFI(”"}"]- _izﬂ)
_(G2)e” "
=T6+D) M(v-{—a} w+1,2i2)
9.1.70
__Ga)r 2!
T =5 hmF(}\,p, =
as A\, p—> through real or complex values; z, »
being fixed.

(oF, is the generalized hypergeometric function.
For M(a, b, z) and F(a, b; ¢; z) see chapters 13 and
15.)

Connection With Legendre Functions

If » and z are fixed and v—« through real
positive values

9.1.71

lim {»P;* (cos %)} —J@  (@>0)
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9.1.72
tim (#g:* (008 D)= V(@) @0

For P;* and Q;*, see chapter 8.

Continued Fractions
9,1.73

J(z) 1 1 1
J—1(z) 2we'— 20+1)z7'— 2(v+2)z7 —

Yelv 1Y 004D} BV 04D}
1— 1— 1—

Multiplication Theorem
9.1.74

E,(\2) =N*=" g (:F)*(}\’E 1)*(32)* o
(N=1]<1)

If ¥ =J and the upper signs are taken, the restric-
tion on \ is unnecessary. ;

This theorem will furnish expansions of €, (re*)
in terms of €, (7).

Addition Theorems
Neumann’s

9175 =3 Em@h0) (i<l

The restriction |v]<|u| is unnecessary when
@—=J and » is an integer or zero. Special cases are

9.1.76 1= J3(2) 42 gl Ji(2)

9.1.77

0=33 (e Ton-s(2) +2 2 o) mn(@) (@21)
9.1.78

Ju28)=23 Ji&) a2 T () Tasa(2)
Graf’s

9.1.79

€.) S ix= 35, Cran@)Ti0) G Reoestel<Ju)
Gegenbauer’s

9.1.80

C)_pre) 3 o+ L2 L0 0400 o)

("'#01_1: vy 1Ueti“|<’ul)

363
In 9.1.79 and 9.1.80,
w=+(u*+v*—2uv cos a),

%—p COS a=w ¢08 X, ¥ 8in a=w sin X

the branches being chosen so that w—u and Xx—0

as v—0. C2(cos &) is Gegenbauer’s polynomial
(see chapter 22).

Gegenbauer’'s addition theorem.

If u, v are real and positive and 0 <a <, then w, X
are real and non-negative, and the geometrical
relationship of the variables is shown in the dia-

gram.
The restrictions |ve*'2|<|u| are unnecessary in
9.1.79 when @=.J and » is an integer or zero, and

in 9.1.80 when ¥=4J.

Degenerate Form (u=):

9.1.81

¢10 o0 a—T(3) (30) " gjo (k)i 12(®) O (cos @)
(@>=0,—1,...)

Neumann’s Expansion of an Arbitrary Function in a
Series of Bessel Functions

9.1.82 j(z)=aoJo(z)+2éa.J.(z) (l2l<e)

where ¢ is the distance of the nearest singularity
of f(2) from 2=0,

1 ’
0188 a=p [, SOOI 0<C<O)

and 0,(t) is Neumann’s polynomial. The latter
is defined by the generating function

9.1.84
t_l—z=J,,(z)On(t) +2 g Ju2)0:(t)  (2I<IeD

0, (t) is a polynomial of degree n+-1 in 1/t; Os(t)=1/t,
9.1.85
_1gn@m—k=1)! _2_)"‘”‘"‘1 o
0.t)=; 25" 3 (n=1,2,..)
The more general form of expansion

0186  f(&)=aul ()2 3 axlria(2)
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also called & Neumann expansion, is investigated
in [9.7] and [9.15) together with further generaliza-
tions. Examples of Neumann expansions are
9.1.41 t09.1.48 and the Addition Theorems. Other

examples are

9.1.87
(;}2).=§ (”‘l‘_z’f)kr;("_'*'k) Jra(2)

(y;f.or _11_2:' 3 ‘)
9.1.88

nl(de) ™ 2=t (B24(2)
Y.@=——" & @—PH
+2 (In G~y a+D ()

22 . (ﬂ+2k)J,.+n(Z)
i O Enrh

where ¢(n) is given by 6.3.2.
9.1.89

Yo(e)=2 {In (32) +7}Jo(2) — z (prdasl

9.2. Asymptotic Expansions for Large
Arguments

Principal Asymptotic Forms
When » is fixed and |z|—==

9.2.1

J,(2)=v2[(xz) [cos (z—ppm—1im)+e"F0(|2| 1))
(Jarg z|<w)

9.2.2

Y (2)=y2](x2) {sin (z—}vr—in)+¢L0(2[1)}

(larg z|<w)
9.2.3

HY (2) ~+2](w2) "= trm=t0) (—w<arg z2<2r)

9.2.4

H®(2)~+/2[(wrz)e 1= br—in) (—2r<argz<r)

Hankel’s Asymptotic Expansions
When » is fixed and |z| >
9.2.5
J.(2)=+2/(x2) { P(», 2) cos X— Q(v, 2) sin x}
(|arg 2[<x)

BESSEL FUNCTIONS OF INTEGER ORDER

9.2.6
Y,(2)=v2/(x2){P(», 2) sin x+Q(», 2) cos X}

(|arg z[<w)
9.2.7

H{ (2)=+2[(x2) {P(y, 2) +1Q(v, 2) }

(—r<arg 2<2w)
9.2.8
H (2)=y2[(x2){ P(y, 2)—1Q(r, 2)}e~"

(—2r<arg z<x)
where x=2—(}v»-}1)r and, with 4»* denoted by g,

9.2.9

o (20 (=D)(=9)
P~ O G =1 aiGey
LG =9 (=25 (s=49) _
41(82)°
9.2.10
k
Qb ~g (- BEED
—p=1_ 1) @—9)(—25)
8z 3!(82)* U

If v is real and non-negative and zis positive, the
remainder after & terms in the expansion of P(y, 2)
does not exceed the (k-+1)th term in absolute

value and is of the same sign, provided that

k>%v—%. The same is true of @Q(»,z) provided
that £>4v—3.

Asymptotic Expansions of Derivatives

With the conditions and notation of the pre-
ceding subsectioa

9.2.11
Jo(2)=+2/(x2){ —R(», 2) sin x—S(», z) cos X}
: (larg 2|<m)
9.2.12
Y,(2)=v2/(rz) { R (», 2) cos x—8(y, 2) sin x}
(|larg 2|<w)
9.2.13
S(v, 2)}e'*

H® (2)=+2[(x2){iB(, 2) —
: (—a<arg 2<27)
9.2.14

H® (2)=+2[(x2){ —iR(, 2)—S(, 2)}e™*
(—2n<arg z<r)
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9.2.15

. &2H16k—1 (v,2k)
R(v,z}"«'Z( ) S @k=1) 22)®

(u—l)(#+15)+ .

=1—

21(82)*
9.2.16
= 42442k +1)2—1 (v, 2k+1)
S(», 2)’"; (—=)* &7—(AE+1)2 (22)%T
_Bt3_ (k—1) (u—9) (,u+35)_|_
T 8 31(82)? e
Modulus and Phase
For real » and positive z
9.2.17
M,=|HP @)|=v{J;(2)+ ¥} ()}

6, =arg HM (z)=arcten { Y, (z)/J,(z)}
9.2.18

N,=|H» (z)|=v{J,*(2)+ Y, *(z)}
p,=arg HV'(z)=arctan { ¥, (z)/J,(z)}

9.2.19 J,(x)=M, cos6,, Y,(&)=M, sin 6,
J,(x)=N, cos ¢, Y. (z)=N, sin ¢,.

In the following relations, primes denote differ-
entiations with respect to z.

9.2.21 M2§,=2/(xx) Nio,=2(2—*)/(na®)
9.2.22 NP=M?2+4 M2Q2=MP+4/(xzM,)*
9.2.23 (22— )M, M,+2*N,N!+zN?=0
9.2.24

tan (@.—8,) =M,3:fM::2/(nM,M;)
MFNv Si-n (Wr—&):w(ﬂ'ﬂ

9.2.25 M. +zM,+ (22— M,—4/(x2M3)=0
9.2.26
2w (42 +1— bW + (42— 1Dw=0, w=zM?

, 1 9!1’ .l'.f yz—
-4 (§)--

Asymptotic Expansions of Modulus and Phase
When »is fixed, z is large and positive, and g=4?
9.2.28
2 1 p—1,1-3 (u—1)(p—9)
M 3~-
Ut @rtea @

1:3:5 (u=1)(u—90)(u=25) _
T a6 ‘22:::)* . o

9.2.20

9.2.27
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9.2.29

~x (2y+1)7+2(4z)

+(u—l)(u—25) o (u—1) (u*—114p+1073)
6(4x)® ' 5(4x)°

4 (—1) (54— 15354°+ 547034 —375733) |
14(4z)"
9.2.30

2, 1p—3 1.1 (u—1)(u—45)
N~ G 2d G s

The general term in the last expansion is given by

1.1-3...(2k—3)
2.4-6...(20)
X(.u—l) (5—9). . {p—(2k—3)?} {p— (2k+1) 2k—1)?}
@)%
9.2.31

ut3 | ui446u—63
¢~ a—(r— *)”+2(4z)+ 6(4z)°

Lp3+185;.a —2053p-+41899
5(4z)?

+.

If » >0, the remainder after & terms in 9.2.28 does
not exceed the (k+1)th term in absolute value
and is of the same sign, provided that &k >»—3.

9.3. Asymptotic Expansions for Large Orders
Principal Asymptotic Forms

In the following equations it is supposed that
»— e through real positive values, the other vari-
ables being fixed.

9.3.1
Jv 2)~— (
@ \/21”#
2 [ez\”
Y. ( Z)"'"\/; %
9.3.2
h p(tanh a—a)
J,(v sech o) ~m (>0)
eu{u-t‘rﬂﬂl al
Y, (v sech a) ~— (e>0)

vy tanh

*See page II.
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9.3‘3
J, (v sec B)=
'«m {COS (vtanf— pﬁ—%ﬂ-) +0 (y"l) }

(0<B<4m)
Y, (v sec )=

v2/ (v tan ) {sin (» tan B—yB—3im)+00(~Y)}
(0<8<3)
9.3.4
J,(v+2p¥8) =24~ Ai(—242)+0()
Y, (v +2vh) = —2%,~% Bi(—2%2)4-0(™)
% 1

9.3.5 J.0) ~ s
2% 1
Y-("') e —3}61—‘(%) ;'};

9.3.6

Jy(v2) _(1 )% Al E,ﬁif)

e o) (meed<o
Y.(vz)_—( < )M{Bl Lo
1—
+RIEEDN (1)) (arg sl

In the last two equations { is given by 9.3.38 and
9.3.39 below.

Debye’s Asymptotic Expansions

(i) If « is fixed and positive and » is large and
positive

9.3.7
y(tanh og—a) 4 (coth 0!)
7. paadh a)«f/? 1+2"—yk—— }
9.3.8
Y, (v sech )~
g*la—tanh &) t!h
B oo e

where
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9.3.9
v, (0= (3t— 56 /24
Uy (1) = (8182 —462¢*4-385¢%) /1152

us() = (303758 —3 696031°+7 65765t
—4 254251%)/4 14720
uy(8) = (44 65125¢*—941 21676543499 22430¢
—4461 85740¢"°+-1859 10725¢t*)/398 13120

For u(t) and us(t) see [9.4] or [9.21].
9.3.10

ut+1(z)=§tf(1—t=)u;(z)+§ ﬁ (1—58)u, (1)t

£=0,1,...)
Also

9.3.11
J, (v sech a) ~

sinh 2e | voom o vy (coth @)
VIR e 143 2 (0B ),

9.3.12
Y ,(v sech a)

sinh 2« g (= taati @) U (coth )
T2 e 1455 () e R D,
where

9.3.13
7(t)=1
o, ()= (—9t-+71%)/24
() = (— 1358 -+ 5944 —455¢%) /1152
vy(t) = (—42525/+4 51737°—8 8357517
+4 75475t%) /4 14720
9.3.14
0 (8) = (&) F 28— 1) Frtas () +tup 1 ()}
k=12, .. .)
(ii) If B is fixed, 0<B<3r and » is large and

positive

9.3.15

J,(v sec B)=+/2/(mv tan B){ L(v, B) cos ¥
+M(y, B) sin ¥}

9.3.16
Y, (» sec B)=+/2/(wv tan B){L(», B) sin ¥

—M(v, B) cos ¥}
where ¥—=y(tan f—8) —ir
9,3.17
= Uy (1 cot B)
L(”'r ﬁ)“" kzu ok

81 cot? 8462 cot* g+ 385 cot® ﬁ_l_ N
1152*

=]—



BESSEL FUNCTIONS OF INTEGER ORDER 367

9.3.18
ot
My, i 3 Ll e0t O
3 cot ,6—1—5 cot3 B
- 24y
Also
9.3.19

J(v sec B)=+/(sin 28)/(mv){ —N(», p) sin ¥
—O(, B) cos ¥}

9.3.20
Y.(v sec B)=+/(sin 28)/(mv){ N (v, B) cos ¥
—O0(», B) sin ¥}

where
9.3.21

vy (1 cot B)
NG, O~ Zﬂ et COLP)

135 cot? B+594 cot* B+455 cot® 8

1152»*
9.3.22
& t 9 cot 7 cot® B

00, ﬁ)wZ‘,ﬂvz “:f,,ff B)_9co ﬂ;;v co

Asymptotic Expansions in the Transition Regions

When z is fixed, |v| is large and |arg »|<3r

-9.3.23
J (y+zy1fﬂ)~1—,s Ai (-2 (14 3 f:ﬁz}
+2 A (—zimp) 32 20
9.3.24

Y-+ 299~ — 2 Bi (—24%) {1+2f:2£f3 }

-—-2—B1 (—2132) Z 9:(2)

YIS

where
9.3.25
f1(2)=—12
fz(z)—~m25+—23

_957 , 178 , 1
1@ =7500 '~ 3150 > 225

23573 5003 947
10 7 (

Ju(z)= 20000 147000 > 1138600 > 326500 >

9.3.26
go(2)= =10 33
17 1
aE)==752"+7

90 .. 811 ., &

92(2)=—1500 *" 3150 #3150 *
549, 110767 , 79,
94(2)=38500 2* 593000 > T 12375

The corresponding expansions for H{ (v 2'/?)
and H® (v+2v"%) are obtained by use of 9.1.3
and 9.1.4; they are valid for —jr<arg »<§r and
—3nr<arg v<}m, respectively.

9.3.27
J:{»+z»”3)~—2~ﬂ Al (—21%2) 1+2 }"tﬁfﬁ
arle . | l
+2 Al (-2 3 B0
9'3.28
¥ (o429 ~ 2 Bir (—2v0) (1435, 22
ﬂ,3}31( 2”“2)2 ()
=0 "
. where
9.3.29
hl(z)=—fz
o E
hy(2)= 100 +
_ 609 , 2617
ha(z) =306 #* 3150 Jr3150
27, 46631 , 3889 . 1150
ha(2)=55000 2127000 * 2620 ° 115500 >
9.3.30
lu(z)=§ zs-—é
o181 1
9, 5437 , 593
l(&)=—z55 2t 3500 > 3150 >
000443 . 31727 947

369
L) =7600 2’

ﬂ 3
693000 > 1173250 © 1346500
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@ kel (647 b = 3:;
9.3.31 J.(» ~m{1+k2=1 B T kzﬂﬁ
312 ° o 312p = B
9332 Y,0)~—gm (1423 )~ 2
- o A— 6,&
9333 J,(»)~ {1+2 — i kZ_:,]—,,
9.3.3¢ Y.(»)~ Lﬂ,,, {1+E }+ 7 ;%
where
27 73184,  3la=.77475 90021
=g 44730 73 3ig=.
e 2 085 01030,  3th=71161 34101
—3”3—1.,(%)—41 85 ’ =,
1
C!g:l, al—_%=—.004,
a,=.00069 3735 ...,  a=—.00035 38 .. -
Bo= %w 01428 57143 .
1213
Bi=—15 53r5—— 00118 48596 . . ,
By=.00043 78 . 8,——.00038 . . .
23
%=1, m=gye5=00730 15873 .
—— 00093 7300 . ..,  v,=.00044 40 . .,
1 047 .
by=g Sy=— gyens =— 00273 30447 . .
8,=.00060 47 . ..,  8=—.00038 . . .

Uniform Asymptotic Expansions

These are more powerful than the previous ex-
pansions of this section, save for 9.3.31 and 9.3.32,
but their coefficients are more complicated. They
reduce to 9.3.31 and 9.3.32 when the argument
equals the order.

9.3.35
o Al(va’ai') = ak(ﬂ')
J(”z)"’(l 22 TE] — %
Ail (3
1 (:;s ) E bx(i’)}
9.3.36
1/4 Bl(yﬂar) © a’k(;)
Yu(PZ)“’_( ) e ir. 4 3

4 B0 o b(s‘)}

o
/3 .l:D yzk
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9.3.37
H(ll (l’z) ~2@‘ﬂf3( 45’ )1)‘4 Al(eaﬂfs 2!8;—) E ark(g-)

2!"”3& 2ri/3 2{'3 b
+ fsfa f)E km}

k=0 P

When »—+ », these expansions hold uniformly
with respect to z in the sector |arg z| <w—e¢, where
¢ is an arbitrary positive number. The corre-
sponding expansion for H{® (vz) is obtained by
changing the sign of % in 9.3.37.

Here

9.3.38

;:-uz J.\/_d ln1+1/_ J=2

equivalently,

9.3.39
z vJ!__
:;_ (— g.)an:f _t_z_l dz=1}zz—1—arccos (é)
1

the branches being chosen so that ¢ is real when
z 1s positive. The coefficients are given by

903-4{'

a(?) =§ bt { (1—20) )

pran
b(f)=—¢" %l N3y p {(1—2%) 71}

where u; is given by 9.3.9 and 9.3.10, N=p,=1
and

9.3.41
_@s+1)@s+3) ... (Bs—1)  _ _6s41,
sT(144)° B s—1 "
Thus a({) =1,
9.3.42
5 1 5 1
bo($)= 48;‘2—'—5“{24(1—22)3”_8(1—32.]‘}

5, 1 (5 T
BT (=1 (A1) 3(FA—1)

Tables of the early coefficients are given below.
For more extensive tables of the coefficients and
for bounds on the remainder terms in 9.3.35 and
9.3.36 see [9.38].
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Uniform Expansions of the Derivatives
With the conditions of the preceding subsection

9.3.43
H A}_ vﬂﬂ o
J,'.(vz)m_-.. ) (m $) ﬂc*,,(e{)
AV (M00) &\ di())
T ,,(ua £) g ;5{ }
9.3.44

- /3 @
Y (v2) ~2 (1 z*)* Bi (»*20) = ¢ ()

S

Bi’ (*%) =, di (¢
ot 5 5
9.3.45
1wi/3 ] —p2\E Aj (£273203F) o
HY' (32) ~4e { 4; (e 7 $) ack,,z{)
esrua Ai’ (er113238) = di(£)
] é u”‘}
where
9.3.46

2%+1
a()=—0o :-Zo: el 3 gy 1 { (1—27) 73}

G(0)=23 Mo, {(1—2) )

and v is given by 9.3.13 and 9.3.14. For bounds
on the remainder terms in 9.3.43 and 9.3.44 see
[9.38].

¢ bo(2) o) | al) di(¢)
0 | 0.0180 |—0.004 | 0.1587 | 0.007
1| .0278 | —. 004 | .1785 | .009
2| .0351 | — 001 | .1862 | .007
3| .0366 | +.002 | .1927 | .005
4| .0352 | .003 | .2031 | .004
5| .0331 | .004 | .2155| .003
6| .0311 | .004 | .2284 | .003
7| .0294 | .004 | ,2413 | .003
8| .0278 | .004 | .2539 | .003
9| .0265| .004 | .2662 | .003

10 | .0253 | .004 | .2781 | .003

= | bl a: () cl$) d(t)

0| 0.0180 |—0.004 | 0.1587 | 0.007
1| .0109 | —. 003 | .1323 . 004
2| .0067 | —. 002 | .1087 . 002
3| .0044 | —. 001 | .0903 . 001
4| .0031 | —. 001 | .0764 . 001
5| .0022 | —. 000 | .0658 . 000
6 .0017 | —. 000 | .0576 . 000
7| .0013 | — 000 | .0511 . 000
8| .0011 | —. 000 | .0459 . 000
9| .0009 | —. 000 | .0415 . 000

10 | .0007 [ —. 000 | .0379 . 000

369

For {>10 use
bo(f)~ 5 74— 104878, a(6)=.003,
cu(i')"' 5 146071, dy(£)=.003.
For {<{—10 use
60(&')"' 557 @(3)=.000,
a(§)~ =5 £—133(—0)7A,  dy()=.000.

Maximum values of higher coefficients:
[6:(8)]=.003,  |aa()|=.0008,  [ds(¢)[=.001
ex(£)[=.008 (£<10), () ~—.003( a8 {—>+ .

9.4. Polynomial Approximations *

9.4.1 —3<2<3

Jo(z) =1—2.24999 97 (z/3)%+1.26562 08 (z/3)*
— 31638 66(x/3)°+.04444 79(z/3)*
—.00394 44(z/3)"°+.00021 00(z/3)"+e

l<5x10-®
0<z<3

= (2/x) In(32)Jy(z) +.36746 691
+.60559 366(2/3)?—.74350 384 (2/3)*
+.25300 117 (2/3)°—.04261 214 (2/3)®
+.00427 916(z/3)1°— 00024 846(x/3)*+€

e <1.4X107*
3<r<
Jo(2) =273, cos 6, Yo(z) =2"¥, sin 6,

fo=.79788 456—.00000 077(3/z) —.00552 740(3/z)?
—.00009 512(3/2)*+.00137 237(3/2)*
—.00072 805(3/z)°+.00014 476(3/x)*+e

l<1.6X1078

2 Equations 9.4.1 to 9.4.6 and 9.8.1 to 9.8.8 are taken
from E, E. Allen, Analytical approximations, Math. Tables
Aids Comp. 8, 240-241 (1954), and Polynomial approxi-
mations to some modified Bessel functions, Math. Tables
Aids Comp. 10, 162-164 (1956) (with permission). They
were checked at the National Physical Laboratory by
systematic tabulation; new bounds for the errors, ¢, given
here were obtained as a result.

9.4.2
Yo(z)

9.4'3
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fy=z—.78539 816 —.04166 397(3/z)
—.00003 954(3/z)*+.00262 573(3/z)?
—.00054 125(3/x)*—.00029 333(3/x)®
+.00013 558(3/x)"+¢

|| <TX 1078
9.4.4 —3<2<3
271 Jy(2) =%—.56249 985(2/3)*+.21093 573 (2/3)*
—.03954 289(xz/3)%+.00443 319(z/3)®
— 00031 761(2/3)+.00001 109(z/3)2+e
le|<<1.3X1073
9.4.5 0<z2<3
Y, (x)=(2/x)z In(3z)J,(x) —.63661 98
+.22120 91(2/3)*+2.16827 09(z/3)*
—1.31648 27(z/3)"+.31239 51 (z/3)*
—.04009 76(2/3)'94-.00278 73 (2/3)"* ¢
|| <1.1X10"
3<e<»

Ji(z)=z7¥, cos 6, Y, (z)=2", sin §,
fi=.79788 456+.00000 156(3/z)+.01659 667(3/x)*
+.00017 105(3/z)*—.00249 511(3/z)*
+.00113 653(3/z)5—.00020 033(3/2)%+ ¢

<4108

8,=z—2.35619 449+ .12499 612(3/z)
+.00005 650(3/z)*—.00637 879(3/x)°
+.00074 348(3/z)*+4.00079 824 (3/z)"
—.00029 166(3/2)%+e

le|<9X 1078

" For expansions of Jn(x),-Yo(x), Ji(z), and Y,(z)
in series of Chebyshev polynomials for the ranges
0<z<8 and 0<8/z<1, see [9.37].

9.4.6

9.5. Zeros
Real Zeros

When » is real, the functions J,(2), J,(2), ¥,(z)
and YJ(z) each have an infinite number -of real
zeros, all of which are simple with the possible
exception of z=0. For non-negative v the sth
positive zeros of these functions are demoted by

BESSEL FUNCTIONS OF INTEGER ORDER

Ty Jnss Yr.s 80d ¥, , respectively, except that z=0

is counted as the first zero of Jy(2). Since
2(2)=—4d,(2), it follows that
9.5.1 jl;.lzor J‘I;.rzjl.s—l (3=2) 3; v ')

The zeros interlace according to the inequalities

9.5.2
jr.l<.?.l‘+1.E<jv.2<j!+l.$<jr.3< LA

Yo 1 <Yrrr A Yo, 2 Y1, 2V, 8 - - -
v 5 1Yo 1<t 1<0r 1< Jr. 2
<yv,2<y;.3<jv,2<j:.3< CIRCINE

The positive zeros of any two real distinct cylinder
functions of the same order are interlaced, as are
the positive zeros of any real cylinder function
%.(z), defined as in 9.1.27, and the contiguous
function ¥,,(2).

If p, is & zero of the cylinder function

9.5.3 ¥%.(2)=4d,(2) cos(nt)+ ¥,(2) sin(=?)
where ¢ is a parameter, then

9.5.4 €(pr) =€ r-1(pr) =—C »41(ps)
If o, is & zero of ¥, (2) then

9.5.5 o)== Cr-i(0) =" €rua()
The parameter { may be regarded as a continuous

variable and p,, ¢, as functions p, (), o,(¢) of ¢. If
these functions are fixed by

9.5.6 £,(0)=0, a(0)=71.1
then
9.5.7
Jra=p8), Wa=n(s—3 (=12,..))
9.5.8
Fra=0y(8—1), Yy =0y(6—3%) (s=1,2,...)

vr (P dp\7 _(o—v" do)\}
9.5.9 %, (p)=\3 ¢ 1 € olon)= 20, dt
Infinite Products

G2 (1 2
J'(z)=I‘(v+1) l]-:=11 (1 .?'3..)

9.5.10

9.5.11 J:(z)=(§;)(:,;l ,i‘l (1 Jz:) it



BESSEL FUNCTIONS OF INTEGER ORDER 371

McMahon’s Expansions for Large Zeros

When » is fixed, s> >v and p=4/
9.5‘12

um1 Au—1)(Tu—31) 32(u—1) (8342—982u+3779)

Bs, a5 Ui 58— 88 3(86)°

15(88)°

_ 64(u—1)(69494°—1 53855u°+15 85743u—62 77237)

where B=(s+3rv—1%)= for j,,,, B=(s+3v—3)7 for y, ..

asymptotic expansion of p,(¢) for large ¢.

9.5.13

105(8B)7
With 8=(t+3v—1)n, the right of 9.5.12 is the

p+3  4(74°+82u—9) 32(834°4-20754*—3039x+-3537)

Joots Yy, s~B 38’ B(Sﬁf)a

15(88")°

64(6949u*+2 96492,°—12 48002u°+4-74 14380u—58 53627)

where 8'=(s+3v— ) for j,.,, B'=(s+d—1)7 for y,,,, B'=(t+3v+1)7 for o,(t).

9.5.12 and 9.5.13 see [9.4] or [9.40].

Asymptotic Expansions of Zelzos
and Associated Values for Large Orders
9.5.14
Jra~v+1.85575 71v34-1.03315 0p~Y3
—.00397»~1—.0908y~53+ 043y~ 72+ .

9.5.15
Yy 1~v+.93157 6818+ 26035 1,~1/3
+.01198»~1— 006058 — 001y~ + |

9-5.16
Jr. 1~y 80861 65513+ .07249 0p~1/°
— 05007y~14.0094y~53+ .

9.5.17
Y1 ~»-+1.82109 8042+ .94000 72
— 05808y~1— 054053+ . ., |

9.5.18
Ji(Gy1) ~—1.11310 285~%3/(141.48460 6472/
+.43294y~3— 1943572401953+ . . )

9.5.19
Y i(yy1) ~.95554 86v~2%/(1+.74526 1574/
+.109105~4°— 0185y~2— 00354+ . . .)

9.5.20
J(5,1) ~.67488 51»~1/3(1—.16172 3»~%*
+.02918»~4*—.0068»724 . . .)

9.5.21
Y. (s 1) ~.57319 40,13 (1—,36422 0213
+.09077v~434-.0237v"24 . . .)

Corresponding expansions for s=2, 3 are given
in [9.40]. These expansions become progressively
weaker as s increases; those which follow do not
suffer from this defect.

105(88")"

For higher terms in

Uniform Asymptotic Expansions of Zeros and
Associated Values for Large Orders

9.5.22 j,,s~v2(f) +§:{:§Q with {=»"%%q,
9.5.23

’0s 2 Ai (g, =, Fi($)

with {=»"%%g,

95.28 ,u~vz(0)+ 33 B with =2,
9‘5525
g, (7). s) ~Al (a;) % {1-—]-2 (‘%} with ¢=»"%%/

where a,, a, are the sth negative zeros of Ai(z),
Ai’(2) (see 10.4), z==z({) is the inverse function
defined implicitly by 9.3.39, and

9.5.26
h(5)={4¢/(1—2) ]}
L) =52() {R(£) }Bo($)
qi(5)=3"2(0) {h() Yeo($)

where b,(t), co(f) appear in 9.3.42 and 9.3.46.
Tables of the leading coefficients follow. More ex-
tensive tables are given in [9.40]. _

The expansions of ¥, 5, Y3 (¥s.s), ¥r.e and ¥, (15, )
corresponding to 9.5.22 to 9.5.25 are obtained by
changing the symbols j, o, Ai, Ai’, a, and @, to
y, ¥, —Bi, —BY’, b, and b, respectively.
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- z(§) h($) hH®) Fy(¥) (=0a®) | (=%q@) | (—DG(E)
0.0 1. 000000 1. 25992 0. 0143 —0. 007 —0. 1260 —0. 010 0. 000
0.2 1. 166284 1. 22076 . 0142 —. 005 —. 1335 —. 010 . 002
0.4 1. 347557 1. 18337 . 0139 —. 004 —. 1399 —. 009 . 004
0.6 1. 543615 1, 14780 . 0135 —. 003 —. 1453 —. 009 . 005
0.8 1. 754187 1. 11409 . 0131 —. 003 —. 1498 —. 008 . 006
L0 1, 978963 1. 08220 0. 0126 —0. 002 —0. 1533 —0. 008 0. 006
=t 2(f) h(t) Hi®) Fy(1) f(¥) g2 (%) Gi(¥)

1.0 1. 978963 1. 08220 0. 0126 —0. 002 —0. 15633 —0. 008 0. 006
12 2. 217607 1. 05208 . 0121 —. 002 —. 1301 —. 004 . 004
14 2. 469770 1. 02367 . 0115 —. 001 —. 1130 —. 002 . 003
1.6 2. 735103 0. 99687 . 0110 —. 001 —. 0998 —. 001 . 002
1.8 3. 013256 . 97159 . 0105 —. 001 —. 0893 —. 001 . 002
2.0 3. 303889 0. 94775 0. 0100 —0. 001 —0. 0807 —0. 001 0. 001
2.2 3. 606673 . 92524 . 0095 —0. 001 —. 0734 . 001
2.4 3. 921292 . 90397 . 0091 —. 0673 . 001
2.6 4. 247441 . BR387 . 0086 —. 0619 . 001
2.8 4. 584833 . 86484 . 0082 - —. 0573 0. 001
3.0 4, 933192 0. 84681 0. 0078 —0. 0533

3.2 5. 292257 . 82972 . 0075 —. 0497

3.4 5. 661780 . 81348 = .0071 —, 0464

3.6 6. 041525 . 79806 . 0068 —. 0436

3.8 6. 431269 . 78338 . 0065 —. 0410

40 6. 830800 0. 76939 0. 0062 —0. 0386

4.2 7. 239917 . 75605 . 0060 —. 0365

4.4 7. 658427 . 74332 . 0057 —. 0345

4.6 8. 086150 . 73115 . 0055 —. 0328

4.8 8. 522012 . 71951 . 0052 —. 0311

5.0 | 8 968548 0. 70836 0. 0050 —0. 0296

5.2 9. 422900 . 69768 . 0048 —. 0282

5 4 9. 885820 . 68742 . 0047 —. 0270

5.6 | 10.357162 . 67758 . 0045 —. 0258

5.8 | 10.836791 . 66811 . 0043 —. 0246

6.0 | 1L 324575 0. 65901 0. 0042 —0. 0236

6.2 | 11. 820388 . 65024 . 0040 —. 0227

6.4 | 12 324111 . 64180 . 0039 —. 0218

6.6 | 12 835627 . 63366 . 0037 —. 0209

6.8 | 13.354826 . 62580 . 0036 —. 0201

7.0 ( 13. 881601 0. 61821 0. 0035 —0. 0194

8 Complex Zeros of J.(z)
(=071 2()—4(=2)37 | (—=DE) AH® g1 ()
When »>—1 the zeros of J,(z) are all real. If
0. 40 1.528015 | 162026 | 0.0040 [—0.0224 | »<<—1 and »is not an integer the number of com-
.35 1. 541532 | 1 65351 0029 | —. 0158 | plex zeros of J,(z) is twice the integer part of
.30 1. 551741 1. 68067 . 0020 | —. 0104 P 7 .
.25 1. 550490 | 1. 70146 .0012 | —. 0062 | (—¥); if the integer part of (—v) is odd two of
.20 1. 564907 1. 71607 . 0006 | —. 0033 these zeros lie on the imaginary axis,
0.15 1. 568285 | 1. 72523 0. 0003 (—0. 0014 If »>0, all zeros of J,(z) are real.
.10 1. 570048 1. 73002 . 0001 | —. 0004
.05 1. 570703 1. 73180 . 0000 | —. 0001
.00 1. 570796 1. 73205 . 0000 | —. 0000
Maximum Values of Higher Coefficients Complex Zeros of ¥,(s)
[(¢)]=.001, | F3(£)| =.0004 0s—t<=) When » is real the pattern of the complex zeros of
lgs(£)]=.001, |@;(£)|=.0007 (1£S—¢< ) Y,(z) and Y(z) depends on the non-integer part
[(—)ga($)|=.002, [(—1)*Ge(T)|=.0007 of v. Attention is confined here to the case v=n,
(0£—¢<1) | a positive integer or zero.
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Ficure 9.5. Zeros of Y,(2) and Yo(2) . . .

|arg 2| <.

Figure 9.5 shows the approximate distribution
of the complex zeros of Y,(z) in the region
larg z| <w. The figure is symmetrical about the
real axis. The two curves on the left extend to
infinity, having the asymptotes

Se=+4In 3=4.54931 . . .

There are an infinite number of zeros riear each of
these curves.

The two curves extending from z=—n to z=n
and bounding an eye-shaped domain intersect
the imaginary axis at the points +i(na-+b),

where
a=+—1=66274 . . .
b=%/1—#?1n 2=.19146 . . .
and £,=1.19968 . . . is the positive root of coth ¢

=1{. There are n zeros near each of these curves.
Asymptotic expansions of these zeros for large n

OF INTEGER ORDER
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are given by the right of 9.5.22 with »=n and

{=n"%%g, or n~*%8,, where B,, B, are the complex
zeros of Bi(z) (see 10.4).

Figure 9.5 is also applicable to the zeros of
Y,(z). There are again an infinite number near
the infinite curves, and » near each of the finite
curves. Asymptotic expansions of the latter for
large n are given by the right of 9.5.24 with
v=n and {=n"%3g, or n~**§,; where 8, and B, are
the complex zeros of Bi’(z).

Numerical values of the three smallest com-
plex zeros of Y (2), ¥(z) and Yi(z) in the region
0< arg z< are given below.

For further details see [9.36] and [9.13]. The
latter reference includes tables to facilitate
computation.

Complex Zeros of the Hankel Functions

The approximate distribution of the zeros of
H{(2) and its derivative in the region [arg z|<w
is indicated in a similar manner on Figure 9.6.

CcuT =f 0 n

- yilnz

----- P
Y

/s
~
~ g
\\ -
el --'”

Ficure 9.6. Zeros of H¥ (2) and H®'(2) . . .
|arg z| <.

The asymptote of the solitary infinite curve is

given by

Sz—=—3}In2=—.34657 . . .

Zeros of Yo(2) and Values of Y1(2) at the Zeros®
Yi

Zero
Real I'mag. 7 Real I'mag.
—2.40301 6632 +.53988 2313 +.10074 7689 —. 88196 7710
—b6.51987 6702 +.54718 0011 —.02924 6418 . 58716 9503
—8.656367 2403 -.54841 2087 * +.01490 8063 —.46945 8752
Zeros of Y (2) and Values of Yy(2) at the Zeros
Zero Yo
EReal Imag. Real Imag.

—0. 50274 3273 -.78624 3714
—3. 83353 5193 +-. 56235 6538
—7.01590 3683 +.55339 3046

—. 45952 7684 +1.31710 1937
-+.04830 1909 —0.69251 2884
—. 02012 6949 +-0.51864 2833

Zeros of Y1(2) and Values of Y1(2) at the Zeros

Zero b4
Real Imag. Real Imag.
+0. 57678 5129 .90398 4792 —. 76349 7088 -+. 58924 4865
—1.94047 7342 . 72118 5919 . 16206 4006 —. 95202 7886
—5.33347 8617 +.56721 9637 —.03179 4008 +. 59685 3673

3 From National

Bureau of Btandards, Tables of the Bessel functions Y,(z) and Y¥;(z) for complex arguments,

Columbisa Univ. Press, New York, N.Y., 1950 (with permission).
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There are n zeros of each function near the
finite curve extending from z=—n to z=n; the
asymptotic expansions of these zeros for large =
are given by the right side of 9.5.22 or 9.5.24
with y=n and {=e 2""3n"%3q, or {=e¢ '3 23],

Zeros of Cross-Products

If » is real and X is positive, the zeros of the
function

9.5.27 J,(2) Y,(A2) —J,(A2) Y, (2)

are real and simple. If A>>1, the asymptotic
expansion of the sth zero is

P r— 4pq+2173

9.5.28 ,s+p+q g

where with 4,* denoted by u,

9.5.29
p=sr/O=1)
p=1 (k—1) (1—25) (\*—1)
= BN (A —1)
(p—1) (6*—114p+1073) A°—1)
5@ (—1)

The asymptotic expansion of the large positive
zeros (not necessarily the sth) of the function

9.5.30 J,2)Y,(A\2) —J,(A2) ¥} (2) (\>1)

is given by 9.5.28 with the same value of 8, but
instead of 9.5.29 we have

9.5.31

p+3

_ (u*4-46p—63) (\*—1)
=o' ¢

BEAN (A —1)
_ (43+185,2—2053u-+1899) (\—1)
5@V (—1)

The asymptotic expansion of the large positive
zeros of the function
9.5-32 J:(Z)Yp O\Z)—Y: (Z]J.(?\Z)
is given by 9.5.28 with

9.5.33
B=(s—Hr/(r—1)

_ (e +3IN—=(—1)
==

_ (u*446u—63)N°— (u—1) (u—25)
g 8@V (A—1)

5(4N)5(A—1)r= (2418542 —2053u+1899)\°
—(u—1) (u*—114p+1073)
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Modified Bessel Functions [ and K
9.6. Definitions and Properties

Differential Equation

2T

9.6.1 d s -I—z

5——(2*+Hw=0

Solutions are I.,(z) and K,(z). Each is a regular
function of z throughout the z-plane cut along the
negative real axis, and for fixed z(#0) each is an
entire function of v. When v=+4n, I,(2) is an
entire function of 2.

I,(z) (%v>0) is bounded as z—0 in any bounded
range of arg z. I,(2) and I_,(2) are linearly inde-
pendent except when » is an integer. K,(2) tends
to zero as |z|—« in the sector |arg 2z|<l}m,
and for all values of », I,(2z) and K,(2) are linearly
independent. I,(2), K,(2) are real and positive
when v >—1 and z>>0.

Fieure 9.7. IL(2), Ko(2), I,(z) and K, (z).
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Ficure 9.8. e~*(x),e %1 (z),e K (z) and e° K, (z).
1,(8) Kyl5)
48
30 . }
i ! 4.7
". !
25 Kyl5)
! foP &
| 1
\ 1
20} | 1 4.5
] 1
1 I
1 |
| | .4
15 |- |I I
f
\
\ H 43
4 |
1o \ I‘
1
2
1.'l ri
-] 1’
7 e
o \ﬂ 1 Leded=— T 3 0
=10 -8 -6 -4 -2 s] 2 4 6 B 1=}
-sL

Ficure 9.9. I.(5) and K,(5).

Relations Between Solutions

I_,(2)—1I,(2)

sin (vr)

9.6.2 K, (2)=}r

The right of this equation is replaced by its
limiting value if v is an integer or zero.

9.6.3
I1,(2)=e '], (ze}")
1,(2)=e¥*2 ], (ze~ %Y%)
9.6.4

K, (2)=4mie?™H " (zet) (—r<larg z<3n)

(—r<larg z<}n)
(3r<arg z<w)

375

9.6.5
Y, (zet™) =t (2) — (2/r)e VK, (2)
(—r<arg z<}w)

9.6.6 I—-a(z) :In(z): K—r(z) =Kr(z)

Most of the properties of modified Bessel
functions can be deduced immediately from those
of ordinary Bessel functions by application of
these relations.

Limiting Forms for Small Arguments
When » is fixed and 2—0

9.6.7
L~@F)To+1)  (*—1,—2,..)
9.6.8 Ky(z)~—In z
969 K, ()~iTW(32)~  (#v>0)
Ascending Series
9.6.10  I,(2)=(32) 2 N i
4 BT (k1)
9.6.11
K,@=4Ga 3 Cp L (—ay
+ (=)™ In (32)Ia(2)
+" S (WD HaHAD) g
where ¢(n) is given by 6.3.2.
e, G (e
9612 Tufe)=1+7rt o+ F e
9.6.13
Eo)=— (b G +11 @)+
(43 e (iz )3

Wronskians
9.6.14

W{I’(z), I_'(z) } =I’(z)I__ (»41) (Z) —Ir+1(3)I_r(z)
=—2 sin (ym)/(n2)
9.6.15

K, (2)=—4mie™ V" H P (ze™¥") (—jr<arg 2<n)

W{K,(2), 1,(2)} =L(2) K,11 (2) + L, 11 () K, () =1/2
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Integral Representations

9.6.16 B
I(2)== f &2 "“"dﬁ—lj‘ cosh (z cos 6)dg
0 TJo

0.617 Kle)=—1 [ o=t {y-4In 225in 0))do
0
9.6'18

1.(2) =1|_,,I.(Z_)|_ ) J.r e**c°*fgin® @ df

(32) Jl (1—t2)r—de**dt

ECGE)) ==

9.6.19
9.6.20

I,.(z)=;lr- J; T #9000 008 (nf)do

I,(z)=}rf' ¢* % cos (30)d8
_Binjfl’ﬁ') J;m g Fcos =yt gy (!&l'g 3|<’h’)

9.6.21

Ko(2) ._f cos (ziginh dt= f

cos (xt)

' 0

K,(z)=sec (3vr) Jm cos (z sinh #) cosh (vt)dt

=csc (}wr) f sin (z sinh ¢) sinh (vt)dt

(%<1, 2>0)
9.6.23
K.(2) =1'I‘(£ﬂ) ¥ gmseomt ginhty gt
_m32) " _. -
—m e (2 —1)t dt

(Rv>—1%, |arg 2|<}r)

9.6.24 K,(z)=fe-mm cosh (vt)dt (|arg 2| <3r)

9.6.25
T'(v+3)(22)" (** cos (zt)dt
K,(z2) i o (P+22)H
(-%V>_%! I>0, |B:1'g 2 } <h)*
Recurrence Relations
9.6.26

F ()= Z (=2 2 ,(2)
Z(&)=2 () Z.(2)
212+ 2 () =221 (2)
ZN)=Z ()4 Z.(2)

BESSEL FUNCTIONS OF INTEGER ORDER

%, denotes I,, e’ K, or any linear combination of
these functions, the coefficients in which are
independent of z and ».

9.6.27 Iy(2)=1(2), Ki(z)=—K,(2)
Formulas for Derivatives
9.6.28
1 d
LY (22 () =2 (e)
3 dz {2”'9’(3)} =z u(2)  (k=0,1,2,..))
9.6.29

2@ =5 21D +(})Z

+(§) Zr(D+ . +Z (@)}
(k=0,1,2,...)

Analytic Continuation
9.6.30 I,(z¢™Y)=e™"'1,(2)

9.6.31

K, (ze™ ) =e¢ ™K, (2)—misin (mywr) cse (vm) [, (2)
(m an integer)

(m an integer)

9.6.32 I,5)=1,2), K,(3)=K/(2)  (vreal

Generating Function and Associated Series

9.6.33 e“““‘””=ki #l(z)  (t0)

0.6.34 ¢*0—],(z)12 k}i I.(2) cos (ko)
=1

9.6.35

¢r ¥ =] () +2 ;:ﬂ (=)o (2) sin{ (2k+1)6)
+2 ; (—)T2x(2) cos(2k6)

9.6.36 1=I,(2)—2L(2)+2L(2)—2L(2)+ . . .
9.6.37 e=1I(2)+21(2)+2L(2)+2L(2)+ . . .
9.6.38 ¢~*=1I,(z2)—2L(2)+2L()—2L(2)+ . ..
9.6.39

cosh z=1I(2) +21,(2) +21,(2) +214(2)+ . . .
9.6.40 sinh z=21,(2)+2L(z)+21:(z2)+ . ..
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Other Differential Equations

The quantity M in equations 9.1.49 to 9.1.54
and 9.1.56 can be replaced by —\? if at the same
time the symbol % in the given solutions is
replaced by Z.

9.6.41
2w +2(1 +£22)w' +(Lz—P)w=0, w=e"Z,(2)
Differential equations for products may be
obtained from 9.1.57 to 9.1.59 by replacing z by
12,
Derivatives With Respect to Order
9.6.42
k+1 x
2 1&)=L In ()~ Gy 5 bt (420
9.6.43
K.(z) 3w csc(vr)[ -1, (2)— a I,(2)}

—r cot (lm‘)K,(z)

(r5£0,4+1,+2,.. )
9.6.44

-r[2 I.(z)]

n!(iz)"‘ 1y 32
—Ku()+—5 — 24 () (n—k;k!

nl(iz)"‘ = (32)"Ku(2)
?:’.o (n—k)k!

9.6.45
- [Bre]

9.6.46
[%L(z)l_ﬂ=—ffu(z), [% K,(z)]’-u=

Expressions in Terms of Hypergeometric Functions
9.6.47 '

(2
LE=5,11

_(Ge)e
T TH+1)

ofy (v+1; 12)

2= iM,, (22)
25HT (341)

‘M (v +4, 20+1,20)=

3
9.6.48 K,(z)=(—2£z W,.(22)

(oF: is the generalized hypergeometric function.

For M(a, b, 2), M, ,(2) and W, ,(2) see chapter 13.)
Connection With Legendre Functions

If u and 2 are fixed, Zz>0, and v—« through
real positive values

9.6.49  lim w5 (cosh §)} =I,(e)
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9.6.50 }im[v""e"‘“Q:'(cosh %)}: 2)

For the definition of P;* and @Y, see chapter 8.

Multiplication Theorems
9.6.51

Z,(\2)= wzwﬂ‘m(z) (N—1]<1)

If 2=I and the upper signs are taken, the re-
striction on A is unnecessary.
9.6.52
@ 2k
LE) =2 5 Jrnsle),

Neumann Series for K.(z)

L&=5 (5 L)

9.6.53 _
K, (2)=(—)""'{In (32) —¢(n+1) }Ia(2)

ﬂr'(iz “ract |, (32)(2)

D i vy 5y 7 3

v (n28)uim(2)
O A Farh

I m-(z)

9.6.54 K,(z)=—{In (§2)+v}1o(2)+2 E

Zeros

Properties of the zeros of I,(2) and K,(2) may
be deduced from those of JJ,(z) and H’(2) respec-
tively, by application of the transformations
9.6.3 and 9.6.4.

For example, if » is real the zeros of I,(2) are all
complex unless —2k<y<—(2k—1) for some posi-
tive integer k, in which event I,(z) has two real
Zeros.

The approximate distribution of the zeros of
K, (2) in the region —§r <arg z<}w is obtained on
rotating Figure 9.6 through an angle —j so that
the cut lies along the positive imaginary axis.
The zeros in the region — 3= <arg z<#r are their
conjugates. K,(z) has no zeros in the region
|arg 2| <3; this result remains true when n is
replaced by any real number ».

9.7. Asymptotic Expansions

Asymptotic Expansions for Large Arguments
When » is fixed, |2| is large and p=4,*

el 1 p—
L@~ z=11— Tt Ay

(p—l)(u—g)(p—zs) )

3@y (jarg z|<4m)
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9.7.2

K,(z)~ J

u—l (u—1)(r—9)

82 + 21(82)*
o s
9.7.3
, : +3 | (s—1) (u+15)
I.(E)Nﬁ‘z'{ #33 T 2@z
- 1)(5?335"“54...] (larg 2| <3m)
9.7.4

' oy 3 —1)(u+15
Ry ~—y e 141124 D)

| (—1) (+—9) (u+35)
J 3!(82)* sl

(larg 2[<4m)

The general terms in the last two expansions
can be written down by inspection of 9.2.15 and
9.2.16. ‘

If » is real and non-negative and z is positive
the remainder after & terms in the expansion
9.7.2 does not exceed the (£ 1)th term in absolute
value and is of the same sign, provided that
k>v—43.

9.7.5
L(2)K.(2) ~§1;{1—% 1(:2-5-)1
L3 u—D@=9_
2.4 (22)° o
(larg z|<3m)
9.7.6
’ ! 1 # 2
L(2)K(z) ~— { T3 @)
1 (u—1) (u—45)
~5 g T
(Jarg 2| <3r)

The general terms can be written down by
inspection of 9.2.28 and 9.2.30.

Uniform Asymptotic Expansions for Large Orders
wuy(t
911 LA~ 15 LUl

- 9.7.8 .
K,(vz) “'421: U_T_—_;:)T;;{ H*é(—)” E&y(ia}
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1 (1+zz)m -
N

T (14274 .=

2v 2

9.7.9 I.(vz)~ {1+;‘, ult),

9.7.10

Ki(2)~— (1430 (- 20
k=1 v
When »—-+o, these expansions hold uniformly
with respect to z in the sector |arg z|<jm—e¢,
where e is an arbitrary positive number. Here

V14224 ————
1=+ 1+2*+ H_m

and ux(t), v:(¢) are given by 9.3.9, 9.3.10, 9.3.13
and 9.3.14. See [9.38] for tables of =7, w(3),
v.(f), and also for bounds on the remainder
terms in 9.7.7 to 9.7.10.

9.7.11 t=1/{/117,

9.8. Polynomial Approximations *
In equations 9.8.1 to 9.8.4, t=2/3.75.
9.8.1 —3.756<L2<3.75

I(x)=1+43.51562 29t 3.08994 24¢* 4-1.20674 92t°
+.26597 32£5+-.03607 68t°--.00458 13"+

le|<<1.6 X107

9.8.2 3.75<zlw

Pe2I,(x)=.39894 228-+.01328 592t~
+.00225 319¢~2—.00157 565¢~°
+.00916 281¢~4—.02057 706t~
+.02635 537t~0—.01647 633¢~"

+.00392 377¢5+¢

lg<1.9X1077

9-803 _3.75 SI 53.75

21, () =} .87890 594¢2- 51498 869t
+.15084 934¢° +.02658 7338
+.00301 5326°+.00032 411¢2+¢

le]<<8X10~*

9.8.4 3. 75 <z >

zre21,(z)=.39894 228 —.03988 024¢~!
—.00362 018¢~2+.00163 801¢~°
—.01031 555¢~4+.02282 967¢~°
—.02895 312¢~°+.01787 654¢~7
—.00420 059t~%+¢

le|<2.2X10~7

4 See footnote 2, section 9.4.
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9.8.5 0<2<2

Ko(@)=—In (2/2)Iy(z)—.57721 566
+.42278 420(2/2)?+.23069 756(z/2)*
+.03488 590(2/2)°+.00262 698(z/2)
+.00010 750(z/2)°+.00000 740 (z/2)2+ e

l<1x10~8
9.8.6 2<z<

2he”K,(2)=1.25331 414—.07832 358(2/z)
4.02189 568(2/2)*—.01062 446(2/z)?
+.00587 872(2/x)*—.00251 540(2/z)°

+.00053 208(2/z)°+¢

ld<1.9X 1077
9.8.7 <= <2

2K (2)=a In (z/2)],(2)+1-+.15443 144(z/2)?
— 67278 579(z/2)*—.18156 897(z/2)*
—.01919 402(z/2)*—.00110 404(z/2)"
—.00004 686(2/2)124-e

lf<<8X10~°
9.8.8 25

2K (2)=1.25331 414+ .23498 619(2/z)
—.03655 620(2/x)*+.01504 268(2/x)®
—.00780 353(2/x)*+.00325 614(2/z)5
—.00068 245(2/x)%+ ¢

l{<2.2X107

For expansions of Iy(z), Ky(z), I;(z), and K;(z_)
in series of Chebyshev polynomials for the ranges
0<2<8 and 0<8/2<1, see [9.37].

Kelvin Functions
9.9. Definitions and Properties

In this and the following section » is real, z is
real and non-negative, and = is again a positive
integer or zero.

Definitions
9.9.1

ber, z+1 bei, z=2J,(2¢*" ") ="', (ze~ ")
— 8!“ iI' (38' !M) — 63" iﬂI’ (38 ~3r m.)
9.9.2
k.BI'. r+1 kEil = 8—."‘Kr (38' lﬂ)
= WH,‘” (zeardt) R éﬁe—ntasm (u—rm)

When »=0, suffices are usually suppressed.

Differential Equations
9.9.3

2*w' +aw’ — (122 +*)w=0,
w=Dber, 41 bei, 2,
ker, z-+1 kei, z,

ber_, z+3 bei_, z,
ker_, z+% kei_, z

9.9.4
w4+ 223w — (1424 (@'’ —2w")
+ (v —4r+2)w=0,
w=bery, z, beiy, z, kery, z, keiy, z
Relations Between Solutions
9.9.5

ber_, z=cos(v=) ber, z+sin(vx) bei, z
~+(2/x) sin(vw) ker, z
bei., z=—sin(yx) ber, z+cos(vr) bei, 2
+(2/x) sin(vw) kei, 2
9.9.6
ker_, z=cos(vr) ker, z—sin(vr) kei, »
kei_, z=sin(vr) ker, 2+ cos(vr) kei, z
9.9.7 ber_,3=(—)"ber, 2, bei_, z=(—)"bei,z
9.9.8 ker_,z=(—)"ker,z kei_,z=(—)"kei,z

Ascending Series
9.9.9

ber, o= (ja)r 3 L IIEL (1.0

i <= sin{ (fv+3k)7}) %
bei, z=(32) an TCFE+T) (32"

k

9.9.10
_ G, G2
ber z=1—"Tonz + a7
v 2P (3
bei z=2%22— ((&3!)), +((}5!))’ —
9.9.11

ker, z=4(3z)~" ngl cos { (3n-+3k)7}
X O=E=D! oy 1n (30) ber, z+-ir bei, 2

+3(32)" § cos { (3n+3k)r}

A D HHOHEFD] o,
kl(n+k)!
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kei, 2=—3(32)™* 3 sin {(Gn+1h)n]
m (32")*—In (32) bei, 2—r ber, z
+400)" 2 sin { @+ Ho)r)

{w(k+1)+¥n+k+1)}
X AN AY ()"

where y(n) is given by 6.3.2.

9!9.12
ker z=—1In (§z) ber z+iv.r bei z

* 4’(25:-}-1)
kei z=—1In (3z) bei 2—ir ber T

o Y2k+2) .
427 (=) FCASIE (z9)?*

k=0

Functions of Negative Argument

In general Kelvin functions have a branch
point at £=0 and individual functions with argu-
ments ze*** are complex. The branch point is
absent however in the case of ber, and bei, when »
is an integer, and

9. 9. 13

ber,(—z)=(—)" ber, 2, bei,(—z)=(—)" bei, z

Recurrence Relations

9.9.14
f-+1-|-f._1——i_ (fi—g»)

f:=2ﬁ (fv+i+gl‘+1_f —1—'9:-1)
Sl f= Gt

fit= f_".‘/_ (fo1tg5-1)

fi=Dber, « fi=Dbei, z
g,=bei, z g,=—Dber, z

f.=ker, z fo=kei, z
g,=kei, © g»——Xker, z

where

9.9.15

BESSEL FUNCTIONS OF INTEGER ORDER

9.9.16
v2 ber’ z=ber, z+bei, z

V2 bei’ z=—Dber, 2+bei; z
9.9.17

V2 ker’ z=ker, z-}+kei, z
V2 kei’ z=—ker; z-+kei, 2

Recurrence Relations for Cross-Products

9.9.18

py=ber? z+beil z

¢»=Dber, z bei, 2—ber] z bei, z

r,=Dber, z ber, z-}+bei, z bei, z

s,=Dber,? x+bei? 2
then
9.9.19

—y A
DPrp1=Pr—1 p Ty
B41= - Pv'l"r!: = gr-—l"l" 2r,
1
,-,H:_ + )p~+a+q-
1 ¥
3r=§ Pv+1+§ Pr—x“g..’?r

and
9.9.20 DS=131G

The same relations hold with ber, bei replaced
throughout by ker, kei, respectively.

Indefinite Integrals

In the following f,, g, are any one of the pairs
given by equations 9.9.15 and f}¥, g} are either the
same pair or any other pair.

9,9.21
J#+tas=—52 Gsmgn=—2+ (5 001)
9.,9,22
f 2= 'fda:._
9.9.23
| (93— da=5 (B Uritons)

— g (frori— @) (1t B0+ 0 (fF—g )}
=5 s fi—1 2 +agt—92)

(f-—l gr-1)= 3:1—’( 9-+g-)
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9.9.24
[#gi+aiin—g 201 —~Smattn

—Jv41 -—1+29vft—9v—1ff+1—9r+1f*—1)
9.9.25

[t aras=attai—tian
—_— (93!‘\!5) Urfv+l+grgr+l—' v@r 41 +fv+lgr)
9.9.26

J‘zfvg.dz=§ 1‘2(2fy r-fa-:gsﬂ— u+19-—1)
9.9.27
fx(ﬁ—gi)dm=% E(fi—~Sr-1frr— G+ Gr-19v41)

Ascending Series for Cross-Products

9.9.28
ber; x+beij =
3 : o
& ToTEF DT G261 &l
9.9.29

ber, z bei, z—ber, z bei, =

(1B S 1 (§a%)™*
=" 2 SR DT oY) M

9.9.30

ber, z ber, z-+bei, z bei, z

" 2—1% 1 (F22)™
=¥ D oI OTeTn A

9.9.31

ber? z-+bei)? z

. 2y (2k2+2vk+{=y2) (3a22)%*
=@ L T A DT o412k B

Expansions in Series of Bessel Functions

9.9.32
@ L, @rikiri/d
ber, -1 bei, m=kzo é 2, 1(2)

28 kl
_ @ 8(Bv+8l’)ri:"4x11"+k(x)
_;§ 2% p!

9.9.33
ber,(z+2) =kgm ()" pan (@) I p ()

bei, (m@ =k§‘:,,m('—) " ntan (2) L gy (2)

381

Zeros of Functions of Order Zero &

ber z bei z ker z kei z
1st zero 2. 84892 | 5. 02622 1. 71854 3. 91467
2nd zero 7. 23883 | 9. 45541 6. 12728 8. 34422
3rd zero 11. 67396 | 13. 89349 | 10. 56294 12, 78256
4th zero 16. 11356 | 18. 33398 | 15. 00269 17. 22314
5th zero 20. 55463 | 22, 77544 | 19. 44381 21. 66464

ber’ z bei’ z ker' z kei’ z
1st zero 6. 03871 3. 77320 2. 66584 4, 93181
2nd zero | 10. 51364 | 8 28099 | 7.17212 9. 40405
3rd zero 14. 96844 | 12, 74215 | 11. 63218 13. 85827
4th zero 19. 41758 | 17. 19343 | 16. 08312 18. 30717
5th zero 23. 86430 | 21. 64114 | 20. 53068 | 22. 75379

9.10. Asymptotic Expansions
Asymptotic Expansions for Large Arguments
When »is fixed and z is large

9.10.1

ber, m=% {f,(2) cos a+g¢,(2) sina}

—}r {sin (2y7) ker, 2+cos (2vr) kei, z}
9.10.2

bl et Y gl come)
V2rz

+}r {cos (2vm) ker, z—sin (2v7) kei, z}
9.10.3
ker, z=+/7/(2z)e~*"?{ f,(—x) cos B—g,(—2) sin B}
9.10.4
kei, 2=+/r/(22) e~ "2 { —f,(—2) sin f—g,(—7z) cos B}
where |
9.10.5
a=@N2)+I—r, B=@EN)+GF+Dr=atir
and, with 4,* denoted by u,

9.10.6
f(+2)

= =) (—9) .. {s—@k—1)?} (kr
~1+kz_:1(:F) £ £ ];[(33)1: "0(4)

s From British Association for the Advancement of
Seience, Annual Report (J. R. Airey), 2564 (1927) with
permission. This reference also gives 5-decimal values of
the next five zeros of each function.
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9.10.7
gr('_'l:z)
= =D (—9) .. fp—@k—1)%} . (kr
~¢Z-:1(:F) : k!(Sa:)f sm(4)

The terms® in ker, z and kei, z in equations 9.10.1
and 9.10.2 are asymptotically negligible compared
with the other terms, but their inclusion in numeri-
cal calculations yields improved accuracy.

The corresponding series for ber, z, b ei, z, ker; =
and kei,z can be derived from 9.2.11 and 9.2.13
with z=ze®*4; the extra terms in the expansions
of ber; z and bei; 2 are respectively

— (1/x) {sin(2vx)ker, 2+ cos(2vm)kei, z}
and
(1/7) {cos (2vw)ker, z—sin(2vr)kei, z}.

Modulus and Phase

®

9.10.3
Mr= \/{beﬂ z+ bBi’; 2:) ]

9.10.9 ber,z=M, cos 8,,
9.10.10 M_.=M,,

§,—arctan (bei, z/ber, r)
bei, z=M, sin 6,
0_,=0,—nr

9.10.11
ber,' $=* MH-I cos (9;4.1"'%7)_i Mv—l cos (3,_1—1‘1')
= (v/z) M, cos 8, M, €08 (51— %7)

= — (vf;‘ﬂ)My cO08 6.-' v—1 CO8 (ar—l_'}“)

9.10.12

bei, 2=3%M,,, sin (6,4, —%x) —3M,_, sin (6,_, —%r)
= (v/z) M, sin 6,+M,,, sin (8,41 —%7)
= — (v/z) M, sin 6,— M,_; sin (6,_,—1~)

9.10.13

ber’ z=»M, cos (6;—3x), bei’ a=M,sin (6,—ix)

9.10.14
M, = (v/z)M,+M,4, c08 (8.41—0,— i)
=— (v/2) M,—M,_, cos (6,_,—8,—i~)
9.10.15
0,=(M,.,IM,) sin (8,.,—8,—3m)
=—(M,_,/M,) sin (8,.,—8,—%r)

¢ The coefficients of these terms given in [9.17] are in-
correct. The present results are due to Mr. G. F. Miller.
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9.10.16
My=M, cos (6;—8p—3r)
fo=(M:/M,) sin (6,— 60— %)
9.10.17
d(xM?6,) [dx=a?,  @*M, +rM,—v»*M,=2*M,6,*
9.10.18

N,=+/(ker; 7 +kei; z),
9.10.19 ker,z=N, cos ¢,,

¢,—=arctan (kei, a/ker, )

kei, z=N, sin ¢,

B8r v .08
1.06

4t \ 4.049

0q,

ker x ond kei x

-02

berx ond bei x

-04

PR N SR BR - )

106

~4-.08

In Mg, 8o In radians
In N,.¢, in radians

Ficure 9.11. In My(z), 6o(z), In Ny(z) and ¢4(z).

Equations 9.10.11 to 9.10.17 hold with the symbols
b, M, f replaced throughout by k, N, ¢, respectively.
In place of 9.10.10

9.10.20 N_,=N,, d_v=¢tum
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Asymptotic Expansions of Modulus and Phase
When » is fixed, z is large and p=4/*

9.10.21

¢3lv2 p—11  (p—1)?%1
M=r=1"gpst o5 =
(p—1) (1*414p—399) 1
614472 210 (
9.10.22
_z p—11_ (e—1)(p—25)
lnM.—Tz--—% In (2r2) 81/2 = 3840
(u—1) (u—13)
o128
9.10.23

p—11 pu—11
{2+(2 8) +8-\/2 z+ 16 &

1

73

2+0(3)

w70 (3)

9.10.24

. p—11 (u—l) 1
_\/7 M{1+8\/2x 256 2°

(u—1) ($*+14p—399) 1
i 614472 "'0( )
9.10.25
__z w\, p=11, (p—1)(u—25) 1
B e w/2+“n(2z)+ &2z 3842 7
(p—1)(u—13) 1
w0 (3)
9.10.26
R U W I
3 (2"4‘8)1r 82z 16 2

T(u 1) (u—25) 1+0 (f)

384v2

Asymptotic Expansions of Cross-Products

If z is large
9.10.27
2 2 ~___ 11
ber? z+4-bei’ z (1-}-4.\/2 s
33 1 1797 1
~256y2 2 810271
9.10.28
evZ/1 11
b L S
er z bei” z—ber’ x bei 2 i \/2+8x
39 1
+641f2 :r:”+512 z“+8192\/2 t -

)

)

383
9.10.29

e¥2 /1 31
ber z ber’ z-+bei z bei’ B~p— (72 +

R R FAC R E L
9.10.30
ber’? z+bei’? x~;:x 1—‘%% %%
oo s At )
9.10.31
ker? 2 kei? z~—e—="9(1—41/23+614%

33 1 17971
toseve s g0 " )
9.10.32
ker z kei’ z—ker’ z kei 2~ ——— ¢=%V2 1 11
2z V2 8=z
1 391 75
"'6442 2512 2 T 810242 m‘+ )
9.10.33
ker z ker’ z-+kei z kei’ z~— - g=#v2 (_L+§ 1
2z V2 '8z
156 1 45 1 315
B4y 77 512 7 T 8102¢2 F+ )
9.10.34

ker’* z-+kei’? m~¥e“”=(1 +41/2 = +64:z:‘

75 1 24751
25642 2Tzt )

Asymptotic Expansions of Large Zeros

Let
9.10.35

p—1, (p—1)(5p+19) A 3(p—1)*
F@)= 165+325=+ 15360 T s12¢ T

where u=4/*. Then if s is a large positive integer

9.10.36

Zeros of ber, z~+2{5—f(5)}, d=(E—h—r
Zeros of bei, z~+2{6—7(5)}, d=(s—%r+1w
Zeros of ker, z~+2{6+f(—8)}, o=(s—p—Pr
Zeros of kei, z~+2{5+f(—8)}, o=(—h—P=
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For v=0 these expressions give the sth zero of
each function; for other values of » the zeros
represented may not be the sth.

Uniform Asymptotic Expansions for Large Orders

When » is large and positive

9.10.37
ber, (v£) +12 bei,(vz) ~
'E zeaﬂ}'i u’k(E l)
27# ( 1+¢ ) +I:-1 }
9.10.38

ker, (v2)+1 kei, (vz)

J-r_ L i N
= M e—ve e S
2 ( 1+¢

9.10.39
ber; (vz)+1 bei, (vx)

V 21rv ]
9.10.40

ker, (vz)+1 kei, (v2)

‘FE e—vE uﬂﬂ{l o
2 z 1—1—5

(143 (2

xearm v

= %)
1+s =)

143 (-2,

~—
where

9.10.41 t=y1tid

and u(?), ¢x(t) are given by 9.3.9 and 9.3.13.
fractional powers take their principal values.

All

9.11. Polynomial Approximations

9.11.1 —8<Lz<8
ber z=1—64(2/8)*+113.77777 774(z/8)*
—32.36345 652(2/8)'*42.64191 397 (x/8)™*
—.08349 609 (z/8)®+.00122 552(z/8)*
—.00000 901 (z/8)%®+e
lef<<1X107°

9.11.2 —8<2<8
bei 2=16(2/8)?—113.77777 774(z/8)*
+72.81777 742(2/8)°—10.56765 779(z/8)™
+.52185 615(2/8)®—.01103 667 (z/8)%
+.00011 346(z/8)%* ¢
le]<<6<107°
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9.11.3 0<2<8

ker z=—In (3z) ber z+3r bei 2—.57721 566
—59.05819 744(z/8)*+171.36272 133(2/8)®
—60.60977 451(z/8)*+5.65539 121(z/8)*
—.19636 347 (z/8)*+.00309 699(z/8)*

—.00002 458(x/8)%+¢

le|] <110~

9.11.4 0<z<8

kei =—In(4x)bei z—ir ber 2+6.76454 936(z/8)*
—142.91827 687 (2/8)°+124.23569 650 (2/8)™°
—21.30060 904(x/8)"*+1.17509 064(z/8)™"
—.02695 875(x/8)* +.00029 532(z/8)* +¢

le|<310~°

9.11.5 —8<z<8
ber’ z=a[—4(2/8)*+14.22222 222 (z/8)"
—6.06814 810(2/8)'°+.66047 849(x/8)™*
—.02609 253(2/8)"*+.00045 957 (x/8)%
—.00000 394 (z/8)*]+e

e|<2.1 10

9.11.6 —8<z<8
bei’ x=2(3—10.66666 666(z/8)*
+11.37777 772(x/8)*—2.31167 514(2/8)"
+.14677 204 (z/8)*—.00379 386(z/8)®
+.00004 609(z/8)*]+e

€] <7X1078

9.11.7 0<z<8
ker’ z=—In (3z) ber’ 2—27" ber 2+ bei’ &
+2[—3.69113 734 (2/8)*-+21.42034 017(z/8)"
—11.36433 272(x/8)°41.41384 780(z/8)™
—.06136 358(z/8)18+4-.00116 137 (z/8)%
—.00001 075 (z/8)*]+e

le]<<8X107%
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9.11.8 0<2<8
kei’ z=—In (32) bei’ z—z~* bei z—3%x ber’' z -
+2[.21139 217—13.39858 846(x/8)*
+19.41182 758(x/8)%—4.65950 823 (z/8)%
+.33049 424(z/8)*—.00926 707 (z/8)%
+.00011 997 (z/8)*]+e

|| <7 X108

8<z<l =
ker 2+ kel z=1(z) 1+¢)

J@=y[E e [T w00 |

e <1 X1077

9.11.9

9.11.10 8<r< ™
ber z+1 bei 3;...3'. (ker 41 kei z)=g(z) (1+¢,)

o(x)=—— ‘/— 1+‘*$+e(x):|

|| <3X10°7

385

where

9.11.11

0(z) = (.00000 00—.39269 917)
+(.01104 86—.01104 857) (8/z)
+(.00000 00—.00097 654) (8/x)*
+(—.00009 06—.00009 017)(8/z)®
+(—.00002 52-.00000 001) (8/z)*
+(—.00000 34+.00000 514)(8/z)"

+(.00000 064.00000 193) (8/z)®

9.11.12 8<r< @
ker’ z+1 kel’ a=—f(x)p(—2) (1 +¢)

|es] <2X 1077

9.11.13 . 8Lzl

ber’ z+1 bei’ z—:—r (ker’ z-+ikei’ £) =g(2)p(z) (1+€)
le] <3¢ 1077

where

9.11.14

#(z)=(.70710 68+.70710 687)
+(—.06250 01—.00000 017)(8/z)
+(—.00138 13+.00138 11%)(8/z)?
+(.00000 05+4-.00024 52i)(8/x)?
+(.00003 46+.00003 382) (8/x)*
+(.00001 17—.00000 243) (8/z)*
+(.00000 16—.00000 321) (8/x)*

Numerical Methods

9.12. Use and Extension of the Tables

Example 1. To evaluate J,(1.55), n=0, 1, 2,
. ., each to 5 decimals.
The recurrence relation

1 (@) + T i1 (2) = (2n/2) Jn(2)

can be used to compute Jy(z), Ji(z), JSi(@), . . .,
successively provided that n<z, otherwise severe
accumulation of rounding errors will occur,
Since, however, J,(z) is a decreasing function of n
when n >z, recurrence can always be carried out
in the direction of decreasing .

Inspection of Table 9.2 shows that J,(1.55)
vanishes to 5 decimals when n>7. Taking arbi-
trary values zero for Jp and unity for J;, we compute
by recurrence the entries in the second column of
the following table, rounding off to the nearest
integer at each step.

n Trial values Ja(1.66)
'] 0 . 00000
8 1 . 00000
7 10 . 00003
6 89 . 00028
5 679 . 00211
4 4292 . 01331
3 21473 . 06661
2 78829 . 24453
1 181957 . 56442
0 155954 . 48376

We normalize the results by use of the equation
9.1.46, namely

Jo@) +2L@)+2 i@+ . . . =1

This yields the normalization factor
1/322376=.00000 31019 7
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and multiplying the trial values by this factor we
obtain the required results, given in the third
column. As a check we may verify the value of
Jy(1.55) by interpolation in Table 9.1.

Remarks. (i) In this example it was possible
to estimate immediately the value of n=N, say,
at which to begin the recurrence. This may not
always be the case and an arbitrary value of Nmay
have to be taken. The number of correct signifi-
cant figures in the final values is the same as the
number of digits in the respective trial values.
If the chosen NV is too small the trial values will
have too few digits and insufficient accuracy is
obtained in the results. The calculation must
then be repeated taking a higher value. On the
other hand if V were too large unnecessary effort
would be expended. This could be offset to some
extent by discarding significant figures in the trial
values which are in excess of the number of
decimals required in o/,. )

(i) If we had required, say, Jy(1.55), J,(1.55),
.. ., Ji(1.55), each to 5 significant figures, we
would have found the values of J,(1.55) and
J11(1.55) to 5 significant figures by interpolation
in Table 9.3 and then computed by recurrence
Jo Js, . . ., Jo, no normalization being required.

Alternatively, we could begin the recurrence at
a higher value of N and retain only 5 significant
figures in the trial values for 2<10.

(iii) Exactly similar methods can be used to
compute the modified Bessel function I,(z) by
means of the relations 9.6.26 and 9.6.36. If z is
large, however, considerable cancellation will
take place in using the latter equation, and it is
preferable to normalize by means of 9.6.37.

Example 2. To evaluate Y,(1.55), n=0, 1, 2,
. . ., 10, each to 5 significant figures.

The recurrence relation

Yaer(@) + Yy (z) = (2n/z) Y u(z)

can be used to compute ¥,(z) in the direction of
increasing n both for n<{z and n >z, because in
the latter event ¥,(z) is & numerically increasing
function of n.

We therefore compute ¥,(1.55) and ¥,(1.55) by
interpolation in Table 9.1, generate Y,(1.55),

Y5(1.55), . . ., ¥1¢(1.55) by recurrence and check
¥,0(1.55) by interpolation in Table 9.3.

n Y .(1.55) n Y. (1.55)

0 0. 40225 6 —1.9917X108

1 —0.37970 7 —1.5100X10°

2 —0.80218 8 —1.3440%10¢

3 —1.9227 9 —1.3722X10*

4 —6. 5505 - 10 —1.5801xX10°

5 —31.886
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Remarks. (i) An alternative way of computing
Yo(z), should J4(z), Ja(z), Ju(@), . . ., be avail-
able (see Example 1), is to use formula 9.1.89.
The other starting value for the recurrence,
Y,(z), can then be found from the Wronskian
relation J,(z) Yy(z) —Jo(z) Y1 (2)=2/(nz). Thisisa
convenient procedure for use with an automatic
computer.

(i1) Similar methods can be used to compute the
modified Bessel function K,(z) by means of the
recurrence relation 9.6.26 and the relation 9.6.54,
except that if z is large severe cancellation will
occur in the use of 9.6.54 and other methods for
evaluating Ky(2) may be preferable, for example,
use of the asymptotic expansion 9.7.2 or the poly-
nomial approximation 9.8.6.

Example 3. To evaluate J3(.36) and ¥,(.36)
each to 5 decimals, using the multiplication
theorem.

From 9.1.74 we have

@ & kﬂ_ k k
AT =§a{é’t(2), wherea.;=( )X Al 1)*(3e),
We take z=.4. Then A\=.9, (\>—1)(}2)=—.038,
and extracting the necessary values of J.(.4) and
¥,(.4) from Tables 9.1 and 9.2, we compute the
required results as follows:

k G al:(.4) apY(4)
0 +10 -+ .86040 —.60602
1 +40.038 +.00745 —.06767
2 -+0.7220X10* +.00001 —.00599
3 +40.914X10¢ —.00074
4 +0.87X1077 —.00011
5 +0.7x10—® —.00002

Jo(.36)=+.06786 Y (.36)=—.68055

Remark. This procedure is equivalent to inter-
polating by means of the Taylor series

= Rk
ColaHh) =33 1 €0 (2)

at z=.4, and expressing the derivatives %'{* (2) in
terms of €:(2) by means of the recurrence rela-
tions and differential equation for the Bessel
functions.

Example 4. To evaluate J,(z), J,(z), ¥,(z)
and Y(z) for »=>50, =75, each to 6 decimals.

We use the asymptotic expansions 9.3.35, 9.3.36,
9.3.43, and 9.3.44. Here z=2/v=3/2. From 9.3.39
we find

—g- (—r)m=% +/5—arccos -§-= +.2769653.
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Hence

4‘- 1/4
§= s 5557724 B-I'.'ld (']:2 = + 1.155332.

Next

' M5—3684031,  »¥%r=—7.556562.

Interpolating in Table 10.11, we find that
Ai(¥3r)=4.299953, Al (V) =+ .451441,
Bi(»¥3¢)=—.160565, Bi’(»¥3¢)=+.819542.

As a check on the interpolation, we may verify
that Ai Bi’—Ai’Bi=1/r. _

Interpolating in the table following 9.3.46 we
obtain

bo()=-+.0136,  co(t)=-+.1442.

The contributions of the terms involving a(})
and d,({) are negligible, and substituting in the
asymptotic expansions we find that

J50(75) = +1.155332(50~17 X .299953
+507°%X 451441 X.0136) =+.094077,

Jio(75)=—(4/3)(1.155332) = (50~*? X .299953
X .1442-+50"27 % 451441) = —.038658,

Yio(75)=—1.155332(— 5012 .160565
450757 819542 X .0136) = +.050335,

Yio(75) =+ (4/3)(1.155332)~}(— 50~*7X .160565
X 14424502 X 819542) = +.069543.

As a check we may verify that
JY'—J'Y=2/(76x).

Remarks. This example may also be computed
using the Debye expansions 9.3.15, 9.3.16, 9.3.19,
and 9.3.20. Four terms of each of these series are
required, compared with two in the computations
gbove, The closer the argument-order ratio is to
unity, the less effective the Debye expansions
become. In the neighborhood of unity the expan-
sions 9.3.23, 9.3.24, 9.3.27, and 9.3.28 will furnish
results of moderate accuracy; for high-accuracy
work the uniform expansions should again be used.

Example 5. To evaluate the 5th positive zero
of Jyo(x) and the corresponding value of Jj,(z),
each to 5 decimals.

We use the asymptotic expansions 9.5.22 and
9.5.23 setting »=10, s=5. From Table 10.11
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we find
as=—7.944134, A’ (a;)=+.947336.
Hence

{=10"%Ras=.21544347a;=—1.7115118.

Interpolating in the table following 9.5.26 we
obtain

2(f)=+2.888631,
fi(D)=+.0107,

h($)=+.98259,
Fi(t)=—.001.

The bounds given at the foot of the table show
that the contributions of higher terms to the
asymptotic series are negligible. Hence

F10,5=28.886314.00107+ . . . —=28.88738,

N 947336
1010, s)—'—lgm 2.888631<.98259

X(1—.00001+4 . . .)=—.14381.

Example 6. To evaluate the first root of
Jo(2) Yo (\z) — Yo(z)Jo(Az)=0 for A=4% to 4 signifi-
cant figures.

Let o denote the root. Direct interpolation
in Table 9.7 is impracticable owing to the
divergence of the differences. Inspection of
9.5.28 suggests that a smoother function is
(A—1)as?. Using Table 9.7 we compute the fol-
lowing values

1/ (A—Da ] #
0.4 3.110
+21
0.6 3.131 —12
+9
0.8 3.140 -7
+2

1.0 3. 142(w)

Interpolating for 1/A=.667, we obtain
(A—1)af? =3.134 and thence the required root
a{1}=6.268.

Example 7. To evaluate ber, 1.55, bei, 1.55,
n=0,1,2, . . ., each to 5 decimals.

We use the recurrence relation

et () T s (6™ )
n+2

= (14-2)J p (xe® %),

taking arbitrary values zero for Jy(ze***) and
1404 for Jy(ze***/*) (see Example 1).
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n Real Imag. ber .z beiqz
trial values|trial values

9 0 0 00000 . 00000
8 +1 0 00000 . 00000
7 -7 -7 | —. 00002 —. 00003
6 -1 +89 | —. 00003 +. 00030
5 + 500 —475 | +. 00181 —. 00148
4 — 4447 —203 | —. 01494 —. 00180
3 414989 + 17446 | 4. 04614 +. 06258
2 +11172 —88578 | +. 05994 —. 29580
1| —197012 | 4123804 | —. 69531 +. 36781
0 | 4+281539 | +155373 | +. 91004 +. 59461
Z | +106734 | +207449 | . 30763 4. 72619

The values of ber,z and bei,z are computed by
multiplication of the trial values by the normal-
izing factor

BESSEL FUNCTIONS OF INTEGER ORDER

1/(294989—220117)=(.337119+.0251554) X 1075,
obtained from the relation

J o(2e®H4) 42y (e V) 42 (z4)+ . . =1.

Adequate checks are furnished by interpolating
in Table 9.12 for ber 1.55 and bei 1.55, and the
use of a simple sum check on the normalization.

Should ker,z and Kei,z be required they can be
computed by forward recurrence using formulas
9.9.14, taking the required starting values for
n=0 and 1 from Table 9.12 (see Example 2). If
an independent check on the recurrence is required
the asymptotic expansion 9.10.38 can be used.
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10. Bessel Functions of Fractional Order

Mathematical Properties
10.1. Spherical Bessel Functions Wronskians
Definitions 10.1.6 W{Gu(2), ya(2) } =2~
Differential Equation 10.1.7

10.1.1

2w’ +2zw' +[2—nn+1)Jw=0
(n=0,£1, £2,...)

Particular solutions are the Spherical Bessel
SJunctions of the first kind

In(@)=vin/2T n14(2),
the Spherical Bessel functions of the second kind

Yn(2)=+'4n/ T2Y nia(2),

and the Spherical Bessel functions of the third
kind

ki (2)=ja(2) +iya(2) =V im/2H314(2),
b (2)=jn(2) —iya(2) = n/2H34(2).

The pairs j7,(2), ¥s(2) and R (2), A (2) are
linearly independent solutions for every m. For
general properties see the remarks after 9.1.1.

Ascending Series (See 9.1.2, 9.1.10)
10.1.2

ll

WA=1377, (2n+1){ 1!(2n+3)

(32%)?
FolGnt ) @nts) }

10.1.3
. (2n—1)
Ual2)= z"“ { 11(1 2n)
(32%)?
taa—emG—2n }
n=0,1,2,...)
Limiting Values as 2—0
s 1
1014 27%ju(2)— RSy
10.1.5
iy (5)—>—1.3.5. .. @n—1)  (=0,1,2,...)

W{k®(2), h? (2)}=—2iz"* (n=0,1,2,...)

Representations by Elementary Functions

10.1.8
Jn(2)=2"*[P(n+4}, 2) sin (z—3nm)

+Q(n+13, 2) cos (z—inm)]
10.1.9

Ya(2)=(—=1)" 2" P(n+}, 2) cos (z-+inm)
—Q(n+1%, 2) sin (z+§nm)]

(n+2) !

AT 1) @D

(n+4)! _
tirm—g) @9~

B (’R«+§r 2)=1

=3 (1t mEe

(n+1)!

Qntt, =D @yt

3T (n—2) 2)

(n+5)[
BIT (n—

(22)*
B L (Zz) v s

=“5:'::’” (—1)¥(n-+3, 2k-+1) (22) 21

(n=0,1,2,...)
)
(et} B =gt = 1)
\ 1 2 3 4 5
n

1 2

2 6 12

3 12 60 120

4 20 180 840 1680

5 30 420 3360 | 15120 30240

437
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10.1.10
Ja(2)=Fn(2) sin z+(—1)"*"f_n_1(2) cos 2
fo®)=271,  fi(e)=2""
Fae1(2) + a1 (2)=(2n+1)z7'f2 (2)
(n=0, +£1, £2,...)

The Functions j,(z), ya(2) for n=0, 1, 2

10.1.11  jo(2) =9“; £
. sinz cosz
h(gr= 2 72
72(2) =(§—-—l sin z:-—i cOS 2 *
* 2 z 2
10.1.12
. cos 2
(e =—j-1()=———
; cos z sin
%(2) =J-n(2)='"-'zT"%g

i (=341 L8
1a(2)= j-a(Z)-—-( ‘23-1-2)0032 ssinz o«

Jp(x)

Figure 10.1. ju(z).

n=0(1)3.

*See page IL.

¥n (8

-al

Froure 10.2. ys(z). n=0(1)3.

05

=05 |-

-20 =

Fraure 10.3. ja(2), va(z). z=10.

Poisson’s Integral and Gegenbauer’s Generalization

10.1.13 jn(z)=§—,,z4::n—! L' cos (2 cos 6) sin®**'6 df
(See 9.1.20.)
10.1.14
=é (—i)"J;' e8P (cos 6) sinfdo
(n=0,1,2,...)
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Spherical Bessel Functions of the Second and Third

Kind
10.1.15
1(D)=(—1)"Y_n(z2) (=0, £1, £2,..))
10.1.16

B Q=i 35 (nt}, ) (—2i2)

10.117
AR (@ =iriz eSS (vt B) (2ie)

*

10.1.18
héa-1(2)=1(—1)"h;"(2)
R (&) =—1(—1)"h(2)

Elementary Properties
Recurrence Relations

Fa(2) 2 5u\2} 5 ¥a(2), BV (2), ISP (2)
(“R.=U, X1, £2,..:)

10.1.19  faoi(2) +faa(2)=n+1)27'fa(2)

(n=0,1,2,...).

10.1.20  2fyi(2)—(+1)fasi(2)=(2n+1) % 1@
1012 e+l f=fi@)

(See 10.1.23.)

e (@)= fu (&) =furs 2)

(See 10.1.24.)

10.1.22

Differentiation Formulas
Ia(2) :32(2), ¥a(2), AP (2), AP (2)
(TL:O, £1, £2,.. )
10128 (5 2) e @l= ()

10.1.24 G %)“[z-"f,(z)a=(—1)~z-~-mf,.+,,.(z)
(m=1,2,3,...)

Rayleigh’s Formulas

10-1.25
.o of 1d\'sinz
In(e)=z (—_z dz z
10.1.26

— i 12\'cosz
hn(@)=—z zdz z

(n=0,1,2,...)

*See naca N

Modulus and Phase

In(2)=vix[zM,4(2) cos 8,44(2),

Ya(2)=vin/2M,41(2) sin 6,14(2)
(See 9.2.17.)

10.1.27

on—Kk)! (2n—2k)!
H(n—R) 1P

(ol2) Mi (@) =5 3
(See 9.2.28.)
(3r/2)M3,3(2)=33(2) +y5(2) =272

(2z)ek—2u

10.1.28

10.1.29
(r/2)M3,3(2)=31(2) +yi(e) =2 +2*

10.1.30

(n/2)M )2 (2) =73 (2) +¥3(2) =2""+3274492°

Cross Products
10.1.31  jo(2)Yn-1(2) —Jn-1(2)Yn(2) =272
10.1.32
In41(@)Yn-1(2) —Jn-1(2) Y41 (2) = 2n+1) 2

10.1.33
70(2) 7a(2) +yo(2)ya(2)

=zt g (—=1)*2*—» (k-l— %)n_n (n;k) 2B

n=0,1,2,...)
Analytic Continuation
10.1.34 Jalze™ ) =emtj,(2)
10.1.35  ya(ze™)=(—1)"e™ 'y, (2)
10.1.36 AW (207 = (—1)"h (2)
10137 AP (607 =(— 1) (@)
10.1.38 A (2™ ) =R (2)
(I=1,2; m,n=0,1,2,...)
Generating Functions
10.1.39
Linye2ai=2 Sy @lti<le)

- n
10.1.40 é cos Jz=—2zt=zu: ,% In-1(2)



440

Derivatives With Respect to Order
10.1.41

[g; j,(z)].-o=(§1r/z:) (Ci(22) sin z—Si(22) cos z)
10.1.42
(2 ia) | =(mla) (Ci23) cos 2+8i(22) sin 2}
10.1.43
:Ea; y.(:t)]“o=(i1r[z) (Ci(22) cos z-+[Si(22)—] sin z)
10.1.44

y:(o:)]

rm=]1

(3n/x) { Ci(2z) sin z—[Si(2z) —] cos z}
Addition Theorems and Degenerate Forms
r, p, 8, A arbitrary complex; R=+/(r*+p*—2rp cos 6)

10.1.45 ““;RZ‘R=$ (2n-41) 42 (\) 7 (A 9) Pa(c08 6)
*10.1.46—003 \E &

@ (2n+1) ja(A) Y (A p) P, (cos 6)
|re=el<|a]

10.1.47 e**°* ’=Zﬁ} (2n+1) et 5, (2) P, (cos 6)

10.1.48
Jo(z sin 6) 2 (4n+1) 22(.? ("')I!), Jan(2) P2a(cos 6)

Duplication Formula

10.1.49
In(22)=
i 2n—2k+1 .
* —nlzrt! ; H@n—k+1D) Jn—k(z}ys—tl(z)

Some Infinite Series Involving 7i(z)

10.1.50 $ @n+1) j2(2)=1
10151 35 (-1 (2n+1);,(z)_3m23
10.1.52 2 73 (g)mm S‘@z)

*See page IL
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Fresnel Integrals
10.1.53

oWasm) =3 [ Tyt
=2(oos 1o 32 (—1)"ansi (o)

+sin 3z 2 (—1)"J 20 43/2(32)]
10.1.54

S (2afr) = ﬁ Tyt
—2[sin 3z z:‘, (—1)"Tsn i3 (32)

—Co0s 3z $ (=)™ 2p432(32)].

(See also 11.1.1, 11.1.2.)

Zeros and Their Asymptotic Expansions

The zeros of 7.(z) and y,.(z) are the same as the
zeros of J,,4(z) and ¥,,4(z) and the formulas for
j». and 7,, given in 9.5 are applicable with
v=n-+}%. There are, however, no simple relations
connecting the zeros of the derivatives. Ac-
cordingly, we now give formulas for ay, ,, b ., the
g-th positive zero of jn(2), ¥n(2), respectively;
2=0 is counted as the first zero of jy(2).

(Tables of ay ., b,y 7x(@r.0), Ya(by.s) are given in
[10.31].)
Elementary Relations
Ja(2)=7n(2) cos wt-+ya(2) sin xt
(t a real parameter, 0 <t<1)
If r,1is & zero of f,(2) then

10.1.55  f,(rn)=[7a/(n+1)] fa-1(74)

(See 10.1.21.)

10.1.56
(See 10.1.22.)

=(raf n)f ntl (rw)

_{ [ —n(n+1)] d"}

10.1.57



BESSEL FUNCTIONS OF FRACTIONAL ORDER,

McMahon’s Expansions for n Fixed and s Large
10.1.58
Oy b2~ B—(n+T7)(88)7

—3 (T4t 154+ 95) (5)

_ez:% (854+35357+3561,-+6133)(38)

o4
105

+9046780.—5075147)(88)~"— . . .

(6949u* 474908, + 330638 u*

ﬂ=1r(s+%n.—‘}) for a:l,ll 16:7(3"*"}“) for b:s.l;
p=(nt1)?

Asymptotic Expansions of Zeros and Associated Values
for n Large

10.1.59
@l 1~ (n+¥) +.8086165(n+3)*—.236680(n+3) 1~

—.20736(n+3)~14.0233(n+3) 2+ . . .
10.1.60

Br.1~ (n-+3) +1.8210980 (n+3) '
+.802728(n+4) ~1A—.11740(n+3) !

+.0249(n+3) 5+ . ..
10.1.61

Jn(@n, 1) ~ 8458430 (n+ %) ~"® {1—.566032(n+3) ~*/*
+.38081(n+3)~**—.2203(n+3) 2+ .. .}

10.1.62

Yalbl ) ~.7183921(n+3)~%{1—1.274769(n+3)~-2*

+1.23038 (n+3) ~**—1.0070 (n+3) 2+ . . .}

See [10.31] for corresponding expansions for
8=2, 3.

441

Uniform Asymptotic Expansions of Zeros and
Associated Values for n Large

10.1.63
@, ~(n+3) {2[(n+5)"a;]

+3 hl(n+3) ) n+-1) )
10.1.64
b~ (n ) (2l(n+ 1))

+§1 bl (n+3) 228 (n+3) =%}
10.1.65

n (@n, o) ~AFrAi(@]) (0t )=
hl(n+3)~*%a,] (z[(n+-3)~*%a,]) ~2

(143 Bl (1) Pa)(n+-1) )
10.1.66

Yn(by, ) ~ —/3xBi(b]) (n+3)~°
h{(n+3)~%%b]] (z[ (n+%) b))~

{1+§_’; Hil(n+3) b (n+3)~*)

h(£), z(£) are defined as in 9.5.26, 9.3.38, 9.3.39.
al, b, s-th (negative) real zero of Ai’(z), Bi'(2)
(see 10.4.95, 10.4.99.)

Complex Zeros of hP(2), b (2)

A (2) and hY (z¢™*), m any integer, have the
same Zzeros.

R (2) has n zeros, symmetrically distributed with
respect to the imaginary axis and lying approxi-
mately on the finite arc joining z=—n and z=n
shown in Figure 9.6. If n is odd, one zero lies on
the imaginary axis.

h®’(z) hasn+1 zeros lying approximately on the
same curve. If m is even, one zero lies on the

imaginary axis.
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10.2. Modified Spherical Bessel Functions
Definitions

Differential Equation
10.2.1

2 +22u — 22+ 1) Jw=0
(n=0, £1, £2, .. )

Particular solutions are the Modified Spherical

Bessel functions of the first kind,
10.2.2
VEeloy(d) =" (ze?)  (—w<arg 2<}m)
— i3] (gt (jr<arg 2<m)

of the second kind,
10.2.3
‘\/;}‘ff_/z I ._s(2)= g3n+D '“’y,,(ze"”)

(—r<arg z<im)

— g~ n+ D2y (74~871/3)
(3r<arg z<m)

of the third kind,
10.2.4
Vir[zK,14(2) =3 (—1)" i/ L3 (2) —T -a-3(2)]
The pairs

VIl s (2), VETI2] - nmi(2)
' ‘%TF/ZIa.;.}(z) ¥V '&W/ZK,H.Q(Z)

are linearly independent solutions for every n.

Most properties of the Modified Spherical
Bessel functions can be derived from those of the
Spherical Bessel functions by use of the above
relations.

and

Ascending Series
10.2.5

VIl @) =1 55— @D

32 (32
{ 1oyt rE e T 3

10.2.6
VI Ly =2 2 B

. (329)* X
{1 HTa—2m) Tali—2n) G—2m) © }
n=0,1,2,...)
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Wronskians
10.2.7

W{ V%Tr/zfuﬂ!-l(z) ’ Wf_n_!(z) } = (._ 1)n+lz—2
10.2.8

Wiz L (2), VEr[eKnp () } =—H4mz

Representations by Elementary Functions
10.2.9

Vinfela(z)=(22) [R(n+},—2) e
—(—1)"R(n+3,2)e”7)

10.2.10

Jinlzl -y 4(2)=(22) {B@n+3,—2)¢’

+ (=1 B(n+3,2)e "]
10.2.11

R+, =1+ 051 ()1

11 (n)
(n+2)!

+m (22)_3+ ae

=3 o+ e
(n=0,1,2,...)
(See 10.1.9.)

10.2.12
VEr/zl,13(2) =gn(2) sinh 2+g-a-1(2) cosh z
go(2)=2"", (&) =—2""
gn-1(2) —gat1(2)=(n+ 1)27ga(2)
(n=0, £1,+2,...)
The Functions ‘\/%_‘ﬂ'_/_zfim,g.h (2),n=0, 1,2

10.2.13
N IR L1

2

sinh z , cosh 2

.+.

2 2
viw/zfm(z)=(%+%) sinh z-—-% cosh z
10.2.14
V‘}W/ZI—1;2(Z)=

WI an(2)=—

cosh z
z
sinh z cosh 2

P Z

p 3,1
Vw/2I ~5p(2) =-—% sinh z+(—2§+z) cosh z

—————

Vv %11‘/21..3;2(2) =

P



444 BESSEL FUNCTIONS OF FRACTIONAL ORDER

Modified Spherical Bessel Functions of sthe Third Kind
10.2.15
J%T/ZK,.H(3)=%MI¢"'“’ *1/2h 0 (gghet)
(—r<larg z<3%m)
=_,}Tie—tn-rurueh,:‘z)(zg—}ft)

(r<arg z<m)
=(Gfa)e 33 (v}, B 22)

10.2.16
Kui()=K_,3(z) (n=0,1,2,..))
The Functions Vir/zKq+4(2),2=0, 1, 2
10.2.17 3n/2K,(2)=(3m/2)e
Vir/zKyp(2)=(n/2)e (1 +27") |
VEn[2Ky(2)= (3m/z)e (1827143277

Elementary Properties

Recurrence Relations

fa(2): VAn[zLniy(2), (—1)"Vim/2Kai4(2)
(n=0, £1, +£2,...)

10.2.18 fr_i(2)—fat1(2)=(2n+1)2"'fa(2)

10.2.19  nf,_1(2)+0+1) fars (2)=2n+1) j—z fa(2)
10220 10+ L @ =fus(d)

(See 10.2.22.)

10.2.21 —g fa(2) +3dz—f..(z) =fn1(2)
(See 10.2.23.)

Differentiation Formulas

1) VETeLoas(2), (—1) ™ Er 2K s (2)
(n=0, £1, +2,...)

10.2.22 G %)m[z“{f,(z)]=z""“+ffn_m(z)

10.2.23 G % e (@)= 2 nm(2)
(m=1,2,8,...)

Ficure 10.4. ‘Jz—: Insi(z), ‘/2:’; Enit(@). n=0(1)3.

§Iﬁ+_zuna J};KM%M
2k -2
= |
s bR A
i 2% Knr%m 34
sk -6

o¢ *F -5
Ll -¢10-4
E18 -13
a2 B
i+ -
af Js
sk s
sk s

0 af -s10-3
Lig -3
2t -1z
i V231410 - i
o X L
& L ! L 1 L ! I J L

&
5 L L B -] [14]

3 4 s
Fiovrs 10.5. 4/ X Ly(@), \/% Koi@). z=10.
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Formulas of Rayleigh’s Type Addition Theorems and Degenerate Forms
" : v P T
10224 FElE)=2 (; ;i sm: z 7, p, 8, A arbitrary complex; B=+/r>+p*—2rp cos §
10.2.35
10.2.25 e‘m PE
~p == 2, @n+1) [Vir/\rl, 4 (Ar)]
1 d\'cosh z TS
Vir/el ny(2)=2" zdz)  z
1
(n=0,1,2,...) [V3T/Ap Ko 13(Ap} Py (cos 0)
10.2.36

Formulas for [243(2)—1%,-3(2)
10.2.26

(3r/2) (I3 13(2) —12a-3(2)] 10.2.37

=1§ $ (—1)%+ (Zn;i??:fga?k)l (22) %~ e“”"”=$ (—1)*(2n+1)[v3n/2,+4(2) 1P, (cos 6)

e*0=33 (@n+1) [VITTaL s (@) Pa(cos 0)

n=0,1,2,...) Duplication Formula
10.2.38
10.2.27 (%T/Z) [I%ﬂ(?) —-I’_m(z)]=—'z‘2 K,‘+§(2Z) =
(2n—
10.2.28  (47/2) I3 () —T2on ()] =272 —2* ateigett 33 EERBD) 2t
10.2.29 10.3. Riccati-Bessel Functions
(3m/2)I32(2) —1252(2)]|=—272 43274 —027° Differential Equation
Generating Functions 10.3.1
10.2.30 g [A—nin1)lw=0
: ) (n=0, +1, +£2, . . .)
L sinh /27271 =3 (:E:Tt‘)_ R iilel] Pairs of linearly independent solutions are
(2lti<l2]) Gelsl el
10.2.31 zhi? (2), zhn’ (2)
1 o (3t} All properties of these functions follow directly
= cosh+y/ zz-|-2'izt=}:_) (lﬂ}_ (V3n/zl,-3(2)] from those of the Spherical Bessel functions.

The Functions zj,(2), 2y.(2),n=0, 1, 2
Derivatives With Respect to Order
10.3.2

Zjo(2)=sin 2z, z(z)=2""sin z2—cos 2z

2j3(2)=(32"2—1) sin 2—3z7' cos z *

10.2.32

(2 L@ =g [Bi(2a)e*—Ey(~20)¢’]

10.3.3
L0 2yo(2)=—cos z, 2y,(2)=—sin z—z' cos 2
<] 1 - — zyg(z)=—-32“ sin z——(Sz*”—l) cos 2 %
[5.1 v(?‘):l’__ g [Ei(2z)e~*+E\(—2z)e7] Veomsikisns
10.2.34 l:% K,(z)] = F/r/2zEi(—2z)¢ 10.3.4 W{zia(2), 2ya(2)} =1
o 10.3.5 W{zh®(2), b (2)} =—2i
For E,(z) and Ei(z), see 5.1.1, 5.1.2. n=0,1,2, ...)

*See page 1.
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10.4. Airy Functions
Definitions and Elementary Properties
Differential Equation

10.4.1 w”-;-zau=0

Pairs of linearly independent solutions are
Ai (2), Bi (2),
Ai (2), Al (ze*'?),
Ai (2), Al (ze72?),

Ascending Series

10.4.2 Al (2)=¢ f(2)—cog(2)
10.4.3 Bi (2)=+3[erf (2) +eag(2)]
Sy =14y At LT

-2 (3), %8 (€3] :

B 2.5 ., 258
g(z)—z+_ P etor £ o

_E ¥ (3) (af:;)i
(“*ﬁ)o—l

3t (a-l—%)k= (3a+1) Batd) . . . (3at3k—2)
(« arbitrary; k=1,2,3,...)

A

(See 6.1.22.)

10.4.4
¢;=Ai (0)=Bi (0)/+/3=3"2"4/T(2/3)

=.35502 80538 87817
10.4.5

c=—Ai’ (0)=Bi’ (0)/+/3=3"2/T(1/3)
=.25881 94037 92807
Relations Between Solutions
10.4.6 Bi (2)=¢*/® Ai (26?*%)fe~*4 Ai (ze—srtis)
10.4.7
A (2)+e**? Al (26*7B) +-¢~21B A (ze~217) =0
10.4.8
Bi (2)+¢**A Bi (2¢%48) 4R Bi (z¢~2r'/) =0

10.4.9 Al (zex* %) =3}¢=""3[Ai (2) F1 Bi (2)]
Wronskians
10.4.10 W{Ai (2), Bi ()} ==~

10.4.11 W{Ai (2), Ai (2¢*/8) )} =}r—te~ ¥/

BESSEL FUNCTIONS OF FRACTIONAL ORDER

10.4.12 W{Ai (2), Ai (ze=2%) } =}7~1¢7¥8
10.4.13 W{Ai (z¢>%), Ai (z¢=2%) } =}ir~*

Fraure 10.6. Ai (+z), Ai’ (+2).

Fieure 10.7. Bi (£z), Bi’ (£2).
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Representations in Terms of Bessel Functions

§-=§zﬂiz
10.4.14
Ai (2) =%‘\E[I—m(f) —1,:($)]= ThlmKua(f)
10.4.15

Ai (—2)=3V2[J1s(8) + T -15(5)]
=4v2/3[er " H{} () +e " "HE (D)]

10.4.16
* — Al (=422 () —Taa(8) | =71 (21Y3) Kus(t)
10.4.17
Al (—z)=—1}2[J_2i() —J2s(8)]
=4(2/V3) e HI(8) +er "HN (¢))

10.4.18  Bi (2)=v23[1_1;5() +11s(0)]
10.4.19 )
Bi (—2)=+v23[J_15(%) —Jus($)]

=¥iz[3le" PHI(§) —e " HE (1))
10.4.20 Bi’ (2)=(2/v3)[I_ss(¢)+ Lss()]
10.4.21
Bi’ (—z)=(2/+/3) [J—2rs () +osa(8)]
=}i(2/V3)[e~ H} () — e *HEZ($)]

Representations of Bessel Functions in Terms of Airy
Functions

~Go"

10.4.22  J..5(8)=3+3/2[vV3 Ai (—2) F Bi (—2)]
10.4.28  H®5(5) =e+7y32(Ai (—2)—i Bi (—2)]
10.4.24  HE 3(5)=e**y3/z[Ai (—2)+1i Bi (—2)]
10.4.25 I*us(f)=i@§[¥ V3 Ai (2)+Bi (2)]
10.4.26 Kin(t)=m+/3/z Ai (2)

10.4.27  Josps(5)=(V3/22)[£ V3 Ai’ (—2)+Bi’ (—2)]

10.4.28
Hj($)=e""PHY,4 (1)
=e"/%(y3/2)[Ai’ (—2)—i Bi’ (—2)]
10.4.29
Hiy(6)=€"""H%s(t)

=e7""(Y3/2)[Ai’ (—2) +1 Bi’ (—2)]

*See page II.
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10.4.30  I.o4(8)=(v3/22)[+y3 Ai’ (2)+Bi’ (2)]
10431 Kign(t)=—7(/3/2) A¥ (2)

Integral Representations
10.4.32

(30)~Rrr Ai [+ (3a)~ 1Rz = J; " oos (st L 20)
10.4.33
(3a) 177 Bi [+ (3a)~1"4]
=J: [exp (—at?+at) +sin (at®+xt)]dt
The lntegraIsJ;'Ai(:tt)dl,J;'Bi(:H)rﬂ
o
10.4.34 J; " A (di= L’ (I— () — (D))t

10.4.35 J; " A (—t)dt=% fo A ARCES AN
10.4.36 J; Bi (di=— f’ (L_1s(6)+Toa(t) 18
10.4.37 J: Bi (-—-t)dt“—*‘f [ -1/3(8) = 15(2) 1dE

Ascending Series for fu Ai (£0)di, J; Bi (+t)dt
10.4.38 ﬁ Ai (t)dt=c,F(2)—e:0(2)
(See 10.4.2.)
10.4.39 J'D *Ki (=D)di=—eF(—3) L edi=2)

10.4.40 f Bi (£)dt=v3[c,F(2) +¢:0(2)]

(See 10.4.3.)
10.4.41

f “Bi (— b= — e P 2) Feili—=2)]

F(z)—z+4, z‘+1 -4 7+1 13,7 20+,

o z3¥+1
=? (3) GEFD!
2 A

. 2 . zak+2
_E 9 (3 BE+2)!
The constants ¢;, ¢; are given in 10.4.4, 10.4.5.

8211+ .

G(2)=
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Tbe Functions Gi(z), Hi(z)
10.4.42

Gi (=7 J' " g (% t3+zt) dt
0
=1Bi ()+ f ‘[Ai (2) Bi (f)—Ai (¢) Bi (2))dt
3 o
10.4.43

Gi’ (2)=1BY (z)+J:[Ai"(z) Bi (£)—Ai (£) Bi’ (2))dt
10.4.44
Hi(z)=1r“JW exp (—% t"-{—zt) dt
B 4 J' TAi (8) Bi (2)—Ai(2) Bi(t))dt
3 "

10.4.45
Hi’ (z)=§ Bi’ () -i—f‘[Ai (£) Bi’ (2)—Ai’ (2) Bi (1) dt

10.4.46 Gi (2)+Hi (2)=Bi (2)

Representations ofJ:‘ Ai(+dt, J; "Bi(L1)dt

by Gi (+2), Hi (+2)
10.4.47

L “Ai (Ydt=g+lAV (2)Gi(2)—Ai (2)Gi'(2)]

10.4.48
=.-§—1r[Ai' (2) Hi (2)—Ai (2) H” (2)]
10.4.49
L "Ai (—t)dt=—L—r{Ai" (—2) Gi (—2)
—Ai (—2) Gi’ (—2)]
10.4.50
=§+1r[Ai‘ (—z) Hi (—2)
—Ai (—2)Hi'(—2)]
10.4.51
L "Bi (t)dt=r{Bi’ () Gi (2)—Bi (2) Gi’ (2)]

10.4.52
10.4.53
J; “Bi (—t)di=—[Bi (—2) Gi (—2)

—Bi (—2) Gi’ (—2)]
=qx[Bi’ (—z) Hi (—2)

—Bi (—2) Hi’ (—2)]

=—n{Bi’ (z) Hi (2)—Bi (z) Hi’ ()]

10.4.54

BESSEL FUNCTIONS OF FRACTIONAL ORDER

Differential Equations for Gi (z), Hi (2)

1

10.4.55 W' —zw=—r"

w(0) =§ Bi (0) =% Ai (0)=.20497 55424 78

w’(0)=% Bi’ (@:—% Ai’ (0)=.14942 04524 49

w(2)=Gi(z)
10.4.56 T —zw=m"1
w(0) =§ Bi (0)=‘%g Ai (0)=.40995 10849 56

2
V3
w(z)=Hi (2)

Differential Equation for Products of Airy Functions

10.4.57 w'"’ —dzw' —2w=0

' (0) =§ Bi’ (0)=—-2 Ai’ (0)=.29885 89048 98

Linearly independent solutions are Ai* (z),
Ai (2) Bi (2), Bi? (2).

Wronskian for Products of Airy Functions
10.4.58 W{Ai (2), Ai (2) Bi (2), Bi? (2)} =27~°

Asymptotic Expansions for |2| Large

ol o LBk _ (2k+1)(2k+3) ... (6k—1)
O TSR (k+3) 2161 9
do=1,dg=—'2—iti Cx (]C=l, 2, 3, ’e .)

2
§'=§ 2

10.4.59
Ai (z)wé p-Viz=lte=t é (—Dkt™* (Jarg z|<m)
10.4.60
Al (—2)~m~ V214 I:sin (H—E) Z:) (—1)*eut™%
—cos (H—E) Z;‘ (—1)*02.-.4.:3“’*“‘]
(larg 2| <% m)

10.4.61
Ai: (z) o~ _h-lf}zuie—{ $ (__ 1) kdkg-—k

(larg 2| <m)
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10.4.62 )
AYY (—2)~—mtt I:cos (;+§ > (— 1)t~
+sin (H‘E) ? (= l)tdnﬂi'_”_l]
(larg 2[<3m)
10.4.63

Bi (g) ~7 iz 71t Z:) N (Jarg 2z|<<3 )

10.4.64
Bi (—z)~7 izt [cos (H—E) é (—1)%cu*

+sin (f‘{'E) é (= 1)*cn+ns”'“"‘]

(Jarg 2[<3m)
10.4.65
Bi (ze*7/3)

o reering [sn (14570 2) 53 (1ear

—cos (r+’;’¢% In 2) > (—1)"cm+:§'”“]
‘ (larg 2|<3m)
10.4.66
Bif (2)~matel 33 dy* (Jarg 2|<3 m)
10.4.67
B (—&)~ntat [ sin (147) 35 (—1)dus—2
—cos (£45) 3 (—1dasras =]

(larg 2|<3m)
10.4.68

Bi’ (ze*"*5)
~ 2 me Tk [cos (;'+£:F% In 2) $ (—1)*dpt 2

tsin (s+7F5 10 2) 33 (—1da g~ |
(larg 2/<37)

Modulus and Phase
10.4.69

Ai (—2)=M(z) cos 6(z), Bi (—z)=M(z) sin 6(z)

M(z)=v[A#? (—z)+Bi* (—2)),
6(z) =arctan [Bi (—z)/Ai (—z))

*Res nave M.
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10.4.70
Ay’ (—z)=N(z) cos ¢(z), Bi’ (—z)=N(z) sin ¢(z)

N(z)=+IAi" (—2)+Bi"? (—2)],
¢(z) =arctan [Bi’ (—z)/Ai’ (—z)]

Differential Equations for Modulus and Phase

Primes denote differentiation with respect to z

10.4.71 MW =—nx", N2/ =—r"'z

10472  N*=M2+MW?=M"+72M-2 *
10.4.73 NN’=—zMM’

10.4.74

tan (¢—8)=Mo'/M’'=—(«xMM’)™",
MN sin (¢—6)=»""

10.4.75 M4 aM—="2M3=0
10.4.76 (M2)""" +42(M?)' —2M2=0
10.4.77 0" +5(0'""/0")—3(0"[0") =2
Asymptotic Expansions of Modulus and Phase for
Large z
1 -
10.478 Mi@z)~> > (12%), 23"(2),,(2”) =
10.4.79
1105
~— YLy / P 3 -6
bz)~L e a:”[l 2 22+ 1005 (g
82825 .. 1282031525 ., . .. ]
128 %)t ygazg - BATH— ...
10.4.80
(—=1)**16k+1 ax() —3k
M(“)” zz T ek—12 \2).%
10.4.81
32 7 (o) -2 1463 o+ s
$@)~gr—3 2" [1-[—4(2:) 96 (2z)~
405271 . . _, 2065 30429 . _,, ]
g T g (B L

Asymptotic Forms of J; “Ai (1) dt,J;’Bi (+f)difor Largez
A 1 1 4o o 2 a2
10.4.82 Ai (t)dt~s—5 7 Vz 3 exp ( —52°
0 3 2 3
10.4.83

J;:A-i (—t)dtn.g_.-ﬂ-—mz—sn ok (§ xg,,+E)
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10.4.84 f " Bi ()dt~m-"3%-% exp (§ zm)
0

10.4.85 f " Bi (—t)dt~m-V2¥* sin (g x=f=+g)
1]

Asymptotic Forms of Gi (+z), Gi’ (+z), Hi (+2), Hi’ (+2)

for Large =

10.4.86 Gi (z)~7"1z7!

. e 2 %
10.4.87 Gi (—z)~7" 22~V cos (§ 3:3’2+E)
10.4.88 Gi’ (z)~i Tz~

o 96

v —vzg ki (2 32T
10.4.89 Gi’ (—z)~n~"3x" gin 3% -I—4
10.4.90  Hi (z)~m"2z="* exp (32°%)
10.4.91 Hi(—z)~x"z7!
10.4.92 Hi’ (z) ~m~ Y3z exp (32°?)
10.4.93 Hi’ (—m)rv—g 2

Zeros and Their Asymptotic Expansions

Ai (2), Al’ (2) have zeros on the negative real
axis only. Bi (2), Bi’ (2) have zeros on the nega-
tive real axis and in the sector }r<| arg z|<}w.
@, a,; by, b, s-th (real) negative zero of Ai (z),
Ai’ (2); Bi (2), Bi’ (2), respectively. B,, 8.; ., B.
s-th complex zero of Bi (z), Bi’ (2) in the sectors

irlarg 2<34w, —ir<arg z<—%m, respectively.

10.4.94 a,=—f[3n(4s—1)/8]
10.4.95 a,=—g[3nr(4s—3)/8]
10.4.96 A’ (a,)=(—1)"Y[3w(4s—1)/8]
10.4.97 Ai (a;)=(—1)""¢;[3w(4s—3)/8]
10.4.98 b,=—f[3n(45s—3)/8]
10.4.99 b,=—g[3w(4s—1)/8]

10.4.100 Bi’ (b)) =(—1)*"[3x(4s—3)/8]

10.4.101 Bi (b))=(—1)'q:[3w(45—1)/8]

10.4.102 B,=ef [%” (1s—1) 4+ 1n 2]
’ 311' 31:

10.4.103 B =e"t'%g 3 @s—3)+7 I 2:|

*See page 1L
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10.4.104

Bi (6)=(— 1o, [ 3 o1+ 1n 2 ]
10.4.105
Bi (8))=(—1)*-142e""/%, [ﬁ_ (48_3)_}__1 2:|

|z| sufficiently large
5 5 77125
~ 223 w8 —& | —B
Fle)~s (1+482 36° 182944 °
_ 1080 56875 __,
69 67296 -

16 23755 96875 __,_ )
3344 30208 a

+

181223 _,

~ w23 —— a2 —1___.__
g(e)~2 (1 2 +288 307360 °

186 83371 _,
12 44160

911458 84361
1911 02976

f1(2) ~m-12M8 (1 n % 21525 _,

+

z—lo+ . .)
2608 °

2397875 _,_ )
6 63552 e
.
to14a ?
843 94709
265 42080

+

gl(z)"""ﬂ' 172 -l{ﬁ(

254 . )

Formal and Asymptotic Solutions of Ordinary Differ-
ential Equations of Second Order With Turning
Points

An equation
10.4.106 W' 4a(z, VW’ +b(z, \W=0

in which A is a real or complex parameter and,
for fixed \, a(z, A) is analytic in z and b(z, ) is
continuous in z in some region of the z-plane, may
be reduced by the transformation

10.4.107 W(z)=w(z) exp (—%J“a(t, )\)dt)

to the equation

10.4.108
w'’ +e(z, Nw=0

ole, N=blz, N—§ a2(z, =5 75 a2, ).



BESSEL FUNCTIONS OF FRACTIONAL ORDER 451

If o(z, \) can be written in the form
o(z, N=Np(2)+q(2 N)

where g(z, \) is bounded in & region R of the 2
plane, then the zeros of p(2) in B are said to be
turning points of the equation 10.4.108.

10.4.109

The Special Case w22z +gq(z, N]w=0

Let A\=|\|ef¢ vary over a sectorial domain S:
A= 2 (0), e LwSwy, and suppose that g(z, \)is
continuous in z for |z|<r and X in 8, and ¢(z, N)

~S (A *asA—® in S,
0

Formal Series Solution

10.4.110
w(z)=wu(2) ‘}OL‘ (NN (2) ? Ya(A "
u'' +Nezu=0
ew(@)=c, (D=2, oo ¢, constants

pen@=—5 D=5 [ 33 Ol

wi=s e [ [0+ gt |
n=0,1,2,...)
Uniform Asymptotic Expansions of Solutions
For zreal, i.e. for the equation
¥’ +[Nz+q(z, Ny=0

where z varies in & bounded interval ¢ <z <b that
includes the origin and where, for each fixed Nin &S,
q(z, ) is continuous in z for a <z <H, the following
asymptotic representations hold.

(i) If A is real and positive, there are solutions
yo(z), 1:(z) such that, uniformly in z on a <z <0,
10.4.112

Yo(z) =Ai (—N"2)[1+ 0]
yi(@)=Bi (—N*"z)[1+ 0]
and, uniformly in z on 0<2 <4
10.4.113
yo(z) =Ai (—NAz)[14+ 0 )]+Bi (— N 2) O(\7),
y1(z) =Bi (—A22)[14+ 0\ + Al (=N 2)O(X™)
(A=)

@) If #r>0, SFr#0, there are solutions
%o(z), ¥:(x) such that, uniformly in z on a<z<b,

10.4.111

(A—=)

*See page IL

10.4.114
(@) =Ai (—N"2)[1+0(7)]

p(@)=Bi (=N")[14+0ND]  (A==)

For further representations and details, we refer
to [10.4].

When z is complex (bounded or unbounded),
conditions under which the formal series 10.4.110
yields a uniform asymptotic expansion of a solu-
tion are given in [10.12] if g(z, M) is independent
of A and [\|—>e with fixed v, and in [10.14] if A
lies in any region of the complex plane. Further
references are [10.2; 10.9; 10.10].

The General Case w'’ +[Np(2) +q(z, Nlw=0

Let A=|\|e® where [A[>N(>0) and —r<wsT;
suppose that p(2) is analytic in a region R and has
a zero z—z in R, and that, for fixed A, ¢(2, ) is
analytic in 2z for z in B. The transformation
t=£(z), v=[p(2)/E]" w(2), where & is defined as
the (unique) solution of the equation

2
10.4.115 3 (Z%) =p(2),
yields the special case
10.4.116 Ej—g+ NE4HfE NIv=0,  *

se=(8) er-(8)" £

Ezample:

Consider the equation

10.4117 o' +2—(2—1) z7%y=0

for which the points =0, = are singular points
and z=1 is & turning point. It has the functions
wJi(Az), Y (\z) as particular solutions (see
9.1.49).

The equation 10.4.115 becomes

; dgy_z'—1
dz) 2
whence
2 (—t)V2=—y1—2+In 2 (1++1=7")
(0<z<1)
3 pA2=y/g*—1—arccos ™! (1<z »).

Thus

2—1\V*
10.4.11; vfz)z-(f—zzs) y(2)
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satisfies the equation

5 22244
68 4 @—1)

which is of the form 10.4.111 with z replaced by ¢
and ¢(#, \) independent of A.

Suppose x>0, FA#0. By the first equation
of 10.4.114 there is a solution »,(¢) of 10.4.119,
ie., a solution %,(z) of 10.4.117 for which the
representation

10.4.120
2=\ ;
w@©=(55) %@ =Ai(-3")1+00)]

=0

d®
10.4.119 ?E,-E-I:VE— I

holds uniformly in z on 0<z<{= as |\|»>=».

To identify %,(z) in terms of z}Ji(A\z), ¥ (A\x),
restrict z to 0<e<b<1 so that by 10.4.118 ¢ is
negative, and replace the Airy function by its
asymptotic representation 10.4.59. This yields

10.4.121
Yo(z)

=(z;_:£:]_' _lf‘%ﬂ_ln}\_ln("a 1ta exp (% )L(—E)Bﬂ)
[1+0(h]

" aep (Baco)
14+0()]

Let now A be fixed and z—0 in 10.4.121. There
results

10.4.122  y,(2) ~} VAN Vo2l2 (§ Z)A A,

_ _1__y -m(l_m
> Ll o

On the other hand, y,(z) is & solution of 10.4.117
and therefore it can be written in the form

10.4.123  y,(z)=2"*[c; Ji(Ax) +. X \(Az)]

where, from 9.1.7 for A fixed and z—0

(6250

()t (Gxz)
Yx(hx) "Vm cot R‘J’r—m CSC AT.

Thus, letting z—0 in 10.4.123 and comparing the

resulting relation with 10.4.122 one finds that
¢;=0 and

10.4.124 y,(z)= 3w~ VAN V0AT (A1) 220 (\z).

. obtain the sequence Fy_i, .

BESSEL FUNCTIONS OF FRACTIONAL ORDER

It follows from 10.4.120 that uniformly in z on
0<az<
10.4.125
Ji(Az)

21‘.1! 2

(A1)

==

e, 1\, 328 -1
\ w( E ) Ai( ws)ud:lflo )1)

Numerical Methods

10.5. Use and Extension of the Tables
Spherical Bessel Functions

To compute j,(2), ¥a(z), n=0, 1, 2, for values of
z outside the range of Table 10.1, use formulas
10.1.11, 10.1.12 and obtain values for the circular
functions from Tables 4.6-4.8.

Example 1. Compute j,(z) for 2=11.425.

From 10.1.11, j,(:c)=%—cc:zﬂ' Hence, using

Tables 4.6 and 4.8,

_ 90920 500 41634 873
(11.425)2 11.425

=—.00696 54535—.03644 1902
=—.04340 7356.

71(11.425) =

To compute j,(z), 11<n<20, for a value of z
within the range of Table 10.3, obtain from Table
10.3, directly or possibly by linear interpolation,
Ja1(z), jaofz) and use these as starting values in the
recurrence relation 10.1.19 for decreasing n.

An alternative procedure which often yields
better accuracy and which also applies to compu-
tations of 7,(z) when both n and z are outside the
range of Table 10.1 is the following device essen-
tially due to J. C. P. Miller [9.20].

At some value NV larger than the desired value
n, assume tentatively Fy,.;=0, Fy=1 and use
recurrence relation 10.1.19 for decreasing N to
o, Fo. If N was
chosen large enough, each term of this sequence
up to F, is proportional, to a certain number of
significant figures, to the corresponding term in
the sequence jy_1(z), . . ., jo(®) of true values.
The factor of proportionality, p, may be obtained
by comparing, say, Fy with the true value j,(z)
computed separately. The terms in the sequence
pF,, . . . pF, are then accurate to the number
of significant figures present in the tentative
values. If the accuracy obtained is not sufficient,
the process may be repeated by starting from a
larger value V.
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11. Integrals of Bessel Functions

Mathematical Properties

11.1. Simple Integrals of Bessel Functions
f t+J,(t)dt
Jo 0000

1111
o (et
J:t"J.(t)dt—— :(E #H)

v—p-+1

, (v-|-2k+1)1‘( +k)

J'+2k+1(z)

(R (utr+1)>0)
11.1.2
J;'J.(z)dtzz 5 rvann(2) (B> —1)

- 11.1.3 J:Jh(t)dt="';Jg(t)dt—2 :Z:El' JBH-H(z)

1L1.4 J:J,,,_,_,(t Jt=1—Jo(2)—2 23 T2

Recurrence Relations

11.1.5

L ’J.+,(t)dz:L'J,-lcz)dt—wxz) @>0)

11.1.6 J; 'J.(t)dt=1—Jo(z)

J' Jo)dt, f Yu(t)dt,f!n(t)dt,J.K.,(t)dt

11.1.7
[[awa=t@+mB@Eo-RmE@OE)
(&)= AJ,(2)+ BY (z) »=0,1

A and B are constants.

480

11.1.8

[[Zat=azi(@) +y e L@ 2@ H @20}
Z,(x)=AI,(z)+Be" K, (2),y=0,1

A and B are constants.

H,(z) and L,(z) are Struve functions (see
chapter 12).

11.1.9
_ (@2)*
f Ko(t)dt——(”r'i‘ln 2) = (©)2(2k+1)
e (@2)*
+22 T I

@ (zlz)zk l l
+22 i@k D) (1+2+ < 4 +k)

~ (Euler’s constant)=.57721 56649 . . .

In this and all other integrals of 11.1,  is real
and positive although all the results remain valid
for extended portions of the complex plane unless
stated to the contrary.

L1100
—iz " [ T I
J' () dt=" f Ju(t)dt+1,—f Y, (t)dt
0 2 0 2 0
Asymptotic Expansions
1111

J'w [Jll(t) +%Yo(t)]dt~(;2.z)* et{:—:“}
X[i (—)ag sz 1 3 (—)anz
k=0 =0

T(k+3) <& It
r(d =2%Ir@@)

11.1.12 a

11.1.13
20+ 1)asi=3 (k3 ) (k+) o

—~(k+g) (k—3) -
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1L114 e J; I,(t)dt~ @r) g 4,z

where the @, are defined as in 11.1.12.

1LL15 e’ J' i Ko(t)dg~(%)* 2 (o

where the a, are defined as in 11.1.12.

Polynomial Approximations?
11.1.16 g<z<>
[ v+
=:c"&e“‘"“’[g (—)*a,(x/8)~*1
+i (—)*b,_(x/8)~=*+e(z):|

|e(z)| €210~

k G bs

0 . 06233 47304 | . 79788 45600
1 . 00404 03539 | .01256 42405
2 00100 89872 | .00178 70944
3 00053 66169 | .00067 40148
4 00039 92825 | .00041 00676
5 . 00027 55037 | .00025 43955
6 . 00012 70039 | .00011 07299
7 . 00002 68482 | .00002 26238

11.1.17 8<zr<o

e J; * Iocz)d:=§i‘,u du(2/8) ~*+(2)

le(z)| <2X107°
ds
. 39894 23
. 03117 34
. 00591 91
. 00559 56
—. 01148 58
. 01774 40
—. 00739 95

Do N e o

2 Approximation 11.1.16 is from A. J. M. Hitcheock.
Polynomial approximations to Bessel functions of order
zero and one and to related functions, Math. Tables Aids
Comp. 11, B6-88 (1957) (with permission).

e f " Ka(Ddt=3 (—Yalall)+e(2)

le(z)| <2X1077

€x

1. 25331 414
0.11190 289
. 02576 646
. 00933 994
. 00417 454
. 00163 271
- 00033 934

fJO(:)dt’ J'Yo(:)dt, J‘Ku(tt)dt

O MR —

11.1.19
J" 1—JJ,o(2) dt
0 4

=277 ;; @k+3) Y (k+2)—9(1)] Tos ()
=1—22""J,(2)

+22! ?} @k+5) [ (k+3)—¥(1) — 11 2245(2)

For ¢¥(z), see 6.3.
11.1.20
J‘ Jo(t)dt Jo®)dt | | L1n J‘ [1— Ju(t)]dt
= )*(2)
-2 w@

11.1.21

[ o2 (31 ()

_n(®\*
+23 %@%,)— {&(k+1)+2ik—ln g}

11.1.22

* Ky(t)dt 1 x\? z ™ ¥
L =g (ng) Hy g7y

2%2,), {¢(k+1)+,__1n }

11.1.23
—t= K(t)dt ar (T Jo(t)dt w [° Ye(t)dt
f t _; f - t f ot

—1iz
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Asymptotic Expansions

= Gt)dt_20:(2)6(x) _ go(2)€:(2)
11.1.24L i -

where

s~ (3) @,
6@~ (3) K1

g(x) 2 f gl(t)dt

(35 e

11.1.25

11.1.26 2/%¢* K"(‘)dt

where

13

11.1.27 3

Cu—]. G=—F

e e G L
= [Iy(t)—1]dt

g7
0 t

1l =
11.1.28 ~(2x) 2 kzo ezt

where ¢; 18 defined as in 11.1.27.

Polynomial Approximations

11.1.29 5<z< @

" Gt _20( 0% @) _ (@)% (2)
t z? r

where
D=3 (—)(a/5)+<(a),
§@ =2 (—)hals) (@)

le(z)| <2107

k az bk

0|10 1.0

1| 0.15999 2815 0. 31998 5629
2 . 10161 9385 . 30485 8155
3 . 13081 1585 . 52324 6341
4 . 20740 4022 1. 03702 0112
5 . 28330 0508 1. 69980 3050
6 | .27902 9488 1. 95320 6413
7 . 17891 5710 1. 43132 5684
8 | .06622 B328 | 0. 59605 4956
9 . 01070 2234 . 10702 2336

INTEGRALS OF BESSEL FUNCTIONS

11.1.30 4<z< @

o [T ElE_S3 e, () e

le(z)| <6X10~*

k di
0 1. 25331 41
1 0. 50913 39
2 . 32191 84
3 . 26214 46
4 . 20601 26
5 . 11103 96
6 . 02724 00

11.1.31
- J‘z{Io(t)HI]dt i": f*(s) +¢(z)

le(2)| <1.1X10-8

Je
0.39893 14
. 13320 55
—. 04938 43
1.47800 44
—8. 65560 13
28.12214 78
—48. 05241 15
40. 39473 40
—11.90943 95
—3. 51950 09
10 2. 19454 64

i<z o

O WIS WO =

11.2. Repeated Integrals of J,(2) and Ky(2)
Repeated Integrals of J,(2)
Let

11.2.1
Jon(2)=da(2),

fl..(z)==f o0ty .. Frn(®) = [ sVt

11.2.2
Then
11.2.3

Sra(@)=

Fora@ = I

1 # r—1
o J; (z—t) W ()dt  (Br>0)
2r EI‘(k—f—r) J

1124 f..()=F @ 2 n+r+2x(2)
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Recurrence Relations

11.2.5

r(r—1)f 41, 5(2)=2(0r—1)2f, a(2)
—[A=r)*—n*+2F, -y, a(2)

+ (2?'—'3) Zfr-z. ,(2) (B 35‘:'—8, ll(z)
11.2.6
fra1,0(2) =2, 0(2) — (r—1)fr1,0(2) + 2f-2.0(2)
11.2.7 fr-]-l. n-l-l(z) =f1n+l. n-l(z) _2fr ,‘(2)
Repeated Integrals of Ky(z)

Let
11.2.8
K]-D(z) =Ko(2):

K@= Kd, .., Ki@= [ Ki(a

: .
11.2.9 Ki_, (2)=(=)" g7 K@)
Then
11.2.10

) . @ e—: cosh ¢ dt
BeE)=), st

(%220, ﬁ">01 Rz>0, r=0)

11.2,11

Ki,(9) =105 J' " (t—2)y Kyt dt

- (#2220, Zr>0)
11.2.12  Ki,, (0) =rr(2-i(1}§)) (Fr>0)
_ 3 T+
11203 Kipyi(0) = I‘(i)r(r o (%> 2)

11.2.14 _
7K, 41(2) = — 2Ki () + (— 1)K, -y (2) + 2K, (2)

11.3. Reduction Formulas for Indefinite
Integrals

Let

11.3.1 g,‘,,(z)=f ez, (t)dt

where Z,(z) represents any of the Bessel functions
of the first three kinds or the modified Bessel
functions. The parameters @ and b appearing in
the reduction formulae are associated with the
particular type of Bessel function as delineated
in the following table.

11.3.2 Z,(2) a b
J.(2), Y,(2), H}" (2), H? (2) 1 1
I-(z) ‘—‘1 1
K,(2) 1 —1

11.3.3

PG, (2)=—e"""2Z,(2)
+ (p+2)gu-1, »(2) —agu 41(2)
11.3.4
Pu. r1(2)=—€""2+Z,1,(2)
+ (b= »—1)gu1,541(2) +bgu ,(2)
11.3.5

(@*+ab)gu »(2) =ae™"2Z,,1(2)
F(p—r—1)e 2271 Z,(2) — pe~ "2+ Z,(2)
+2@2p—1)gu-1,.(2) + [P — (u—1)*]gu—2,,(2)
11.3.6
a(r—u)gu,»1(2)=—2ve " 2Z,(2)—2vpgy »(2)
+b(u+2)gu,r-1(2)

P+ab=0, y= o (u—1)
.H(z)}

11 T (74l z
3.8 g_._.(2)=-.——2;-_“r-{ r(3)+§ _,..[(z)}
11.3.9

J; “t'J.(t)dt—

Case 1:

11.3.7 g.,(2)= ;”_T_l {Z(z)

[J (z)— z.].+1(z)]
(Z#v>—1%)

2y +1
11.3.10

J" e4t=rJ, () dt = — (2]

1
+2"_1f2v—- T () (v73)

11.3.11
fue“t'Y (Ddt=5 2 +1 T2 =i ()]

_ 3217 (v41)

11.3.12

J; e, (f)dt =4 2 = -I-l [I (2) F1r4a(2)]
(Fv>—1%)
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11.3.13

L * e () dt=ze~ @) +11(2)]
+n[e-=fa(e)—u+2e-'"§': (n—B),(2)

11.3.14

J; e*t=1, (1) dt=———— ;‘ [I (2)F1,.1(2)]

1

:ij (r#=3%)

11.3.15

J; *'t’K(t)dt—z +1 = KD £ Kon(2)]

2T (v+1)
FF1

King’s integral (see [11.5])

11.3.16 f e Ky(t)dt =26 Ko(2)+ K (2)]—1
]

(Bv>—1%)

11.3.17
f " K, ()t

=2 (B )+ Kons(2)]
p=0,u==%v»
bg,.»-1(2)=2"Z,(2)
@g—r,r41(2)=—27"2Z,(2)

(Zv>?3)
Case 2:
11.3.18
11.3.19

11.3.20 J; “od, o di=2d,()  (B>0)

11.3.21 f " tmr () di=
0
11.3.22

l gt
m—'z Jp (2)

o L "ZE‘—E%=1—2 > @—1)Jas(2)

=% Z (2k—1)J3—1(2)

z-n

(n>>0)
11.3.23

ent) [ LoD [ 70

—Ji()—3 2 kJu (@)
11.3.24

2r I‘(v)

f 0¥, @dt=2Y,()+—2  (B>0)
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11.3.25 f vl (dt=2L,()  (Bv>0)

11.3.26 f " Lya@)dt=2"1LG) —grr s +1)

11.3.27

J; R, () dt=—2K()+2 () (Br>0)

11.3.28 f"t-, 1 (Odt=2"K,(2)

Indefinite Integrals of Products of Bessel Functions

Let %.(2) and 2,(z) denote any two cylinder
functions of orders u and » respectively.

11.3.29
f ‘{ (k’-zs):_@ }%(kt).@,(lz)dt

=2 {kCu1(k2) D,(12)—1Cu(k2) D0 11(l2) } *
— (u—2)€u(k2) D,(12)
11.3.30

f i () Do ()

gTHr
- TD {(Z.(2)D(2) +G11(2) Dyus(2) }

11.3.31
[ g aar
st {60 R+ G (I D))

11.3.32

[(erna=2 S o+ (@0
11.3.33

[(arao-ra@u=2s6)  (@>0
11.3.34 j;'th(:)dt=~§—’[J§(z)+J§(z)]
11.3.35
[ @ gmwa=tn-ne@-% 710

—ZJ(z)

*Hee page IL
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11.3.36
(u+v)f' t%.(8) D.(t)dt
—Getrt2n) [ Gn O Drralt)it
— B D)+ Goa () Brsn(D F2 5 Gors() Bors(2)

Convolution Type Integrals
11.3.37

fu ") T dt=2 33 (P srsnna(@)

(Fu>—1, Bv>—1)
11.3.38

J:J.(t)Jl_,(z—t)dt=Jo(z)—cosz (—1<B<2)
11.3.39

L LB Joe—tdt=sin 2 (FBI<1)
11.3.40

f: t—lJn(t)J, (Z—t)dz=Jn+_‘:(2)

11.3.41

* L), (z—t)dt _ (u+») Juss(2)
0 t (Z‘t) wz

(Au>0, Rv>0)
11.4. Definite Integrals
Orthogonality Properties of Bessel Functions

Let %,(z) be a cylinder function of order ».
In particular, let
11.4.1 % (2)=AJ,(2)+BY,(2)
where A and B are real constants.

Then
11.4.2

f "1, 0nt) B () =0 (m )

Dre{(-g)emarenn)]
(m=n)(0<a<b)

provided the following two conditions hold:
1. A, is a real zero of

11.4.3 hAG 1 (D) — B (\B) =0
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2. There must exist numbers k, and %; (both
not zero) so that for all n

1]..4-4 kll,@,.,_[ (k,a) '—’kgg;(hla) =0

In connection with these formulae, see 11.3.29,
If a=0, the above is, valid provided B=0. This
case is covered by the following result,

11.4.5
1
[t atist=0  (msn,y>—1)
=§[J ()P
(m=n, b=0,»>—1)
1 2
=g [ Fitei— |
(m:n: 5#0: r2—1)
ey, o, . . . are the positive zeros of
aJ,(z)+bzJ,(z) =0, where a and b are real con-
stants.
11.4.6

J; t7 o1 () S sizmia (B)dE=0  (m 7n)

1
“2@ntv+])

(m=n) (v+n+m>—1)
Definite Integrals Over a Finite Range

11.4.7 f’h J2a(22 sin t)dt=‘§’ J3(2)
0

11.4.8 frJo(2z sin t) cos 2ntdt=mJ3(2)
0

11.4.9 J'  ¥o(22 sin £) cos 2ntdi—g Ju()Va(2)
0
11.4.10

f’ Ju(z sin &) sin**'¢ cos®t! idt
0

2T (v+1)
e

Jurra(2)  (Bp>—1, Fv>—1)

11.4.11
f; J,u(z sin? t)J,(z cos® t) csc 2tdt
0

=

(Ru>0, Fv>0)
4py
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Infinite Integrals

Integrals of the Form f e~ Pt Z,(t)dt
0

11.4.12
347 (et

Jm e”t““J,(t)dt=e L(u+»)T(3—p)

THZTo—stD)
(Fu<y R+0>0)

11.4.13

e —tgp~1 _— r(ﬂ-’rlﬁ)r(i—ﬂ.)
R O sy

(Pu<zy R ut0>0)
11.4.14
f cos bt Ko(c)dt_-(l _tsz), (|.£8]<1)
11.4.15
™ arc sinh b
J; sin bt Kg(t)dt={1—_[_b,-)';“ ( ﬂ"(l)
o (r et
2T ( 5 )

11.4.16 J“’ t"Jp(t)dt:“W—
0
E ( ) )
(@t >—1, 2u<3)
11.4.17 J"’ J,(t)dt=1
0
11.4.18

[ o () (%) A< Ru<3)

11.4.19 2“{ (%'l)}

J;mt"Y,(tjdt r(+"+1) (""“

X sin § (s—1) (R0 >—1, 9?“<§)

11.4.20 J; “Y, (f)dt=—tan g (| %r|<1)

11.4.21
11.4.22

f K, (t)dt= 2#*11‘("""’"'1) ”_""'1

(.@(ni »>—1)

fu “Y, (0)dt=0

(Br>—1)
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11.4.23 f “Ky(di="
5 2

a2 [ oo, (=20

=0(w’>1)

where 7,(w) is the Chebyshev polynomial of the
first kind (see chapter 22).

11.4.25

J' _” t-1e—tot], (t)dt
%% (—8)"(1— ) (@) (< 1)
=0(w?>1)

where U,(w) is the Chebyshev polynomial of the
second kind (see chapter 22).

11.4.26

[ttt e (—rmpPae) <)
=0(w*>1)

where P,(w) is the Legendre polynomial (see
chapter 22),

11.4.27

J;D e"'zi'lJ,[z(zc)i]d;.f:"(;,;f) (Ba>0, R2>0)

where y(a, 2) is the incomplete gamma function
(see chapter 6).

iagralé of the Porm J:e--s a7, (bt) dt
11.4.28

f " o™ 1, (bt)dt
0

1 1 1b
T (3+2#)(3a)

20T (v+1)

62
M (3rtgmr+l, — )
(Z (u+v) >0, #a*>0)

where the notation M(a, b, z) stands for the con-
fluent hypergeometric function (see chapter 13).

11.4.29
J" ¢ "1 (bt)de
(1]

T
—(2ai)r+l

e 4a?

(Bv>—1, #a*>0)
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11.4.30

J;ng—-nﬁﬂ Yz,(bt)dt=-‘£ e-% [I. (‘8%’5) tan v
+LE. (o) see n‘] (1< Fa>0)
11.4.31

b3
—a2 _= ‘ﬂ" &
J; Ltydt=" ¢ 1,, (w)

(Rv>—1, Ha*>0)
11.4.32

J; e~ Ky(bt)it=" E K, (80) (et >0}

Weber-Schafheitlin Type Integrals

11.4.33
o (B Hy—A 1
J'-' T (at)J,(bt)dt_ ”(— 2—)
L * Pgr-MHD (y+1)T "—_""2"""‘1)
A v—pAL L B
X2F’(“+v2 +1 v “2 + ”+1;E=')
(Z (p+-v—A4+1) >0, A >—1, 0<b<a)
11.4.34
utvr—A+1
f’ J,(at)J, (bt)dt s (—2 )
A
(1]

PPMID (u41)T (ﬂ)

X F, (,u+v J\-}-l p—r—A+1.

g L b=)
(# (p+r—A+1)>0, ZA>—1, 0<a<b)
For ,F, see chapter 15.

Special Cases of the Discontinuous Weber-Schafheitlin
Integral
11.4.35

M’;‘nﬂ=% - [,, di el g] 0<b<a)

af'sin%‘“
“ro—ayy (62020
|
11.4.36 (Zu>—1)
JM : OS[u&rcsm ] (0<b<a)
a“cos?;i
(b2a>0)

T b+ (P —ad)p
(Zu>0)
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11.4.37
. b]
e cos | parcsin —
J.7 Iutaty cos bt dtm—oar ™ (0sb<a)
—a* sin %‘
~ =TG-
(6>a>0)  (Zu>—1)
11.4.38
& sin [p are sin g]
[ Tansin bt at=—L it 0sb<a)
@ cos
=T =T
(6>a>0)  (Ru>—2)
11.4.39 f:e“"Jo @it (0<8<a)
i
= —ai (0<a<ld)
11.4.40
[ emri@a= gy osin b (sb<a)

_ 2
_(b’—a’)‘+w(b’-a’)‘

XIn {’@} (0<a<d)

11.4.41
J"t»—vHJ,. () (bt)dE=0 (0<b<a)
0
_2p*r+lap(bi_ai)s-p-1
o T (v—p)
(6>a>0)
(Bv>Rp>—1)
11.4.42 'f“J,. (acyﬂ,._lcbz)ds=§ (0<b<a)
0
= (0<b=a)
=0 (b>a>0)
(Zu>0)
11.4.43 f "L (g, G)dt=0  (0<b<a)
1]
=In % 32a>0)
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Hankel-Nicholson Type Integrals

11.4.44
= i adt__arer
o P DTG )

(ﬂ>0, .%z}!],—l(.%:(&@,ﬂ_g)

11.4.45

= J,(at)dt

o P2 2z L.(a2)]

v+1 [Z,(az)—

(a>0, Zz>0, 9?»)—%)
11.4.46

*Yy(at)dt__ Ky(az)
o U242t 2

(a>0, Z#2>0)

INTEGRALS OF BESSEL FUNCTIONS

11.4.47

© K,(at)dt o
o (?+2%) 4zt cos ur

[H,(az)—Y,(az)]
(Za>0, Rz>0, Bv<)

11.4.48
= J,(at)dt
(t’-i—z’)‘ =1, (302) K, (3a2)
(@>0, #z>0, Bv>—1)
11.4.49

2a\

® = ) (+1)
J,(at)dt 2

f :-(ﬁiz)z)rﬂ (r(2;. ) L(3a2)K,(3az2)

(@>0, #2>0, v>—1%)

Numerical Methods

11.5. Use and Extension of the-Tables

J;’ Jo(t)dt, J; Yty J; ’ Iu(z)da,f Ki(b)it

For moderate values of z, use 11.1.2 and 11.1.7-
11.1.10 as appropriate. For z sufficiently large,
use the asymptotic expansions or the polynomial
approximations 11.1.11-11,1.18.

3.06
Example 1. Campute f Jo)dt to 5D.
0

Using 11.1.2 and interpolating in Tables 9.1 and
9.2, we have

8.05
f Jo(t)dt=2[.32019 094-.31783 69-.04611 52
0

-+. 00283 19--.00009 72-4-.00000 21]
=1.37415

8.05
Example 2. Compute f Jo(H)dt to 5D by
0

interpolation of Table 11.1 using Taylor’s formula.
We have

z+h z h2
7 nwae= [ it+hI@—5 7@
e a(e)— o) s 31— i@+

Then with 2=3.0 and A=.05,

8.
f * Jud)dt=1.387567+ (.05) (— .260052)
0
— (.00125)(.339059)
+(.000010) (.746143) =1.37415

This value is readily checked using z=-3.1 and
h=—.05. Now |Jo(z)|<1 for all = and |J,(2)]
<27}, n>1 for all z. In Table 11.1, we can
always choose |A| <.05. Thusif all terms of O(h*)
and higher are neglected, then a bound for the
absolute error is 2#%/48<.2-107° for all z if |A!
<.05. Similarly, the absolute error for quadratic
interpolation does not exceed

R3(244-2)/24<.2-10~4,

Example 3. Interpolation of f Jo(t)dt using
0
Simpson’s rule. We have

j; " To@)dt= L ’ Jo(t)dz+f“ Jo(t)dt
{7 n@at=h[go@ + 4o (s45)+Ta+0 |+ R

R=—2§;0 JPE), r<i<zth
Now
I (2)=x3 [J4(I)—4J=(w)-l-3Jo(x)]
I )l<6+5‘f< 82
and with || <.05, it follows that
IR|<.9- 1071

Thus if 2=3.0 and A=.05

3.08 (05)
Jo(t)dt=1.38756 72520+T [—.26005 19549
0

+4(—.26841 13883)—.27653 49599]
=1.37414 86481
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which is correct to 10D. The above procedure
gives high accuracy though it may be necessary to

interpolate twice in Jy(z) to compute Ju(z—i—%)

and Jy(z+h). A similar technique based on the
trapezoidal rule is less accurate, but at most only
one interpolation of Jy(x) is required.

3 3
Example 4. Computej; Ju(t)dt de; Yn(t)dt

to 5D using the representation in terms of Struve
functions and the tables in chapters 9 and 12.
For z=3, from Tables 9.1 and 12.1

Jo=—. 260052 Ji= . 339059
Y= .376850 Y= . 324674
H,=— .574306 H,=1. 020110

Using 11.1.7, we have

fa Jo(t)dt=3(—.260052) +3—2"f [(.574308) (.339059)

: —(1.020110) (—.260052) ]
=1.38757

Similarly, .
f Y o(t)dt=.19766
0 )
Using 11.1.8 and Tables 9.8 and 12.1, one can
comptite J' *L)dt andf' Ko(t)dt.
Q 0

J:‘ Jo(:)dt,f: Yo(:)dt’ﬁ’ [Io(t)g_l]dt"[: Ko(tt)dt

For moderate values of z, use 11.1.19-11.1.23.
For z sufficiently large, use the asymptotic ex-
pansions or the polynomial approximations
11.1.24-11.1.31.

Repeated Integrals of J(z)

For moderate values of # and r, use 11.2.4.
If r=1, see Example 1. For moderate values of
z, use the recurrence formula 11.2.5. If z is large
and z>>7, see the discussion below.

Example 5. Compute f,, o(z)=f,(z) to 5D for
z=2 and r=0(1)5 using 11.2.6. We have

?‘f,+l($) =z_fr(z) = (?'— l)f _[(I) +:5fr~?(z)
For@=—d(2), fol@) =Jo(®), /,(z) =f Jo(t) dt

and the terms on this last line are tabulated. Thus
for z=2,

fo1=—.57672 48, f,=.22389 08, f,=1.42577 03
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The recurrence formula gives

=2(fi+f-1)=1.69809 10
Similarly, J=20rt7-)

£:=1.20909 66, f,=.62451 73, f;=.25448 17

) When > >>r, it is convenient to use the auxil-
iary function

g-(®) = (r—1) 17", (z)
This satisfies the recurrence relation

%G, 41(2) =2%¢,— (r—1)%g,-1(2)
+(r—1)(r—2)g, (%), 723

" (z)zfo'Ju(t)dt, 02(2) =g1(2)— i @)
9:(z) =[2°g2(2) — g1 (2) +2J, (@) /2?

Example 6. Compute g.(z) to 5D for z=10
and r=0(1)6. We have for =10,

Jo=—.24593 58, J,=.04347 27, g,=1.06701 13

Thus
9.=1.02353 86, g;=.98827 49

and the forward recurrence formula gives
g.=.96867 36, gs=.94114 12, g,—.00474 64
For tables of 2-7f,(z), see [11.16].
Repeated Integrals of Ko(x)

For moderate values of », use the recurrence
formula 11.2.14 for all r.

Example 7. Compute Ki,(z) to 5D for z=2
and 7=0(1)5. We have

rKi, 4, (2) = —2Ki,(2) + (r—1) Ki,_ (2) +2Ki, _»(2)

Ki_, (@) =K (z), Kig(®)=Ko(), Ki, (z)=J:° K, (f)dt

and the functions on this last line are tabulated
Thus for =2,

K,—.11389 39, K,=.13986 59, Ki,=.09712 06

and
Ki,=—2Kj,+2K,=.08549 06

Similarly,
Ki,=.07696 36, Ki,=.07043 17, Ki;=.06525 22

If z/r is not large the formula can still be used

provided that the starting values are sufficiently

accurate to offset the growth of rounding error.
For tables of Ki,(z), see [11.11].
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f,,,(z):z-mfeﬂm(t)dt

Now 3
fo(m>=ﬁ Ko(t)dt, fy(z)=[1—2Ky (@) ]z

the latter following from 11.3.27 with »=1. In
11.3.5, put a=1, b=—1, p=0 and »=0. Let
p=m. Then

In(@)=[(m—1)n_a(z) —2Ky(2)

—am—)E @l (m>1)
Using tabular values of f, and f;, one can compute
in succession fa, fs, . . . provided that m/z is not
large.

Example 8. Compute f.(z) to 5D for z=5 and
m=0(1)6. We have, retaining two additional
decimals

K,= .00369 11
Fo=1. 56738 74

K,=.00404 46

fi=.19505 54
Thus

f,=.05791 27, f,=.01458 93, fo—.00685 36

Similarly starting with f;, we can compute f; and fs.
If m>z, employ the recurrence formula in
backward form and write

In-2(®) =2 () +2° K\ (2) +2(m—1) Ky(2)]/(m—1)?

In the latter expression, replace f,, by gn. Fix z.
Take r>m and assume g,=0. Compute g,
g4, ete. Then

lim g, x(x)=fn(x), m=r—2k
rse

INTEGRALS OF BESSEL FUNCTIONS

Apart from round-off error, the value of 7 needed
to achieve a stated accuracy for given z and m
can be determined a priori. Let

&=|g—7|

_ x%e,
ér—zu—(?._l)a(r__.g)ﬂ oo (r—2k+1)°

6. <[2??K,(z)+z(r—1)K,(2)]/(r—1)*

Then

since for z fixed, f.(z) is positive and decreases as
increases.

Example 9. Compute f,,(z) to 5D for z=3 and
m=0(2)10. We have

K,=.03473 95
If r=16,

K,=.04015 64

66<.86-107* €0<1.4-107°

Taking g;,=0, we compute the following values
of gis, Gra, . . ., go by recurrence. Also recorded
are the required values of f,, to 5D.

m Im Im

14 | .00855 42
12 | .01061 09

10 | .01325 05 . 01325
8 | .01751 39 . 01751
6| .02548 09 . 02548
4| .04447 31 . 04447
2| .11936 90 . 11937
0 | 1 53994 71 1. 53995

For tables of f,(z), see [11.21].
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12. Struve Functions and Related Functions

Mathematical Properties

12.1. Struve Function H,(z)
Differential Equation and General Solution

12.1.1
_ 4(32)+

W, dw, .
et et T ey

The general solution is
12.1.2 w=aJ,(2)+bY,(z)+H,(2) (a,b, constants)

where 2"H,(2) is an entire function of 2.
Power Series Expansion
12.1.3
= (=D¥i2)*
= r+1
B =0 2 S pree+o+h

2 2 &
1214 Hy(z)== [Z"FEE"‘HT;:.B&“‘ . ]
12.1.5
21 22 zt 28
Hl(z)"‘—-'; [12—.3—51’.32-5+12'3’.5=.7 T .]
Integral Representations
If #v>—1,

12.1.6
H, (z)=—32"

mﬁ (1—)"¥sin (21) dt

12.1.7 =T% j sin (z cos ) sin* 8 df

1218 =Y,(2)

23 2)

h—" 'r—}
TRETeD ), ¢ UT

(farg 2|< -2’5)

Recurrence Relations

H,_+H, =25+ 32"

12.1.9 y
z VrT(r+3)

Hr—l—ﬂ.+1=2ﬂ’—ﬂ

12.1.10 ’
Ve (v+§)

496

12.1.11

12.1.12

12.1.13

H=(2/r)—H,
4 (+H)=H,

4 Hy— 1
e A e

—z7'H,

Ficure 12.1. Struve functions.

Hn(-z); n= 0(1)3

Ficure 12.2. Struve functions.

H,(z), —n=1(1)3



STRUVE FUNCTIONS AND RELATED FUNCTIONS 497

Struve’s Integral
12.1.25

; f ) t"H.(t)dt=_.—_2éH1(z)+§J:m £~V H,(2)dt

12.1.26

2 %, . _i
2 f -V Hy(8)dt =1 ’J[z et

28
toges ]
12.1.27
f " i (1) dp =L AW27" ! tan (hw)

(v—3u+1)
(|2ul<1, Bv>Rp—3)

Hn(3)

If f,(2) = J:. THL (1)t

12.1.28
Ficure 12.3. Struve functions. Sr=(@v+1)f.(2)—2"H,(2)
. TR Y
Rupseick Rewpetion Asymptotic Expansions for Large |z
12.1.14 H,(2)>0 (z>0and »v>3%) | 12.1.29
12.1.15 H,(2)-Y, (z)—— ;_‘,1 IE+D) w1 T Bim
H_ e (9)=(—1)"Jass(2) (n a0 integer>0) re+-h (3)

(Jarg 2|<7)

where R,.=0(|zf-*™'). If » is real, z positive *
and m+4—»>0, the remainder after m terms is

12.1.16 ll;(z)=(%)‘ (1—cos 2)

12.1.17 of the same sign and numerically less than the
] i
H;( z)=( 21' ) (1 +% _(;25) (sin 5 +00: Z) first term neglected.
12.1.30
12.1.18 H.(ze"‘)=e"<-+"'; H,(2) gm on integer) | By ()~ o()~2 [Tt ]
2H-l(z
12.1.19 b D 131 (larg z|<x)
2, , 1 12.3 12.32.5
12.1.20 H:(Z)=-——Ju( 2)+- ZEJ’*(z) H‘(z)"y‘(z)“’;[l"'z! & ]
. (larg 2|<x)
12.1.21 n(z)_j(;f(z)_l;) F, (1 g 12.1.32
" | M- ¥o(onat—2 in 22) 4]
Integrals (See chapter 11) 9
s - 2= (=1 (2k) (2k—1)!
12.1.22 J; ¢~ Ho(t)dt=3 ~ 22" (larg 2[<x)
12.1.23 where v=.57721 56649 . . . is Euler’s constant.
2 5
Jomoa= [t ]| T = (1@
[ ermo-Yo @~ 5 e -
12.1.24 f = Hy s (Dt =—— 2 HL(2) 7z £ (R)*2k+1)(22)
I Tt Y= T ) B (jarg 2/<)

*See page 11
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Asymptotic Expansions for Large Orders
12.1.34

B, ()Y, (~—de 5o Bl

FTo+) & 2
(larg 2[<3m,[v]<[2])
bo=1, by=2v/z, by=06(v/2)*—}, b;=20(»/2)*—4(v/2)
12.1.35
B, () +id ()~ b S E (> 1e)

VaT(+3) i3 &

12.2. Modified Struve Function L,(z)

Power Series Expansion

1221 Ly(2)=—ie" 5 H,(i2)
(1N S (z/2)*
i CLURP S sy
Integral Representations
12.2.2 L,(z)a‘/—_zr%j%_)—:;i :sinh (z cos §) sin* od6
(Fr>—1%)
12.2.3
I_.(2)—Ly(z) =J% : sin (t2) (14+£2)74 dt
(Rv<3,2>0)
Recurrence Relations
2y (2/2)°
12.2.4 L, —=L,==1L,
#=% M R
’ (3}2)'
12-2-5 L,_l Ly 1=2L,°—-
E VeI (+})

,..
.3
E

L | . I | T | R | 1 T | |

-
i
-

(<]
-
-
-

-

Fiaure 12.4. Modified Struve functions.

L.(z), £2=0(1)5

*Bee page 0L

STRUVE FUNCTIONS AND RELATED FUNCTIONS

Asymptotic Expansion for Large | x|
12.2.6 L.,(2)—1_,(2)
(=D**'r(k+d)

= (largz|<3r)
T k=0 T(o+3—k) (g)u T T

~—

>3

Integrals
12.2.7

: orz. 2 »
J:, Lo®)dt=_ [E'TP N RS T ]

12.2.8 J; ! [Io(t)—lm(t)]dt—g [In (22)+7]

= (2K)! (2k—1)!

g (lerg 2l<im)

‘ll' =1

12.2.9 L "Li(dt=Le()—2 2

Relation to Modified Spherical Bessel Function
12.2.10 L_(nyy) (2)=I(n43)(2) (n an integer 20)

12.3. Anger and Weber Functions

Anger’s Function

1231 3.(2) %J"' cos (¥6—2 sin 6) do
0
12.3.2 J.(2)=J,(2) (n an integer)
‘Weber’s Function
1233 E(2)= J;' sin (— 2z sin 6) d9

Relations Between Anger’s and Weber’s Function
12.3.4 sin (vr) 3,(c)=cos () E,(2)—E_,(2)
12.3.5 sin (o) B,(2)=F _,(2)— s (rm) &,(2)

Relations Between Weber’s Function and Struve's
Function

If n is a positive integer or zero,

n—1

12.3.6 E,(z)= [z:]r(""'*)(*z)' ol

& Teii-p e *
12.3.7
(1 Itz
E—u(3)=_;.— I‘(k-{-&) ~H_.(2) *
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12.3.8 Eo(2)=—Hy(2)

12.3.9 E;(z)=12—r—llx(z)

12.3.10 E;(2) =§—:"Ha(2)

Numerical Methods

12.4. Use and Extension of the Tables

Example 1. Compute L,(2) to 6D. From
Table 12.1 ,(2) —L,(2)=.342152; from Table 9.11
we have [,(2)=2.279585 so that L,(2)=1.937433.

Example 2. Compute H,(10) to 6D. From
Table 12.2 for z7'=.1. Hy(10)—Y,(10)=.063072;
from Table 9.1 we have ¥,(10)=.055671. Thus,
H,(10)=.118743. -

Example 3. Comput,ef Hy(t)dt for z=6 to

0

5D. Using Tables 12.2, 11.1 and 4.2, we have
8 L}
[ Boar= [ Fotidt+2 1 6-+11(6)

=—.125951-(.636620) (1.791759)
+.816764

=1.83148

Example 4. Compute H,(z) for t=4, —n=
0(1)8 to 6S. From Table 12.1 we have Hy(4)=
1350146, H;(4)=1.0697267. Using 12.1.9 we find

H ,(4)=—433107 H_,4)= .689652
H_,(4)= .240694  H_,(4)=—1.21906
H ,4)= .152624 H_,(4)= 2.82066

H_,(4)=—.439789 H_;(4)=—8.24933

Example 5. Compute H,(z) for =4, n=
0(1)10 to 7S. Starting with the values of H,(4)
and H,(4) and using 12.1.9 with forward recur-
rence, we get

H,(4)= .13501 46
H,(4)=1.06972 67

H,(4) =.05433 5/
H,(4) =.01510 37

We note that for n>>6 there is a rapid loss of
significant figures. On the other hand using 12.1.3
for z=4 we find H,(4)=.0007935729, H,,(4)=
00015447630 and backward recurrence with 12.1.9
gives

H;(4)=.00367 1495
H,(4)=.01510 315
H(4)=.05433 519

H,(4)= .85800 94
H,(4)=1.24867 6
H,(4)=1.06072 7

H,(4)=1.24867 51
H;(4)= .85800 95
H,(4)= .42637 41
H;(4)= .16719 87

H(4) =.00367 33
H,(4) =.00080 02
H,,(4)=.00018 25

H,(4)=.16719 87 H,(4)= .13501 4

H,(4)=.42637 43

Example 6. Compute L,(.5) for n=0(1)5 to
8S. From 12.2.1 we find Ls(.5) =9.6307462X1077,
L,(.5)=2.1212342 1075 Then, with 12.2.4 we
get

Ls(.5) =3.82465 03104
L.(.5)=5.36867 34107

Example 7. Compute L,(.5) for —n=0(1)5
to 6S. From Tables 12.1 and 9.8 we find Ly(.5) =
.327240, L,(.5)=.053942. Then employing 12.2.4
with backward recurrence we get

L,(.5)=.05394 2181
Lo(.5)=.32724 068

L_,(.5)=  .690562 L_,(.5)=—75.1418
L_;(.5)=—1.16177 L_;(.5)=1056.92
L_;(.5)= 7.43824

Example 8. Compute L,(z) for z=6 and
—n=0(1)6 to 8S. From Tables 12.2 and 9.8
we find Lo(6)=67.124454, L,(6)=60.725011.
Using 12.2.4 we get

L_.(6)=16.626028
L_,(6)= 7.984089
L_,(6)= 3.32780

L_,(6)=61.361631
L_,(6)=46.776680
L_;(6)=30.159494

We note that there is no essential loss of accuracy
until n=—6. However, if further values were
necesssry the recurrence procedure becomes un-
stable. To avoid the instability use the methods
described in Examples 5 and 6.
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Table 12.2 STRUVE FUNCTIONS FOR LARGE ARGUMENTS

" Hf@)-Yiz) H@)-Yi@) Jiz) Ii(z)~Lo(z)  Li(z)—Li(2) fi(z) (@) <z>

0.20 0.123301 0. 659949 0.819924 0. 133955 0. 607426 0.793280  0,125868
0,19 0.117449 0. 657819 0. 818935 0.126683 0. 610467 0.794902  0.119694
0.18 0.111556 0. 655774 0. 817981 0.119468 0. 613348 0.796448  0,113505
0.17 0. 105625 0. 653818 0. 817062 0.112319 0. 616060 0.797910  0.107299
0.16 0. 099655 0. 651952 0.816182 0.105242 0. 618598 0.799279 0.101079

0.15 0. 093647 0, 650180 0. 815341 0. 098241 0. 620955 0. 800551 0. 094843
0.14 0. 087602 0, 648504 0. 814541 0,091318 0.623129 0.801721 0. 088593
0.13 0. 081521 0, 646927 0. 813785 0. 084474 0. 625119 0. 802787 0.082328
0.12 0. 075404 0. 645452 0, 813074 0.077706 0. 626927 0. 803750 0. 076051
0.11 0. 069254 0. 644081 0. 812411 0. 071010 0. 628558 0. 804611 0. 069761

0,10 0,063072 0.642817  0,811796  0.064379 0. 630018 0.805374  0.063460 10
0.09  0.056860 0.641663  0,811232 0. 057805 0. 631315 0.806047  0,057147 11
0.08 0,050620 0.640622  0,810722 0.051279 0. 632457 0.806634 0.050824 13
0.07 0,044354 0,639696  0,810266  0.044793 0. 633450 0.807140  0.044492 14
0.06  0,038064 0.638888  0,809866  0.038340 0. 634302 0.807572  0.038152 17

0.05 0.031753 0, 638200 0. 809525 0. 031912 0. 635016 0. 807933 0.031805 20
0, 04 0. 025425 0.637634 0. 809244 0. 025506 0. 6355%6 0. 808225 0. 025451 25
0.03 0,019082 - 0,637191 0. 809023 0.019116 0.636045 0. 808450 0.019093 133
0.02  0,012727 0. 636874 0, 808865 0.012738 0. 636365 0. 808611 0.012731 50
0.01 0. 006366 0. 636683 0. 808770 0. 006367 0. 636556 0. 808706 0.006366 100

0.00  0.000000 0, 636620 0. 808738 0, 000000 0. 636620 0. 808738 0,000000

[( = g)5] [( = 35)2] [( —3)8] [( = g)l] [( = 2)2] [( - g)l:l I:( = g)2:|

[T -Yo0lat=2nz+5@)

W~ Ooocornn

[ M)~ 1@t =2 10 2+£,0)

I [Eo(ﬂ:ﬂ] dt =)

<z > =nearest integer to z.

2

Starting with Ho(z) and H,(z), recurrence formula 12.1.9 may be used to generate H,(z) for n<0. As long as n<z/

(approx.), H,(z) ma;r( ge gener:la.(t-e}d by forward recurrence. When n>>z/2, forward recurrence is 1.1msmb1_e.h l'gola;md the

instability, choose n> >z, compute Hy(z) and Hyy,(z) with 12.1.3, and then use backward recurrence Wit i
If n>0, L.(z) must be generated by backward recurrence. If n<0, L,(z) may be generated by backward re

as long as L,(z) increases. If n<<0 and L,(z) is decreasing, forward recurrence should be used.

See Examples 4-8.
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13. Confluent Hypergeometric Functions

Mathematical Properties

13.1. Definitions of Kummer and Whittaker
Functions

Kummer’s Equation

13.1.1 d,z‘+(b z) ———aw—D

It has a regular singularity at z=0 and an irregular
singularity at «.
Independent solutions are

Kummer’s Function

13.1.2
M(a,5,2)=1+% "'E:;E;' +E‘;;;!+ .

where .

(@v=ala+1)@+2) . . . (@+n—1), (@e=1,

and

13.1.3

: M(a,b,2)

UG, b2 =g o3 (T T a5 H

_,M(1+a—b 2—b, z)}
T'(a)T'(2—b)

M(a, b, 2)
a convergent series for
all values of @, b and 2

Paramelers
(m, n posilive integers)

b*—n azx—m

b#=—n a=—m a polynomial of degree m
in z
=—n aF—m
b=—n a=—m, a simple pole at b=—n
m_>n

b=—n a=—m, undefined
m<n ’
Ula, b, 2) is defined even when b—4n

As |z| >,

13.1.4

Mg, b= FE”; e (14+0(2"Y)]  (B2>0)
and

13.1.5

M(a,b,2)=gils (—2)(1+0(e|)]  (#2<0)
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U(a, b, 2) is a many-valued function. Its princi-
pal branch is given by —»<arg z<.

Logarithmic Solution

(=1)%
“all(a—n)

13.1.6

Ua,n+1,2)= [M(a n+1,z) Inz

5 o (et —b(1+)—p1+n)) |
(n=1)!

-+ T@ 2z *M(a—mn,1—n,2),

for n=0, 1, 2, . . ., where the last function is the
sum to n terms. It is to be interpreted as zero
when n=0, and ¥(a)=T"(a)/T ().

13.1.7 U(a, 1—n, 2)=2"U(e+n, 1+n, 2)
As Pz> o
13.1.8 Ula, b, 2)=2z"%[1+0(|2|™ Y]

Analytic Continuation
13.1.9

i T M(b—a,b, 2)
U(a,b,ze )—_Bi-nfbe {P(]+a—b)r(6) 7

e*ﬂ(l—h)zl—bM(l_a’ 2_..6, 2) }
I'(a)r(2—05)

where either upper or lower signs are to be taken
throughout.
13.1.10
r(a—bs
I'(l1+ae—b)
e~ (a, b, 2)

Ula, b, ze*™)=[1—e¢ "] M(a,b, 2)

Alternative Notations
Fi(a; b; 2) or ®(a; b; 2) for M(a, b, 2)
z=%Fy(a, 1+a—b; ;—1/2) or ¥(a; b; 2) for U(a, b, 2)
Complete Solution
y=AM(a, b, z)+BU(a, b, 2)

where A and B are arbitrary constants, b= —n.

13.1.11

Eight Solutions
13.1.12 y,=M(a, b, 2)
13.1.13 y,=2'"°M(1+a—b, 2—b, 2)
13.1.14 y;=e*M(b—a, b, —2)
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13.1.15
13.1.16
13.1.17
13.1.18
13.1.19

y=2"%"M(1—a, 2—b, —2)
ys=U(a, b, 2)
ye=2"""U(l+a—b, 2—b, 2)
y=e*U(b—a, b, —2)
ys=2"%*U(1—a, 2—b, —2)
Wronskians

If W{m, n}=ymyn—Ysym 80d
e=sgn (Sf2)=1if S>>0,

=—1if fz<0
13.1.20
W{1, 2}=W{3, 4}=W(1, 4}=—W{2, 3}
=(1—b)z"%*
13.1.21

W(1, 3)=W{2, 4}=W({5, 6}=W{7, 8}=0
W{1, 5}=—T(b)z"%*/T(a)

W{1, 7}=T(})e*2"%*/T(b—a)

W{2, 5}=—T(@—b)z%*T(1+a—))
W{2, 7}=—T(2—b)z %*T(1—a)

13.1.22

13.1.23

13.1.24

13.1.25

13.1.26 W({5, 7}=e"®*2 %"
Kummer Transformations

13.1.27 M(a, b, 2)=e*M(b—a, b, —2)

13.1.28

2*M(1+a—b, 2—b, 2)=2"""e*M(1—a, 2—b, —2)

13.1.29 Ul(a, b, 2)=2"U(1+a—b, 2—b, 2)

13.1.30

etU(b—a, b, —z)=e=" 0V 2'U(1—a, 2—b, —2)

Whittaker’s Equation

dw, 1k, G
B3l Tt w=0

Solutions:
Whittaker’s Functions
13.1.32 M, (2)=e ¥2A"*M(3+p—x, 1424, 2)
13.1.33
W u(2)=e V2V U (3+p—x, 1424, 2)
(—r<arg z<m, k=%b—q, p=%b—%)

*See page IL
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13.1.34
_ (2w I'(24)
W, (2)= T(3—p—2) M. (2)+ TGtu—n) M, _(2)
General Confluent Equation
13.1.35

24 bh' N’ ,
L

H(Ew D) (G )+ E G

+24L g4 g -2 om0

Solutions:
13.1.36 Z4¢~ " M(a, b, h(Z))
13.1.37 Z e "@U(a, b, h(Z))
13.2. Integral Representations
13.2.1 Reieess
EG;(G—I’))I‘-(—@ M(a,b,z)
=fle“t“‘(1—t)‘““ dt
0
13.2.2

=2:—b6§zf+ ' g—lu(l _i_t)lr—a—-l(l_,t)a— 1dt
-1

13.2.3

=21—be§zj.'e—}x 608 8 g b—1g oot?— 2 (iﬂ)dﬂ

0

13.2.4

=e—A:J'B 8“ (t_A)a—I(B_t) b—a— ldt
4

(A=B—1)
Ra>0, Rz>0
13.2.5

I'(@)U (a, b, 3)=J:e‘“t"‘(1 1L£)P-emds
13.2.6

= G‘J. Bh"(t _l)u—ltb—n-—ldt
1

13.2.7
—21-v f ™ ¢4 som 0 Ginh?=10 coth?~ (36)d0 *
i
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13.2.8 T(a)Ul(a,d, 2)

= eAafu e—zt(t__A)a—l(t_i_B)b—a-—:dt
‘ (A=1—B)

Similar integrals for M, .(z) and W,,.(2) can
be deduced with the help of 13.1.32 and 13.1.33.

Barnes-type Contour Integrals
13.2.9
I'(a) _ 1 (T (=9rats) ,_ .,
NORSCLERTS B [ R
for |arg (—2)|<3}r, @, b0, —1, —2, . ... The

contour must separate the poles of I'(—s) from
those of I'(a+s); ¢ is finite.

13.2.10
I'(@)T(1+a—b)z°U(a, b, 2)
1 eti® _ -
=3 Ir'(—s)I'(a+8)T'(1+a—b+s)z""ds

for |arg zi<r—; a¥0, —1, —2, . . ., b—a#l, 2,

3, . . . . The contour must separate the poles of
I'(—s) from those of I'(a+s) and I'(1 +a—b+s).

13.3. Connections With Bessel Functions
(see chapters 9 and 10)

Bessel Functions as Limi-ﬁng Cases
If b and 2z are fixed,
13.3.1 lim{M(g, b, z/a)/T (b) } =2+"¥1,_,(2v2)
[ o L]

13.3.2 lim{M(a, b,—z/a)/T(b) } =2t"¥J,_,(2V2)
13.3.3
lim {r(1+a—d) U(a, b, 2/a) } =224¥'K,_,(2y2)

13.3.4
Im{T(14a—b)U (e, b, —2z/a)}

=—mie"PA-PHM, (2yZ) (S£22>0)
13.3.5 —rie— A RH® (2/5)  (S2<0)
Expansions in Series
13.3.6

M(a,b, z)=etT (b_ﬁ_})(iz)“"HW}
= (2b—2a—1)a(b—2a)s (b—a—}+n)

P nl(B),

(—l)n Ib—c—i-i-s('*z) (b#or_la_gn .. -)

CONFLUENT HYPERGEOMETRIC FUNCTIONS

13.3.7

M(a,b,2)

T = (}ba—az)i ¥

> ’é) A,(\}Z}i'(b _2a)_‘”Ja_]+'(‘\/(23b'-'4ZG))

where
AO'_- 1 ) A1=0, A2=‘}b,
m+1) Ay =m+b—1)A,_+(2a—b) 4.,

(@ real)
13.3.8
M(a, b, 2)
()
—eM z_; Oz (—az) 2], _,, (2 (—az2))
where

Co=1, C\=—bh, Co=—3(2h—1)a+3b(b+1)R?
(n+1)Cppy=[(1—2h)n—bh]C,
+[(1—2k)a—h(h—1)(b+n—1)]Cy

—h(h—1)aC\_3 (h real)

13.3.9
where
Co=1, C\(a, b)=2a/b,

Crii(a, b)=2aC\(a+1, b+1)/b—C\yi(a, B)

13.4. Recurrence Relations and Differential
Properties

M(a, b, 2)= go,(a, b)I.(2)

13.4.1
(b—a)M(a—1, b, 2)+ (2a—b+2)M(a, b, 2)
—aM(a+1, b, 2)=0
13.4.2
b(b—1)M(a, b—1, 2)+b(1—b—2)M(a, b, 2)
+z(b—a)M(a, b+1, 2)=0
13.4.3
(14+a—b)M(a, b, z) —aM(a+1, b, 2)
+(®b—1)M(a, b—1, 2)=0
13.4.4
bM(a, b, z) —bM(a—1, b, z)—2M(a, b+1, 2)=0
13.4.5
bla+2)M(a, b, 2)+2(a—b)M(ae, b+1, 2)
—abM(a+1, b, 2)=0
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13.4.6

(@—1+2)M(a, b, 2)+ (B —a)M(a—1, b, 2)
+(1—b)M(a, b—1, 2)=0

13.4.7
b(1—b42)M(a, b, 2)+b(b—1)M(a—1, b—1, 2)
—azM(a+1, b41, 2)=0

13.48 M'(a, b, z)=% M(a+1, b+1, 2)

13.4.9

@ M, b, z)}==(";;“ Mia-n, bi-a, ¥)

dz* (

13.4.10 aM(a+1, b, 2)=aM(a, b, 2)+2M'(a, b, z)

13.4.11 .
(b—a)M(a—1, b, 2)=(b—a—2)M(a, b, 2)

+2M'(a, b, 2)
13.4.12

(b—a)M(a, b+1, z2)=5b0M(a, b, 2)—bM’(a, b, 2)

13.4.13
(b—1)M(a, b—1, 2)=(b—1)M(a, b, 2)
+zM’(a, b, 2)
13.4.14
(b—1)M(a—1, b—1, 2)=(b—1—2)M(a, b, 2)
+2M(a, b, 2)
13.4.15

Ufa—1, b, 2)+(b—2e—2)Ul(a, b, 2)
+a(14+ae—b)U(a+1, b, 2)=0
13.4.16
(b—a—1)U(a, b—1, 2)+(1—b—2)Ula, b, 2)
+2zU(a, b+1, 2)=0
13.4.17
Ua, b, 2)—aU(a+1, b, 2)—Ula, b—1, 2)=0

13.4.18
(6_G)U(a’r b: 2)+U(G'—-l, bv 2)
—zU(e, b+1, 2)=0

13.4.19
(@+2)Ule, b, 2)—2U(a, b+1, 2)
+a(b—a—1)Ula+1, b, 2)=0
13.4.20
(e+2z—1)U(a, b, 2)—U(a—1, b, 2)
+1+a—b)U(a, b—1, 2)=0

13.4.21 U'(e, b, 2)=—alU(a+1, b+1, 2)

13.4.22

B (U(a, b, 9)=(1)"@U (a+n, btn, 2)

13.4.23
a(l+a—b)U(a+1, b, 2)=al(a, b, 2)
+2U'(e, b, 2)
13.4.24
(14+a—b)U(a, b—1, 2)=(1—5b)U(a, b, 2)
—zU'(a, b, 2)

13.4.25 Ul(a, b+1, 2)=U(a, b, 2)—U’(a, b, 2)
13.4.26

Ule—1, b, 2)=(a—b+2)U(a, b, 2)—2U"(a, b, 2)
13.4.27

U(e—1,b—1, 2)=(1—b+2)U(a, b, 2)
—2zU'(a, b, 2)

13.4.28 2uM, 4 ,4(2)—23 M, u(2) =2uMyy3,u-3(2)

13.4.29
(14+2u4+20) Mo y1,u(2) — (1 4-2u—20) M, u(2)
=2(2x—2) M, «(2)
13.4.30
Wi u(2)—2IW, uy3(2) + (c+ ) We—y,u(2) =0

13.4.31

(2"_ z}Wr,n(z) +Wl+1, n(z)
=(p—x+3) (p+x—3) Wir,u(2)

13.4.32
M, ,(2)=(32— ) M u(2) +(3+p+0) Mesr,5(2)

13.4.33 =W, .(2)=Gz— )W, u(2)— Wi, 4(2)
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13.5. Asymptotic Expansions and Limiting

Forms
For |s| large, (a, b fixed)

13.5.1
M(a,b,2)_

O

exiveg—e B-l (a)n(1+a—b)l —-a L

I‘(b——u) al (_z) +O(]zl x)}

e*z*~? 821 (b—a),(1—a), -
_l r(ﬂ) - ﬂv[ +0(Iz| J)

the upper sign being taken if —}r<larg z<§w, the
lower sign if —§r<larg z<—}xr.

13.5.2

U(G, b, 2) —.{ % (G),(1+d b)n ( z)—‘

+0(lz]~®) } (—§r<arg 2<jm)

Converging Factors for the Remainders
13.5.3

0(|2|~®)= M( 2)~®
(ARG Lo e W T

and

13.5.4

0(lz|-9 =21 =0 s
[3—b-+2a+2—8+0((z|D)]

where the R’'th and S’th terms are the smallest in
the expansions 13.5.1 and 13.5.2.

For small s (a, b fixed)

13.5.5  As|z|—0, M(a, b, 0)=1, b5 —n
13.5.6 U(a,b, z)-r(rl‘(a)‘) 21-24-0(|2| o-3)
(Rb>2,b7#2)
13.5.7 ="§f’;}” 2-24+-0(In 2])
(b=2)
13.5.8 =5§i,%1—) 2-04+0(1)
(1< RbL2)
*13.5.9 —— (u) [In 2+¥(a) +27]

+0(zlnz)) (b=1)

CONFLUENT HYPERGEOMETRIC FUNCTIONB

13.510 Ula, b, z)=-r—(rl—(_—}£—f—)b) +0(|2]+- %)
(0<R#1)
13.5.11 -5 +u)+0(]zln 2)  (5=0)
I )

13.5.12 =T-fa—b) +0(|2])

(R6<0,b70)
For large a (b, s fixed)
13.5.13
M(a,b,2)=

T (0)e*(Rbz—az)t~PJ,_, (V(2b2—4a2))
[1+0(|40—a|™)]
where

Jel=]# 8—al" and e=min (1—p, 3—1»), 0<p<.

13.5.14
M (a, b, z)=T(b) e¥(3bz—ax)t—Px~t

cos (v(2bz—4az)—3br+1)

[14-0(|}b—a| D]

as a—>— for b bounded, z real:

13.5.15

Ul(a, b, 2)=
I'(36—a+3) 2 Plcos (arx)Js.(V(2b2—4az2))
—sin (ax) ¥,_1(v(2bz—4a2))] [1+0(|3b—al|™)]

where ¢ is defined in 13.5.13.

13.5.16
Ula, b, 2)=T(}b—a+1) » ezt
cos (V(2bz—4az)—4br+art-ix)
(14+0(|4b—a|™)]

as a—>—= for b bounded, z real.

For large real a, b, =
If cosh? =z/(2b—4a) so that 2>2b—a>1,

13.5.17
M(a, b, z)=T'(b) sin (ax)
exp [(b—2a) (3 sinh 20—0-+cosh? 6)]
[(5—2a) cosh 6]'~(x(4b—a) sinh 26]}

(1+0(|3b—a|™)]
13.5.18

U(a, b, z)=exp [(b—2a)(} sinh 26—6--cosh? 8)]
[(b—2a) cosh 6)*~%((4b—a) sinh 26]
[14+0(|#b—al™)]
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1f z=(2b—4a)[1+1/(b—2a)l], so that

~2b—4a
13.5.19

M(a, b, z)=e¥*(b—2a)1°T'(b)[Ai(t) cos (ax)

+Bi(t) sin (ax)+0(|3b—a|)]
13.5.20

Ula, b, z)=et PP (P iz6t
{1—tT7(§) (bxr—2az) Bz~ 3+ 0(|3b—al™)}

If cos?8=2/(2b—4a) so that 2b—4a>z>0,
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13.5.21
M(a, b, z)=T(b) exp {(b—2a) cos? 0}
[(b—2a) cos 8]'~*[x(3b—a) sin 20])}
[sin (ax)+sin {(36—a)(260—sin 26) + 3}
+0(|4b—a|™)]
13.5.22
Ul(a, b, z)=exp [(b—2a) cos?6][(b—2a) cos 6]*°
[(36—a) sin 26]7{sin [(}b—a)
(20—sin 26) + 4]+ 0(|30—a|™) }

13.6. Special Cases

*See page IL

M(a, b, 2)
Relation Function
a b z
13.6.1 v+1 2r 41 2z T +»e*(dz)-"J.(2) Bessel
13.6.2 —v+4 —2+1 2iz T(1—»)e'*(32) [cos (»x) J,(z) —sin (»r) Y.(z)] | Bessel
13.6.3 v t+3 2+1 2z T(1+»)er(d2)1.(2) Modified Beasel
13.6.4 n+41 2n4-2 2iz T(3+n)ei*(dz)4J,.4(2) Spherical Bessel
13.6.5 —n —2n 21z T(d—n)ef*(32)7d _—3(2) Spherical Bessel
13.6.6 n+1 2n+2 23 T3+ n)e(32) ™ Hasi(2) * Spherical Bessel
13.6.7 nti 2n+1 —2v/iz T'(1+4n)e~¥=(}izx) (ber, 2+t bei, z) Kelvin
13.6.8 L+1—in 2L+2 2iz e“F1(n, 2)zL/CL(n) Coulomb Wave
nl (@)
] 13.6.9 —n a+1 z @+1. L% (z) Laguerre
13.6.10 a a+1 -2 azy(a, ) Incomplete Gamma
13.6.11 1+ 2 DL Poisson-Charlie
6. —n rp—n = palp, T oisson- T
13.6.12 a a g e Exponential
13.6.13 1 2 —2iz ‘:l sin z Trigonometric
13.614 |1 2 22 £ sinh # Hyperbolic
13.6.15 | —b 3 32 27V exp (32%) B (2)
Weber
13.6.16 | i—%» 1 }z ?'i;}i'l EY(2) Pa?-:bouc Cylinder
n! 5
13.617 | —n 3 b @mi (—H " Hem(@) Hermite
! 1 y
13.6.18 | —n 3 3ot (2:—+1)I (=9~ Heans(@)  * Hermite
13.619 |3 3 —2 g erf z Error Integral
nly-indm=1 *
13.6.20 im+} 1+n r ram¥n © T(m, n, r) Toronto
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13.6. Special Cases—Continued

Ufa, b, 2)
Relation Function
a b z
13.6.21 r+i 2r+1 2z r4e*(22) 7K, (2) Modified Bessel
13.622 | »+3 241 —2iz im0+ =2l (25 g0 () Hankel
13.6.23 | »+3 2+1 %z jrle—ix(v+1) —2) (25)--HP (off Hankel
13.6.24 n+1 2n+2 2z x~der(22) 1K +4(2) Spherical Bessel
13.6.25 1 4 281 ahztexp (§23/3)273/338/¢ Aj (2) Airy
13.6.26 | n+} 2n+1 Viz inr—4eVe(2v/ix) [ker, 2+ kei, 2] Kelvin
13.6.27 | —n at1 z (—=1)*a!L (2) Laguerre
13.6.28 1—a l1—a z e*I'(a, z) Incomplete Gamma
13.6.29 1 1 -z —e=Ei (z) Exponential Integral
13.6.30 1 1 z e Ei(z) Exponential Integral
13.6.31 1 1 —Inz —i li (z) Logarithmic Integral
13.6.32 im—n 1+m z T(14+n—im)e—=lim—ny, _(z) Cunningham
13.6.33 — & 0 2z T'(1+4v)ek.(2) for >0 Bateman
13.6.34 1 e e[ —dxi+i Bi (2) —Ci (2)] Sine and Cosgine Integral
13.6.35 1 1 —iz e~ [{ri—1i 8i (z)—Ci ()] Sine and Cosine Integral
13.6.36 —¥» 3 i 2-e’l4D,(2) Weber
13.6.37 | 31— 3 iz 21D, (z))z ° Pa(::l.bolic Cylinder
13.6.38 i—in ¥ E 2-*Hu(x)/z * Hermite
13.6.39 % } z? 7 exp (z?) erfez Error Integral

13.7. Zeros and Turning Values
If 7,1, is the #’th positive zero of J,_,(z), then
a first approximation X; to the r'th positive zero
of M(a, b, z) is
1871 Xo=ji_,.{1/@b—40)+O0(1/3b—0)?)

13.7.2 h Asi i oo il

A closer approximation is given by

13.7.3 X,=X,—M(a, b, X,)/M’(a, b, X,)

*See page IL.

For the derivative,

13.7.4

M'(a, b, X,)=
M’ (a, b, Xo) {14 (b—Xo) 3“34{((‘:—%,?(%}

If X is the first approximation to a turning value
of M(a, b, z), that is, to a zero of M’(a, b, z) then
a better approximation is

XM’ (a, b, Xo)

13.7.5 aM(a, b, X3)

X=X
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The self-adjoint equation 13.1.1 can also be
written

Ay QW a1,
13.7.6 dz[ze 7 |=az""'e"*w

The Sonine-Polya Theorem

The maxima and minima of |w| form an in-
creasing or decreasing sequence according as
—az?"le™®
Numerica
13.8. Use and Extension of the Tables
Calculation of M(a, b, %)

Kummer's Transformation
Example 1. Compute M(3, 2, —.1) to 78.
Using 13.1.27 and Tables 4.4 and 13.1 we have
a=.3, b=.2 so that
M(3, 2, —1)=¢M(—.1,"2, .1)
=.85784 90.

Thus 13.1.27 can be used to extend Table 13.1 to

negative values of z. Kummer’s transformation

should also be used when @ and b are large and

nearly equal, for z large or small.

Example 2. Compute M(17,16,1) to 78.
Here =17, b=16, and
M7, 16, 1)=eM(—1, 16, —1)

=2.71828 181.06250 00
=2.88817 44.

Recurrence Relations

Example 3. Compute M(—1.3, 1.2, .1) to 7S.
Using 13.4.1 and Table 13.1 we have a=—.3,
b=.2 so that

M(—1.3,.2, 1)=2[.7 M(— 3, 2,.1)— 3 M(7, .2, .1)]
=.35821 23.
By 13.4.5 when a=—1.3 and b=.2,

M(—1.3,1.2,.1)=[26 M(—.3, 2, .1)
—.24 M(—13, 2, 1))/.15

=.89241 08.
Similarly when ¢=—.3 and b=.2
M(—.3, 1.2, .1)=.97459 52.
Check, by 13.4.6,

M(—1.3, 1.2, .1)=[2 M(—3, 2, .1)
+1.2 M(—.3,1.2, .1)]/1.5

=.89241 08.
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is an increasing or decreasing function of z, that is,
they form an increasing sequence for M(a, b, z)
if a0, z<b—} or if a<0, z>b—%, and a decreas-
ing sequence if a>>0 and z>b—% or if a<0 and
z<b—3%.

The turning values of |w| lie near the curves

13‘7.7
w= + T (b)r~ V22 (3ba—az)i ¥ {1—z/(2b—4a) } 7/

1 Methods

In this way 13.4.1-13.4.7 can be used together
with 13.1.27 to extend Table 13.1 to the range

—10<a<10, —10Lb6<10, —10<z<10.

This extension of ten units in any direction is
possible with the loss of about 1S. All the re-
currence relations are stable except i) if a<0, b<0
and |a|>[B], 20, or i) b<a, 8<0, [b—a|>[b],
2<0, when the oscillations may become large,
especially if |z| also is large.

Neither interpolation nor the use of recurrence
relations should be attempted in the strips
b—=—n=+.1 where the function is very large nu-

_merically. In particular M(a, b, z) cannot be

evaluated in the neighborhood of the points
a=—m, b=—n, m<n, as near _these points
small changes in a, b or z can produce very large
changes in the numerical value of M(a, b, 2).

Example4. At the point (—1.—1, z), M(a, b, z)
is undefined.

When a=—1, M(—1, b, x):l—%for all z.

Hencabl_l;mlM(—l, b,z)=1+z ButM(b,b z)=¢

for all z, when a=b. Henceb]_J;m M, b, z)=¢.
-1

In the first case b——1 along the line a=—1, and
in the second case b——1 along the line a=b.

Derivatives

Example 5. To evaluate M'(—.7, —.6, .5 o
7S. By 13.4.8, whena=—.7 and b=—.6, we have

M/(—1, —6, .5)=~:—::;M(.3, 4, .5)

=1.724128.
Asymptotic Formulas

For z>10, @ and b small, M(a, b, 2) should be
evaluated by 13.5.1 using converging factors
13.5.3 and 13.5.4 to improve the accuracy if
necessary.
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Ficure 13.2. M(—4.5, 1, 2). S - ; ke : S

(From F, G Tricom!, Funzioni, ipergeometriche confluentl, Edizioni.
remonese, Rome, Italy, 1954, with permission.) M
i 3
L 10
3 -
8
-9 =
4
2F

-4

| I N I IR B N L

=10

Fieure 13.4. M(a, .5, z).

[+] 1 1 1 L -
5 i .5 2 28 " (From E. Jabmko and . Emde, Tables of functions, Dover Publications,
M ., New York, N.Y., 1045, with permission.)
3
ol References
- b=1
8| Texts
6 [13.1] H. Buchholz, Die konfluente hypergeometrische
all Funktion (Springer-Verlag, Berlin, Germany,
i 1953). On Whittaker functions, with a large
2t bibliography.
| e [13.2] A. Erdélyi et sl., Higher transcendental functions,
OF X vol. 1, ch. 8 (McGraw-Hill Book Co., Inc., New

York, N.Y,, 1953). On Kummer functions.

[13.8] H. Jeffreys and B. S. Jeffreys, Methods of mathe-
matical physics, ch. 23 (Cambridge Univ. Press,
Cambridge, England, 1950). On Kummer
functions.

[13.4] J. C. P. Miller, Note on the general solutions of the
confluent hypergeometric equation, Math. Tables
Aids Comp. 9, 97-99 (1957).

[13.5] L. J. Slater, On the evaluation of the confluent
hypergeometric function, Proc. Cambridge

I
L4
mTTTT T T T

Fieure 13.3. M(a, 1, 2).

(From E. Jahnk d F. Emde, Tables of functions, D
D e T e oy Loations, Philos. Soc. 49, 612-622 (1953).



CONFLUENT HYPERGEOMETRIC FUNCTIONS 515

[13.6] L. J. Slater, The evaluation of the basic confluent
hypergeometric function, Proc. Cambridge
Philos. Soc. 50, 404413 (1954).

[13.7] L. J. Slater, The real zeros of the confluent hyper-
geometric function, Proc. Cambridge Philos.
Soc. 52, 626-635 (1956).

[13.8] C. A. Swanson and A. Erdélyi, Asymptotic forms
of confluent hypergeometric functions, Memoir
25, Amer. Math. Soc. (1957).

[13.9] F. G. Tricomi, Funzioni ipergeometriche confluenti
(Edizioni Cremonese, Rome, Italy, 1954). On
Kummer functions.

[13.10] E. T. Whittaker and G. N. Watson, A course of
modern analysis, ch. 16, 4tk ed. (Cambridge
Univ. Press, Cambridge, England, 1952). On
Whittaker funetions.

Tables

[13.11] J. R. Airey, The confluent hypergeometric funetion,
British Association Reports, Oxford, 276-294
(1926), and Leeds, 220-244 (1927). M(a, b, z),
a=—4(.5)4, b=%, 1, $, 2, 3, 4, z=.1(.1)2(.2)3
(.5)8, 5D.

"

[13.12] J. R. Airey and H. A. Webb, The practical impor-
tance of the confluent hypergeometric function,
Phil. Mag. 36, 129-141 (1918). M(a, b, 2),
a=—3(.5)4, b=1(1)7, z=1(1)6(2)10, 48S.

[13.13] E. Jahnke and F. Emde, Tables of functions, ch. 10,
4th ed. (Dover Publications, Inc., New York,
N.Y., 1945). Graphs of M(a, b, z) based on the
tables of [13.11].

[13.14] P. Nath, Confluent hypergeometric functions,
Sankhya J. Indian Statist. Soc. 11, 153-166
(1951). M(a, b, ), a=1(1)40, b=3, z=.02(.02)
.1(.1)1(1)10(10)50, 100, 200, 6D.

[13.15] 8. Rushton and E. D. Lang, Tables of the confluent
hypergeometric function, Sankhya J, Indian Statist.
Soc. 13, 369-411 (1954). M(a, b, ), a=.5(.5)40,
b=.5(.5)3.5, z=.02(.02).1(.1)1(1)10(10)50, 100,
200, 78S.

[13.16] L. J. Slater, Confluent hypergeometric functions
(Cambridge Univ. Press, Cambridge, England,
1960). M(a, b, z), e=—1(1)1, b=.1(.1)1,
z=.1(1)10, 88; M(a, b, 1), a=—11(.2)2,
b=—4(.2)1, 8S3:and smallest positive values of
z for which M(a, b, z)=0, a=—4(1)—.1,
b=.1(.1)2.5, 88.






14. Coulomb Wave Functions

MiLToN ABRAMOWITZ !

Contents
Page
Mathematical Properties . . . . . . . . . . . . .. .. .... 538
14.1. Differential Equation, Series Expansions . . . . . . . . . 538
14.2. Recurrence and Wronskian Relations . . . . . . . . . . 539
143. Integral Representations . . . . . . . . . . . . .. .. 539
14.4. Bessel Function Expansions. . . . . . . . . . . . . .. 539
14.5. Asymptotic Expansions . . . . . . . . . . . .. ... 540
14.6. Special Values and Asymptotic Behavior . . . . . . . . . 542
Numerical Methods . . . . . . . . . . . . . .. ... .... 543
14.7. Use and Extension of the Tables . . . . . . . . . . . . 543
Referemces . . . . . . . . ¢ v v v v i i e e e e e e e e e 544
Table 14.1. Coulomb Wave Functions of Order Zero (.5<1<20,
1<p<20) & .o v v e e e e e e e e e e e e e e e e e e e 546
Fono)y S Famo)s  Galno)y - Golny0)
t ? dp r ] b ] dp ]
1=.5(.5)20, p=1(1)20, 58
Table 14.2. Cy(p)=e P +ig)| . . . . . . . . . . . . . . ... 554

7=0(.05)3, 6S

The author wishes to acknowledge the assistance of David 8. Liepman in checking the
formulas and tables.

! National Bureau of Standards (deceased).

537



14. Coulomb Wave Functions

Mathematical Properties

14.1. Differential Equation, Series Expansions
Differential Equation
14.1.1

27 L(L+1)
dpz'l'[ —'_——""]w 0

(p>0, — o <9< », L a non-negative integer)

The Coulomb wave equation has a regular
singularity at p=0 with indices L+-1 and —L;
it has an irregular singularity at p=«.

General Solution

14.1.2
w=CFy(n, p)+C2Gr(n, p)

where Fy(n, p) is the regular Coulomb wave
function and Gy (, p) is the irregular (logarithmic)
Coulomb wave function.

(Cy, Ci constants)

Regular Coulomb Wave Function Fr(s, p)
14.1.3
Fy(n, p)=0r(n) p** e *M (L+1—1n, 2L+2, 2ip)

14.1.4
=C(n) p“ ' ®.(n, p)

W15 @unp)= .é, Al(n) g
14.1.6
Afa=1, Af+z=ﬁ—1'
(k+L)(k—L—1)Af =29A%_— A%, (k>L+2)
...
9571 |P(L41+in)]
(See chapter 6.)
14.1.8 C3 () =2an(e?1—1) !
_p()Ci(n)
14.1.9 i(n)= 5 (ZL—?-I)
_ (L4}
14.1.10 Cr(n)= TGL+1) Cp—1(n)
14.1.11 pe(n) _ (149" 4+n?) . . . (L+9%)2%

2n @L+D[L)T
538

14.1.12 F;:a‘% Fi(n, p)=Cw(n) i*®%(n, p)
* r— = L -L-1
14113 ®j(y, p)—*g.zrl kAz(n) o*

Irregular Coulomb Wave Function G(n, p)

14.1.14

6ol ) =as Filn, Al 20+ L0185, )

14.1.15 0r(n, p)=Dyr(n) 0 “¥(n, p)
1
14.1.16 Dy(m)Cet) =577
14.1.17 ¥z(n, p) =;..i_:. ax(n) p***
14.1.18
GE:.:l, G£+1=09
“(k—L—1)(k+L)ak=2nak_,—ay_s— (2k—1) py(n) AL
14.1. 19
QL("I) 8 ; _1..
pz(n) =i 8‘+n 2-g-l 8

I’ (14in) o (n)
+2 (it 2 o)

(See Table 6.8.)

14.1.20
_f=1)ert , 2(in—L)
r="Gor * Gzt 20
, 22(in—L) (in—L+1) +

T 2L-D@)

2”‘(111—1«) (in—L+1) . (in-I-L—l)}
@L)!
14.1.21
Gi=2= 2 oot (Filla 2 +§‘E”} 140~ Fu(n, )}

+0z(n, p)
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14.1.23
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b= 0o, ) =D~ Yo,

Vi, )= 35 kak(n) o+

g ™
T T

Ficure 14.1. Fy(n, p), Gi(n, p).
n=1, p=10

~ b WP ®m N @ w B

L i I L : i . L 1
2 4 8 8 10 12

Ficure 142, F,, F;, G, and Gi.

7=10, p=20

14.2. Recurrence and Wronskian Relations

Recurrence Relations

If uy=Fy(n, p) or Gi(n, p),

14.2.1 Ld‘!&;, (L’“l“ﬂz)!ub 1‘_'(_‘1‘7!)'9':.
14.2.2

(L+1) P d’“" [‘L‘”) (A1) g
14.2.3

L{(L+1)* 412 up = @LA1)[n +L(L+”]

—(LAD[L41"ug
Wronskian Relations
14.2.4 FiG—FiGi=1
14.2.5  Fp ,Go—FiGp=L(L+9)}

14.3. Integral Representations
14.3.1

. T il el
FL+'LGL=(2L+1—)?(;,L(")L e Lt (i+2‘bp)£'+' dt

14.3.2
Fp—iG=
¢~ "1 pit! e
(2L+1)1C(n)J -
14.3.3
Fr+iG=

e ipt (1 — t)L—-iq(l +t)L+igdt

e«rqul

@L+D)IC.(n)
7 (a—tanb? i+t exp [—i(o tanh t—20t)
+1(1+4t%)* exp [—pt+2n arctan ¢]}dt
14.4. Bessel Function Expansions
Expansion in Terms of Bessel-Clifford Functions
14.4.1
Fy(n,p)=Cy(n) % p~t l_g}“ but*?1,(2+/7)

(t=2np, n>0)
14.4.2
Gun, )~ Do(iha(m)o™™ | _gﬂ (—1)*5, 7K, 2+0)
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14.4.3
bazpi=1, Dbaz4s=0,

¥ 4P(k—2L)bepr kb Hba=0  (k>2L+2)

14.4.4

Mln) 35 (1 E=D1B,=2

(See chapter 9.)
Expansion in Terms of Spherical Bessel Functions
14.4.5

Fuln, p)—
 GLHD50,) 35 by 2o Taa(s)

14.4.6

br.=1, bL+1=2£J% 1

p_ (@k+D)
¥ k(k+1)—L(L+1)

2ty 1)(::;;)31:(“1)6 3

(k>L+1)
14.4.7

Fi("h p)=1.3-5. (2L+1)P0;(ﬂ)

(L+1) (Z+2)
{(2L+1) 61’-42 Jb—i(p)+(2L+3) bL-H

AT+, 35, b3 Tan(s)

I""(2k+3) T E—1)
Expansion in Terms of Airy Functions

z=(29—p)/20)"*  w=(2n)"*, n>>0

14.4.8

i lp—20|<29
G = e (i) I+E8+84 -]
m(z) fofs
. +arig iy
Fg(n,p)_ _i ¢ Al(@) gitzfy
Gl o) =@ Mg (H0
g;'i‘zfz Ai’(z) (9’1+fr)
2 3 ]+Bl (3) [l+

(ga+13)
+Hathly .

*See page IL

Si=(1/5)2
fi=g @2+6)

(84x7+1480z*+4-2320z)

fs—mm
q=—(1/5)z

1
1
9= 3005 (10562°—11602—2240)

(See chapter 10.)

14.5. Asymptotic Expansions
Asymptotic Expansion for Large Values of p

14.5.1 F;,=g cos 3;,-|"f sin o,
14.5.2 Gr=f cos 6,—g sin 6,
14.5.3 Fi=g* cos G;+f* sin 6,
14.5.4 Qr=f* cos 0,—g* sin 0, gf*—fg*=
14.5.5 8=p—n In 2p—L §+a,.,
14.5.6 oz =arg T'(L+1+in)
(See 6.1.27, 6.1.44.)
14.5.7 O'L+1—-ﬂn+arctan L+1
(See Tables 4.14, 6.7.)
~ 3 ~ 2 ~ = *N 3
1458 f aﬁ, g Z_“ ge, f* ?_Zgﬁ, g~2 o
where

fo=1, 9=0, f§=0, gg=1—1/p
Sen=afi—bigs
e =0Gr+b2fr
fta=0ft—bugt—frulp
Gn=agt+oufi—gru/p

_@ktN)y LA —k(k+1) +o'
T @k+2)e (2k+2)p
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14.5.9
3ty , (in—L)(@9+L+1) | (in—L)(@ig—L+1) Gin+L+1) (in+L+2)
g~ 11(2ip) L 21(2ip)"
, (in—L) (i9—L+1) (i9— L+2) (in+L+1) (i9+L+2) (i9+L+3) +
L 31(21p)®
Asymptotic Expansion for L=0, p=27>>0
14.5.10 Fy(2n) ~T(1/333“{1:F 2T(23)1 32 1__ 92672 TI(23) 1 }
e GC2n)/V3 ~ 2vr 35 T(1/3) * 8100 8° ' 7371.10°T(1/3) B "'
14.5.11

Fi(2n) T'(2/3) 1 T(1/3) 1 1, 11488 T(1/3) 1

8
@23~ 2ya% 1115 T@B) #6700 BT I8T110° T(2)3) B
B=(2n/3)%, T'(1/3)=2.6780 38534 . . . , I'(2/3)=1.3541 17939 . . .

ST,

14.5.12
Fy(2q) 70633 26373, . 04959 570165 00888 83835 89
Go(2n)~ '1.22340 4016 *” 7 .
00245 51991 81 .00091 08958 061__.00025 34684 115
€ n' N 7 n' = ]
14.5.13
o2m) (40860 57323, .. .17282 60369 00031 74603 174
Gy2n)~ ' —.70788 17734’ " L 7
.00358 12148 50 , 00031 17824 680 , 00090 73966 427
:I: ”“ T ﬂ‘ :i: "[“ + LR -}

Ficure 14.3. Fy(n, p). Ficure 14.5. Gy(n, p).
7=0, 1, 5, 10, p/2 =0, 1, 5, 10, p/2

Ficure 144. Fi(n, 0). Ficure 14.6. Gi(n, p).
=0, 1, 5, 10, pl2 7=0, 1, 5, 10, p/2
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14.6. Special Values and Asymptotic Behavior
14.6.1 L>0, p=0

FL=0, F]!;=0

GL=G:I 3 G;‘:—m
14.6.2 L=0, p=0

Fo=0, Fy="Cy()
G= 1/00('4); Gﬁ‘; =

14.6.3 Lo
Fy~Cu(n)p™*, Gu~Dy(n)p™™
14.6.4 L=0, =0

Fy=sin p, Fy=cos p
Gy=cos p, Gy=—sin p

14.6.5 p—>®
_ : Lx :
Gi+1Fy~exp ip— In 2P—?+ﬂ'z]
14.6.6 L>0,9=0
Fr=(}xp)} Jrs3(p)
=(—1)*(Gmp)} J_41,(p)
14.6.7 L>0,29>>p

@E{@:{)}z%@l (219 32.41[2(290)1]

2(29)"
G"Nm (29p) Koz 11[2(2np)1]

14.6.8 L=0,2n>>p
Fy~ e~ "(wp)1[2(27p)}]
Fo~e= 1 (2mn) M [2(29p)}]

Go~2em () Kil2@n)

¥
Gi~—2 (L) enEif2(200)Y)
14.6.9 L=0,29>>p
1 ,
Fo"'ﬁ Be=; Fo"'% B lex
Go~Be=; Go~—B e

a=2+2np—mn
B=(p/2n)}

14.6.10 L=0,29>>p
Fig 6% Fin (B g 8 F,
Gur~Be™; G~ (—F~ g t36')6,
t=p/29
a=279{[t(1—1)]t+arcsin #—3}r)

B={t/1—¢)}}
14.6.11 L=0, p>>2y
Fy=asin 8; Fo=—1t*(bFy—a@,)
hv=a c08 f; Go=—1%(aF,+bGy)

2
[

1 8t°—3t*
=" P [—aea—o

t)l 1

=

a=(

1—(1—t)
1+QQ—t)¥"
a=t"(1—t)}, b=[8y(1—1)]~*

14.6.12 7 >>0,29~p

? = 1/8

Fy(n, p) —zrs Ai ()
- L(L+1

Gun, 9 ";{H-(—;iﬂ} {mt
pr=n+In+ LL+ 1)

L(L+1)}”s

p=T+20 (12

=(p p)[-l-

14.6.13 $3550, By~p
z=(2n—p)(29)~"?
[Go+2Fo]l~n"2(29) V" Bi(z) +1Ai(2)]
[Go+iFg)~—w'/2(2n) "/ Bi’ (2) +24i’ (2)]
14.6.14 >0
pr=n+[n"+L(L+1)]?

Fy(ps) I‘(I/3) pr\Ve L(L-I—l) —ys
GL(PL)/‘\/- ( ) {

Fi(ps) I‘(2/3) p,,) e { L(L+1)
GL(#L)/ 1/—
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14.6.15 p=2>>0 14.6.17 750
G':/ B I‘(1/3) (2,,)::0 oo(n)~—yn  (y=Euler’s constant)
o I‘(2/3) O~ G
—GyV3 24x(2n/3)"
14.6.16 -5 14.6.18 Ise
ot A
ao(n) ~[E+'a (In n—1)] Cu() ~@LID®
Co(n) ~ (2xn) %™,
(Equality to 8S for 7>3.)
Numerical Methods

14.7. Use and Extension of the Tables

In general the tables as presented are not simply
interpolable. However, values for L>0 may be
obtained with the help of the recurrence relations.
The values of Gi(n, p) may be obtained by
applying the recurrence relations in increasing
order of L. Forward recurrence may be used for
Fy (9, p) as long as the instability does not produce
errors in excess of the accuracy needed. In this
case the backwards recurrence scheme (see Ex-
ample 1) should be used.

Example 1. Compute Fy.(n, p) and Fz(n, p) for

n=2, p=5, L=0(1)5. Starting with Fp=1,
F}=0, where Ft=cF,, we compute from 14.2.3 in
decreasing order of L:
m @ ) (4)
L F: F, F Fy
11 0.
10 15
9 4.49284
8 17. 5225
7 61. 3603
6 191.238
5 523.472 .090791 . 091 . 1043
4 1238.53 . 21481 .215 . 2030
3 2486.72 .43130 .4313 . 3205
2 4158.46 72124 .72125 . 3952
1 5727.97 . 99346 . 99347 . 3709
0 6591.81 1. 1433 1. 1433 . 29380

Fo/Ft=1.7344X10™=c"",

The values in the second column are obtained
from those in the first by multiplying by the
normalization constant, F,/F} where F, is the
known value obtained from Table 14.1.

Repetition starting with Fi=1 and Fi=
yields the same results.

In column 3, the results have been given when
14.2.3 is used in increasing order of L.

F (column 4) follows from 14.2.2.

Example 2. Compute Gy (n, p) and G(y, p) for
n=2, p=>5, L=1(1)5.

Using 14.2.2 and G,(2, 5)=.79445, G, =—.67049
from Table 14.1 we find G,(2, 5)=1.0815. Then
by forward recurrence using 14.2.3 we find:

L Ge -G .
1 1. 0815 . 60286
2 1. 4969 . 56619
3 2. 0487 . 79597
4 3. 0941 1. 7318
5 5. 6298 4. 5493

The values of G are obtained with 14.2.1.
Example 3. Compute Gy(n, p) for n=2, p=2.5.
From Table 14.1, Gy(2, 2)=3.5124, G,(2, 2)

=—2.5554. Successive differentiation of 14.1.1
for L=0 gives
d*+iw &t o

Pd t+s='(2"':' P) o k{dpt+l +dp""

Taylor’s expansion is w(p+A4p) =w(lp)+ (Ap)w’

+(Ap) w4 . With w=G,(n, p) and Ap=.5

we get:

N d*G, (ﬂﬂ)" d"Gn
k dp* kU dpt
0 3.5124 3.5124
1 —2. 5554 —1. 2777
2 3.5124 . 43905
3 —6. 0678 —. 12641
4 12. 136 . 03160
5 —29.540 —. 00769
6 83. 352 . 00181
7

—268. 26 —. 00042

Go(2, 2. 5)=2. 5726

As a check the result is obtained with =2, p=3,
Ap=—.5. The derivative Gy(n, p) may be ob-
tained using Taylor’s formula with w=G5(n, o).

*See page II.
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15. Hypergeometric Functions

Mathematical Properties

15.1. Gauss Series, Special Elementary Cases,
Special Values of the Argument

Gauss Series

The circle of convergence of the Gauss hyper-
geometric series

15.1.1
F(ﬂ., b;e; z) =3F1((1, bi ¢; Z)

=F(b, a;¢; 2)= Z} @) 22

= (@), n!

I'e = TI'(e+n)T(b+n) 2"
“T@r®) &= Tletn) al

is the unmit circle |z|=1. The behavior of this
series on its circle of convergence is:

(a) Divergence when 2 (c—a—b)<—1.

(b) Absolute convergence when Z (c—a—5)>>0.

(c¢) Conditional convergence when —1<{ % (c—a
—b) =0; the point z=1 is excluded. The Gauss
series reduces to a polynomial of degree » in z
when a or b is equal to —n, (n=0, 1, 2, . ..).
(For these cases see also 15. 4.) The series 15 1.1
is not defined when ¢ is equal to —m, (m=0, 1,
2, . . .), provided a or b is not a negative integer
n with n<<m. Fore¢=—m

15.1. 2

cL]{.-nm I‘( ) F(a, b; ¢c; 2)=

(“)(-;ni__f;)ﬁﬂ ZF (a+m—+1, b+m+1; m+2; 2)

Special Elementary Cases of Gauss Series
(For cases involving higher functions see 15.4.)

15.1.3 F(1,1;2;2)=—z1'In (1—2) =»
1514 F@4,1; 8 2)=4z'In 1+:)
15.1.5 F(%4,1;8 —29)=z""arctan z
15.1.6
F(3, 5% 2)=Q0—2)F(1,1; § 2*)=2"" arcsin 2
*See page II.
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15.1.7
F(‘}: 5; &; _22)=(1+z§)lF(1’ I; %J _22)
=2z"!In [24(142%}]

15.1.8 F(a, b; b;2)=(1—2)"°

1519 F(, 3ta; §; 2)=H1+2)+(1—2)"¥]

15.1.10

F(a, 3+a; §; 2%)=
3271 (1—2a) 7" [(14-2) " P—(1—2)'"¥]

15.1.11
F(—a,0;};—2)
15.1.12
F(a,1—a; }; —2%)=

a+2) A+ 2P [ (1422 —2] 1)
15.1.13

F(a, 3+a; 1+2a; 2)=2"[1+(1—2)}™
=(1—2)iF(1+a, 3+a; 14+2¢; 2)

=H{[(1+2) 2P H[(1 422 —2]*)

15.1.14
F(a, 1+a; 2; 2)=2""1(1—2) 1+~

sin [(20—1)z]
(2a—1) sin z

sin [(2a—2) 2]
(a—1) sin (22)

15.1.15 F (a, 1—a; §; sin® 2)=

15.1.16

F(a, 2—a; §; sin® 2)=

15.1.17  F(—a, a; §; sin® z)=cos (2az)

cos [(2a—1)2]
cos 2

15.1.18 F(a, 1—a; §; sin® 2)=

15.1.19 Fl(a, }+a; 3; —tan® z)=cos™ z cos (2az)

Special Values of the Argument
15.1.20

F(a, b; c; l)aI‘(c)I‘(c—a.—b)

T(c—a)T (c—b)

(e=0, —1, ., Z(e—a—5)>0)
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15.1.21
T I'(1+a—b)
Fla, b a—b+1; —1)=2"" sa L. T3 T30)
(14a—b50, —1, =2, . . )
15.1.22

F(a, b; a—b+2;—1)=2"%x"*(b—1)"'T'(a—b+2)

1 1
[I‘(ia)l'(%-l-ia-—b) I'(3+32)T(1+4%a—b)
(a—b+250, —1, —2, . . )

15.1.23 F(1, a; a+1; —1)=3}al¥(3+3a)—¢(3a)]

15.1.24
F (0,5 jotib+ib)=n e i

(3a+30+450, —1,—2,...)
15.1.25
F(a, b; Ja+4b+1; H)=274(a—b)"'T(1+3a+40)
{[TGa)TG+19)]'—[r(3+3a)T(36)] 7"}
(i(ﬂ-+b)+1¢0, _11' '—'2l .. -)
15.1.26
F(a,1—a; b; 3)=
270 (B) [T (3a+%0) T (3+4b—4a)]™"
(b;éo, ""ln —2! v )
15.1.27
FQ,1; a+1; =a¥(3+3a) —¥(30)]
(@a%—1, —2, —3,...)
15.1.28
F(a, a; a+1; ) =2""a[Y(}+4a) —¢¥(3a)]
(5?5—1, _2.! _3’ .. -)

15.1.29

F (a, 3+a; 3—20;—)=@) > %E%
(3—2a70, —1, —2,...)
15.1.30
F (@, 3+a; §+a; =) n r(&fﬁ)?(;lr&a)
(+320, -1, —32,.. )
15.1.31
F (a, 4a+3; fa+3; et)
gt dghein s _Tatd
T@a+HI @)

(111 0'5""'—%':—'1319_1&1: .. )

15.2. Differentiation Formulas and Gauss’
Relations for Contiguous Functions

Differentiation Formulas

1521 2 Fia, by, =2 Fla+1, b4+1;041; )

15.2.2

CEL; F(a, b; ¢; 2)—(6)( )(E)" F(a+n, b+n; c+n; 2)

15.2.3
L (#+1F(a, b ; 2)]= (@aeFlatn, b; ¢; 2)

15.2.4

é‘; [2°71F(a, b; ¢; 2)]=(c—n).2° " 'F(a, b; c—n; 2)

15.2.5

du c—a+n—1 a+b—¢ o

pr (1—2)***~F(a, b; c; )]
=(c—a)2° " (1—2)* P~ *""F(a—mn, b; c; 2)

15.2.6

dz,.[(l 2)*+*~<F(a, b; c; 2)]

=.—(°““)(;)("—”)- (1—2)*+=c=2F(a, b; c-+n; 2)

15.2.7
L (0=, b6;2)

=(-1)"(2za))..(c—b)n (1—2)*"'F(a+mn, b; c+n; 2)

15.2.8

P [a"‘(l z)?—tn F(a, b; ¢; 2)]

=(c—n)z " (1—2)""F(a—n, b;c—n; 2)

15.2.9

2 (-1 (1—2)"F(a, b ; 2]

=(c—n)uz " 1(1—2)* "~ *F(a—n, b—n;c—n; 2)

Gauss’ Relations for Contiguous Functions
The six functions F(a+1,b; ¢; 2), F(a,b+1;¢; 2),
F(a, b; c+1; 2z) are called contiguous to
F(a, b; ¢; z). Relations between F(a, b; ¢; 2) and
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any two contiguous functions have been given by
Gauss. By repeated application of these rela-
tions the function F(a+m, b+n; c+; 2) with
integral m, n, l(c+I0, —1, —2, . . .) can be
expressed as a linear combination of F(g, b; ¢; 2)
and one of its contiguous functions with coefficients
which are rational functions of @, b, ¢, 2.

15.2.10

(c—a)Fla—1,b; ¢; 2)+(2a—c—az+b2)F(a, b; ¢; 2)
+a(z—1)F(a+1, b; ¢; 2)=0

15.2.11

(c—b)F(a, b—1; ¢; 2)+(2b—c—bz+a2)F(a, b; ¢; 2)
+b(z—1)F(a, b+1; ¢; 2)=0

15.2.12
¢(c—1)(2—1)F(a, b; c—1; 2)
+ele—1—(2e—a—b—1)2]F(a, b; ¢; 2)
4 (c—a) (c—b)zF(a, b; ¢+1; 2)=0
15.2.13
[c—2a—(b—a)z]F (g, b; ¢; 2)
+a(l—2)F(a+1, b; ¢; 2)

15.2.14
(b—a)F(a, b; ¢; z2)+aF(a+1, b; c; 2)
—bF(a, b+1; ¢; 2)=0
15.2.15
(c—a—0b)F(a, b; ¢; 2)+a(l—2)F(a+1, b; ¢; 2)
—(c—b)F(a, b—1; ¢; 2)=0
15.2.16
cla—(c—b)2]1F(a, b; ¢; 2)—ac(1—2)F(a+1, b; ¢; 2)
+(c—a)(c—b)zF(a, b; c+1; 2)=0
15.2.17
(c—a—1)F(a, b; ¢; 2)+aF(a+1, b; ¢; 2)
—(¢—1)F(a, b; c—1; 2)=0
15.2.18
(c—a—>b)F(a, b; ¢; 2)—(c—a)F(a—1, b; ¢c; 2)
+b(1—2)F(a, b+1; ¢; 2)=0
15.2.19
(b—a)(1—2)F(a, b; ¢; 2)—(c—a)F(a—1, b; ¢; 2)
+(e—b)F(a, b—1; ¢; 2)=0
15.2.20
c¢(1—2)F(a, b; ¢; 2)—cF(a—1, b; ¢; 2)
+(c—b)zF(a, b; ¢+1; 2)=0

*See page 0.

—(c—a)F(a—1, b; ¢; 2)=0"

15.2.21
[e—1—(c—b—1)z]F(a, b; c; 2)
+(c—a)F(a—1, b; ¢; 2)
—(e—1)(1—2)F(a, b; e—1; 2)=0
15.2.22
[c—2b+ (b—a)2z]F(a, b; ¢; 2)
+b(1—2)F(a, b+1; ¢; 2)
—(e—b)F(a, b—1; ¢; 2)=0
15.2.23
c[b—(c—a)z]F(a, b; ¢; 2)—be(1 —2)F(a, b+1; ¢; 2)
+(c—a)(c—bd)zF(a, b; ¢c+1; 2)=0
15.2.24
(c—b—1)F(a, b; ¢; 2)+bF(a, b+1; ¢; 2)
—(c—1)F(a, b; c—1; 2)=0
15.2.25
c(1—2)F(a, b; ¢; 2)—cF(a, b—1; ¢; 2)
» +(c—a)zF(a, b; c+1; 2)=0
15.2.26
[b—1—(e—a—1)z]F(a, b; ¢; 2)
+(c—b)F(a, b—1; ¢; 2)
—(—1)(1—2)F(a, b; c—1; 2)=0
15.2.27
cle—1—(2c—a—b—1)z]F(a, b; ¢; 2)
+(c—a)(c—b)zF(a, b; c+1; 2)
—e(e—1)(1—2)F(a, b; c—1; 2)=0

15.3. Integral Representations and Transfor-
mation Formulas

Integral Representations

15.3.1
F(a, b;¢; 2)=

T'(e)

1
m 5 P=1(1—2)e~01 (1—t2) ~dt

(Rec>Rb>0)

The integral represents a one valued analytic func-
tion in the z-plane cut along the real axis from 1 to
o and hence 15.3.1 gives the analytic continua-
tion of 15.1.1, F(a, b; ¢; z). Another integral
representation is in the form of a Mellin-Barnes

integral
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: gt By O ‘* Dlats)T(b+s)T(=s) . .,
1532 F(a,b;0; ) =50ty ) .o Tlets) (—2)'ds

. T() (* I'(a+s)T(b+s)
=P T@T®) )i TA+9) Tets)

Here —r<arg(—2z)<w= and the path of integration is chosen such that the poles of I'(a+s) and
I'(b+s) ie. the points s=—a—n and s=—b—m(n, m=0, 1, 2, . . .) respectively, are at its left
side and the poles of cs¢(rs) or I'(—s) i.e. §=0, 1, 2, are at its right side. The cases in which —a, —b
or —¢ are non-negative integers or a—b equal to an integer are excluded.

csc(ws) (—z)'ds

Linear Transformation Formulas
From 15.3.1 and 15.3.2 a number of transformation formulas for F(a, b; ¢; z) can be derived.

15.3.3 F(a, b;c; 2)=(01—2)"*2F(¢c—a, c—b; ¢; 2)
15.3.4 —(1—2)~F (a, e=he; ;zl)

—2)-? s P
15.3.5 ~(1—2)F (b, c—a; ; 25)

_T(I(c—a—b)
I'(c—a)T(c—b)

15.3.6 F(a, b;a+b—c+1;1—2)

+(1—z)c—o? % F (¢c—a,c—b; c—a—b+1;1—2)
(larg (1—2)|<x)

_T({r(b—a)

15.3.7 ~T®)T(c—a)

—-a . . 1
(—2)"*F(a,1—c+a; 1—b+a; E)
=) (—a)=F (b, 1—e+b; 1—atbi 1) (arg (—2)I<m)

15.3.8 (=g LOTO—8) pll o b bt L

T'(®)I(c—a) ? 1 —z

+1-9 FOOD F (b, 0—a;b—atii 125)  (arg 1—-2)|<m)

I'(e)T(c—a—b) o

15.3.9 Te—a)Te=0) °

(ﬂ, a—c+1; a+b—c+1; 1_1)
1

L@ (@at+b—c) —— _ e _1
T @T o) (1—2) & F( a,1—a;c—a—b+1;1
(e ol g (sl )
Each term of 15.3.6 has a pole when c=a+b+m, (m=0, 1, 2, . . .); this case is covered by

gt )= D@D 2 @) .
15310 F(a, b a+b; a)=pyrmy 23 ane VD —v(a+m)—¢(b+n)—ln 1—2)](1—2)
(larg (1—2)|<m, [1—2<1)

Furthermore for m=1, 2, 3, . .
_T(m)T(a+b+m) 2=l (a). (b). — )
T(a+m)I(b+m) 5= nl(1— m)..

A o S A

—p(atmt1) Fp(atnt m)pbntm)]  (larg (1—2) <, [1—2<1)

15.3.11 F(a, b; a-+bd-+m; 2)=
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I'(m)I'(a+b—m) —n 2 (6—m)a(b—m), "
Tor® 97" % aa—m, 42

(-—1)"1"(0-[—5—1?1) ( )n(b)u »
Ta—m)T(—m) = n!?n-l-m)! (1—2)"In (1—2)—y¢(n+1)

n=0
—y(n+m—+1)+¢(a+n) +¢(b+n)]
(larg 1—2)|<x,[1—2|<1)

Similarly each term of 15.3.7 has a pole when b=a+m or b—a=+m and the case is covered by

15.3.12 F(a, b; a+b—m; 2)=

15.3.13 F(a,a;c;z)=ﬁa)rT%:L__(-;-j (—z)‘“g%;}ta—)" z7In (—2)+2¢ (n+1)—¥a+n)—¥(c—a—n)]
(larg (—2)| <m, [2]>1, (c—a) 0, £1, £2,...)

The case b—a=m, (m=1,2, 3, . . .) is covered by

15.3.14 F(a,a+m;c; z2)=F(a+m,a;c; 2)

e

—Vartmetm)—ple—amm—m)+ (~9) gy 35 T+

(arg(—2)|<m |2 >1, (c—a)=0, £1, £2,...)

The case c—a=0, —1, —2, . . . becomes elementary, 15.3.3, and the case c—a=1, 2, 3, . . . can be
obtained from 15.3.14, by a limiting process (see [15.2]).

Quadratic Transformation Formulas

If, and only if the numbers +(1—¢), +(a—b), +(a+b—¢) are such, that two of them are equal
or one of them is equal to %, then there exists a quadratic transformation. The basic formulas
are due to Kummer [15.7] and a complete list is due to Goursat [15.3]. See also [15.2].

15.3.15 F(a,b;2b;z)=(1—z)'PF(}a, b—4%a; b+4%; 4%)

15.3.16 =(1—%2)"°F(3a,%+%a;b1+3%;2*(2—2)%)
15.3.17 —(+1VI- ")-mF[a,a b4 b+; (i +"1_Z)]
- _ _(1=41=2)’
15.3.18 -(1 z) *’F(a,% a; b+4; S )
15.3.19 F(a,a+3;¢;2)=(3+3/1—2)~2F (2a, 2a—c+1;c;;; J_Vi_z)
—Z
15.3.20 =(1++2)"%F (2&, c—%; 12::35
— 1 —sy—a T T . 1—2—1
15.3.21 ~(—2)F(2, 221, m)

15.3.22 F(a,b; a+b+3;2)=F(2a, 2b; a+b+%; 3—3/1—2)

15.3.23 et~ z)"’F(Za. a—b+4; a+b+4 1/_"1_4_1)
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15.3.24 Fl(a, b;a+bd—1%; 2)=(1—2)"1F(2a—1,2b—1;a+b—%;4—31—2)

15.3.25 =(1=2)7 GHiV1—2)""F (2“_13 a—b+3; a+b—3; ‘[———*"i::i)
15.3.26 Fl(a, b; a—b+1; 2)=(142)"°F (3e, 3a+3%; a—b+1; 42(1+2)79%

15.3.27 =(1++v2)"%F(a, a—b+%;2a—2b+1; +4V2(1+v2)7?)

15.3.28 =(1—2)"°F(}a, Ya—b+4%a—b+1;—42(1—2) %)

15329 F (0, b hatibrh 2=(1=20F (o, dorth daibth s

15.3.30 =F(}a, 4b; da+3d+3; 42—427)

15.3.31 F(a, 1—a;¢; 2)=(1—2)""F(dc¢—3a, dc+3a—1%; ¢; 42—42%)

15.3.32 =(1—2)""1(1—22)*F (}c—4a, }c—3a+%; c; (42°—42)(1—22)7?)

Cubic transformations are listed in [15.2] and [15.3].
In the formulas above, the square roots are defined so that their value is real and positive when
0=<2z<1. All formulas are valid in the neighborhood of z=0.

15.4. Special Cases of F(a, b; ¢; 2)
Pn]yﬁomi.lll
When ¢ or b is equal to a negative integer, then

(—m)u(d)s 2*
©. nl

This formulsa is also valid when ¢e=—m—I; m, 1=0,1,2, . . .
(—=m)a(b)s 2"

(—m—10), nl

15.4.1 F(—m, b;¢; 2)= Z&

1542 F(—m, b;— mlz)nz-a
Some particular cases are

1543 F(—n,n; %; 2)=T,(1—22)

15.4.4 F(—n,n+1;1; 2)=P,(1—2z)

15.4.5 F(—-n - By ks 0 (1—22)

2 )_(2a)
i ; T ( —
15.4.6 F(—n, a+14+8+n; a+1;2) (a-i—l),.P'M)(l 2z)
Here T,, P,, Ci?, P{? denote Chebyshev, iegendre's, Gegenbauer’s and Jacobi's polynomials re-

spectively (see chapter 22).
Legendre Functions

Legendre functions are connected with those special cases of the hypergeometric function for which
a quadratic transformation exists (see 15.3).

15.4.7  Fla, b;2b; 2)=22-T (+b)2A=* (1 —z)i-a-» P} 6,,[(1—5)(1—2)-!]

' *
15'4'8 —2qu 20 | IF((gb-i_ b)) —b(l_Z)i(’-ﬂ)efr(a“W Qg:? (_22__1)

1549 F(a, b; 2b;—z)—2%x} F(P*("’)b) 21 4 2)H 0= g—txta=0) Qa- ,(1+- (larg 2| <=, |arg (1+ 2)|<m)"
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15.4.10

15.4.11

15.4.12

15.4.13

15.4.14

15.4.15

15.4.16

15.4.17

15.4.18

15.4.19

15.4.20

15.4.21
15.4.22

15.4.23

15.4.24

'15.4.25

15.4.26
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F(a,a+3;¢; 2)=2""T'(¢)2" ¥(1—2)*~*4P}7¢ [(1—2) Y]
(larg z|<m, |arg (1—2z)|<=, z not between 0 and — =)

F(a,a+%;¢;2)=2""T(e)(—z) ¥ (1 —2) 4P 2 [(1—2) Y] (— = <2<0)

F(a,b;a+b-+1%; 2)=2"""IT (3+a+b) (—2) 4P P 5T (1—2)})
(larg (—2z)|<m, z not between 0 and 1)

F(a, b; a+b-+3; 2)=2V-4T (3 4-a+b)zt4 - PA o h (1 —2)i] (0<z<1)

1—z
(Jarg (1—2)|<, 2z not between 0 and — =)

Fla, b; a—b-+1; 2)=T(a—b-+1)z0=1(1—z)~2P>3e 1"'—")

F(a, b;a—b+1;2)=T(a—b+1)(1—2)~*(—a)P-#P;s if:) (— = <2<0)

F(a,1—a;¢; 2)=T(c)(—2)t ¥ (1—2)¥ 1P s (1—22)
(larg (—2)| <, |arg (1—z)|<w, z not between 0 and 1)

F(a,1—a;c;z)=T(c)zt ¥ (1—z)¥ P (1—2z) 0<2<L1)

F(a, b; 3a+31b+%; 2) =T (}+3a+3b)[z(z—1) B2 P{(25 20 (1 —22)
(larg z | <, |arg (2—1)|<m, 2z not between 0 and 1)
F (@, b; }a+3b+3; 2)=T(3+4a+4d) (z—2)t¢-2-Y P25 23) (1 —22) (0<z<1)
F(a, b;a+b—4%; 2)=2°"-10(a+b—3)(—2)}4-9-(1—2)~4P3=e2 3 (1—2)}]
(| arg (—2)|<m,| arg (1—2)| <=, Z[(1—2z)}]>0, z not between 0 and 1)
F(a, b; a+b—1}; z)=2P-1T (a+ b— 3z 42D (1—z) P} =53 (1 —2z)}] (0<2<1)

F(a, b; }; 2)=7"12°P 730 (3+a)T(3+5) (z—1 19~ P[PL3}(2) + PA=a=}(—2Y)]
(|arg z|<w,| arg(z—1)|<w, z not between 0 and 1)

F(a, b; §; 2)=n"12*"1T (3+a) T (3+8) (1 —z )4 —2-P[PL3 7} (24) + P33 (— )] (0<z<1)

Fla, b; §—2)=n 12501 T(34-a) T(1—B)(a+1) -4 ¢*'7 ¢ (Paza_o4(142)-1]
¢+o-l[_‘3i(1+z) ‘]}

(+according as #2=0, z not. between 0 and =)

F(a, b; §; —2)=7"32""""T (}+a) T (1—b) (1 +2; ¥ (P35 [z (1 +2) ~H]4-Po3s - o[ —2'*(1+2) 7]}
0<z< =)

F(a,b;§;2)=—wn"127t=Il (a— T (b— Pz (1 —z)i4-*-» (Pi{ () —PiT4T3(—2h) ] (0<2<1)

15.5. The Hypergeometric Differential Equation

The hypergeometric differential equation

15.5.1 z2(1—2) g+[c—(a+b+l)z] g—:’——abw=0

*See page 11,
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has three (regular) singular points 2=0, 1, ©. The pairs of exponents at these points are
15.5.2  p{%=0,1—e¢, p{i=0,c—a—bd, p{¥=a,b

respectively. The general theory of differential equations of the Fuchsian type distinguishes between

the following cases.
A. None of the numbers ¢, c—a—>b; a—b is equal to an integer. Then two linearly independent solutions

of 15.5.1 in the neighborhood of the singular points 0, 1, « are respectively

15.5.3 w,=F(a, b; ¢; 2)=(1—2)"**F(c—a, c—b; ¢; 2)

15.5.4 wyq=2""°F(a—c+1, b—c+1; 2—¢; 2)=2'""(1—2)**"*F(1—a, 1—b; 2—c¢; 2)

15.5.5 wyy=F(e, b; a+b+1—c; 1—2)=2"F(1+b—c¢, 1+a—c; a+b+1—c; 1—2)

15.5.6 wyqy=(1—2)""F(¢—b,c—a;c—a—b+1;1—2)=2z""*(1—2)**F(1—a, l—b;c—a—b+}; 1—2)
15.5.7 wy(y=2""F(a, a—c+1; a—b+1; 27)=2""°(2—1)*°F(1—b, ¢—b; a—b+1; 27

15.5.8 Wyey=2""F(b, b—c+1; b—a+1; z7)=2""°%(2—1)*"F(1—a, c—a; b—a+1; z7)

The second set of the above expressions is obtained by applying 15.3.3 to the first set.
Another set of representations isobtained by applying 15.3.4 to 15.5.3 through 15.5.8. This
gives 15.5.9-15.5.14.

15.5.9 wy=(1—2)"F(a,c—b;¢c; -z__il)=(1—z) B d (b, c—a; c; :21)

15.5.10 wyq=2'"*(1—2)*~*~'F a;c+1, 1—b; 2—e¢; ﬁi)=z"‘(1—2)“°“'F(b—c+1, 1—a; 2—¢; z—;_z—;)

15.5.11 wy,y=2z"°F(a, a—c+1; a+b—c+1; 1—27)=2"F(b, b—c+1; a+b—c+1; 1—27")

15.5.12
wyy=2""°(1—2)"**F(c—a, 1 —a; c—a—b+1; 1—z7 ) =2""¢(1—2)*F(c—b,1—b; c—a—b+1; 1—27")

15518 wiimy=(e—1)~F (o, c—b a—b+1; 12 )=(e—1)F (8, 0—a; b—at1; 1

15.5.14
Wyay=2'"*(2—1)*7'F | a—c+1, 1—b; a—b+1; %z)ql“(z—ﬂ‘-“-‘ﬁ‘ (6—c+1, 1—a; b—a+1; l_i_z)

15.5.3 to 15.5.14 constitute Kummer’s 24 solutions of the hypergeometric equation. The analytic con-
tinuation of wy 5¢,(2) can then be obtained by means of 15.3.3 to 15.3.9.

B. One of the numbers a, b, ¢c—a, ¢c—b is an integer. Then one of the hypergeometric series for
instance w 3, 15.5.3, 15.5.4 terminates and the corresponding solution is of the form

15.5.15 w=2z*(1—2)p,(2)

where p.(2) is a polynomial in z of degree n. This case is referred to as the degenerate case of the
hypergeometric differential equation and its solutions are listed and discussed in great detail in [15.2].

C. The number c—a—b is an integer, ¢ nonintegral. Then 15.3.10 to 15.3.12 give the analytic continu-
ation of w 3¢, into the neighborhood of z=1. Similarly 15.3.13 and 15.3.14 give the analytic continu-
ation of wy 3¢, into the neighborhood of z== in case a—b is an integer but not ¢, subject of
course to the further restrictions c—a=0, +1, 42 ... (For a detailed discussion of all possible
cases, see [15.2]).

D. Thenumber c=1. Then 15.5.3, 15.5.4 are replaced by

15.5.16 w1¢°J=F(G, 6; l; 3)
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15.5.17 "w:(m—F(ﬂ b 1; Z)ln +E

E. The number e=m-+1, m=1, 2,3, .
15.5.18 11?1(9]=F(G- b'm-i—l;z)

15.5.19 ‘IUQ(O)-—-F(G 6 m—|~1 2) In Z+E (1+—ﬂ1)ﬂ:f

(“()n!()ﬁ)n 2"[Wat+n)—¥(@) H b+ —p(B) —2m+1)+201)]  (|21<1)
A fundamental system is
D)o cnly(a-tn)—4(a) +9(6-+m)—9(5)—¥(m+14)
—DU=M)s s (1,1< 1 and a,650,1, 2, . . . (m—1))

+¥(m+1)—¢(n+1)4¢(1)]— E  (T—a),(1=b),

F. The number c=1—m, m=1,2,3, .. ..
15.5.20 wy,=2"F(a+m, b+m; 14+m; 2)
15.5.21

Wyy=2"F(a+m, b+m; 14+m; z) In z+3m2 "

n=1

—Y(b+m)—Ym 1) Hm+ DU+ DHUDI- 2

15.6. Riemann’s Differential Equation

The hypergeometric differential equation 15.5.1
with the (regular) singular points 0, 1, = is a
special case of Riemann’s differential equation
with three (regular) singular points a, b, ¢

15.6.1
—a—a’ l —B—p’ | 1—y—y'dw
dz* +[ z—b t z—c dz
aa’(a—b)(a—c) | ﬂﬁ (b—c)(b—a)
+|: z—a z—b
i (c—a.)(c—b)] w —0
E z—¢ (z—a)(z—b)(z—e)

The pairs of the exponents with respect to the
singular points a; b; ¢ are «, &’; 8, B’; v, v’ respec-
tively subject to the condition

15.6.2 a+a’+B+p +v+v'=1

The complete set of solutions of 15.6.1 is denoted
by the symbol

15.6.3 a

(a+m)u(b+m),

A fundamental system is

[Wa+m+n)—y¢(a+m)+¥(b+m-+n)

(1+m),n!
(=1 (=m)s ...
—a—m),(1—b—m),

v..—(m—1))

(|z|<1 and @, 570, —1, —2,

Special Cases of Riemann’s P Function
(a) The generalized hypergeometric function

15 .6'4
0 © 1

w= @ B ¥ 2
a' 3’ 7!

(b) The hypergeometric function Ff(a, b; ¢; 2)

15.6.5
0 ® 1
w=P 0 a 0 z
1—e b c—a—b

(¢) The Legendre functions P4(2), @/ (2)
15.6.6

0 © 1
w=P < —% du 0 (-2
I+ — 3

(d) The confluent hypergeometric function

15.6.7
0 ® ¢

Jru —c
—u 0 ke
provided lim ¢—w,

w=P
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Transformation Formulas for Riemann’s P Function

a b ¢ a b c
e k (T i
15.6.8 (2:‘;) (ZT% Pla B v zp=PX atk p—k—l y+i =z
o ﬂ' 7: a’-}'k ﬂ’—k—-l ‘Y’+z
@ b c o b o
1569 P{a B v zp= a B v &
al ﬂ!‘ ‘Y! a! ﬂ! 7!
where
__A21+B A(Irl‘l'B ___A.bl"l"B _AC1+B
15-6-10 2_021+D, a Cﬂ,l+D’ b‘—061—|—D, [ OcI—I—D

and A, B, C, D are arbitrary constants such that AD—BC50.
Riemann’s P function reduced to the hypergeometric function is

a b c 0 ® 1
e’ a = T _ .
son ple 8 0 of(SY (S Pe en oEREd
| o B Y o’—a atp’ty Y—v

The P function on the right hand side is Gauss’ hypergeometric function (see 15.6.5). If it is replaced
by Kummer’s 24 solutions 15.5.3 to 15.5.14 the complete set of 24 solutions for Riemann’s differential
equation 15.6.1 is obtained. The first of these solutions is for instance by 15.5.3 and 15.6.5

7. (3'_0') (c'_ b)

_(2=aY (z=¢Y' oy 1 gty B0 00
15.612 w— _b) (z_b P atBtv,atf +vi1+a—o's Cpy =)

2

15.7. Asymptotic Expansions

The behavior of F(a, b; ¢; z) for large |z| is
described by the transformation formulas of 15.3.

For fixed a, b, z and large |c| one has [15.8]

15.7.1

Fa, be; =33 D222 0ol -m-)

€)n n!

For fixed a, ¢, 2, (%0, —1, —2, . . . , 0<]2[<1)
and large |b| one has [15.2]

15.7.2 _
Fa, b; ¢; 2)=e~**[T(c)/T(c—a)] (b2)~(1+0(|bz|™)]
+[I(e)/T(a)] €*(bz)*~*[14-0(|b2| )]

(—Z<argba)<ir)
15.7.3
F(a, b; ¢; 2)=e*[T'(c)/T(c—a)] (b2)[1-+0(|b2| )]
+[T(e)/T(@))e**(b2)*~[1+0(|bz| )]
(—3r< arg (b2)<iw)
For the case when more than one of the param-
eters are large consult [15.2].
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16. Jacobian Elliptic Functions and Theta Functions

Mathematical Properties

Jacobian Elliptic Functions

16.1. Introduction

A doubly periodic meromorphic function is

called an elliptic function.
Let m, m, be numbers such that

m—l-m1=1.

We call m the parameter, m, the complementary
parameter.

In what follows we shall assume that the param-
eter m is a real number. Without loss of gen-
erality we can then suppose that 0<m<1 (see
16.10, 16.11).

We define quarter-periods K and iK' by

16.1.1

K(m)=K— L -

(1—m sin?g)V/?’
de

. 2 /2
iK' (m)=iK __IL (e
so that K and K’ are real numbers. K is called
the real, 1K’ the imaginary quarter-period.
We note that

16.1.2 K(m)=K'(m))=K’(1—m).

We also note that if any one of the numbers m,
my, K(m), K'(m), K'(m)/K(m) is given, all the
rest are determined. Thus K and K’ can not
both be chosen arbitrarily.

In the Argand diagram denote the points 0, K,
K+iK’, iK' by s, ¢, d, n respectively. These
points are at the vertices of a rectangle. The
translations of this rectangle by AK, uiK’, where
N, p are given all integral values positive or nega-
tive, will lead to the lattice

n b
wp i

o o
o b

J

the pattern being repeated indefinitely on all
sides.

Let p, q be any two of the letters s, ¢, d, n.
Then p, q determine in the lattice a minimum
rectangle whose sides are of length K and K’ and.
whose vertices s, ¢, d, n are in counterclockwise
order.

Definition

The Jacobian elliptic function pq u is defined by
the following three properties.

(i) pq © has & simple zero at p and a simple
pole at q.

(ii) The step from p to q is a half-period of pq u.
Those of the numbers K, 1K', K+1K’ which differ
from this step are only quarter-periods.

(iii) The coefficient of the leading term in the
expansion of pq u in ascending powers of u about
u=0 is unity. With regard to (iii) the leading
term is %, 1/u, 1 according as u=0 is a zero, &
pole, or an ordinary point.

Thus the functions with a pole or zero at the
origin (i.e., the functions in which one letter is s)
are odd, and the others are even.

Should we wish to call explicit attention to the
value of the parameter, we write pq (u|m) instead
of pq u.

The Jacobian elliptic functions can also be
defined with respect to certain integrals. Thus if

e do
16.1.3 u=J; ﬁm,

the angle ¢ is called the amplitude

16.1.4 e=am u
and we define

16.1.5
SN %=-s8in ¢, cn U=Ccos ¢,
dn u=(1—m sin? ¢)"2=A(yp).

Similarly all the functions pq % can be expressed
in terms of ¢. This second set of definitions,
although seemingly different, is mathematically
equivalent to the definition previously given in
terms of a lattice. For further explanation of
notations, including the interpretation, of such
expressions as sn (p\a), cn (u|m), dn (u, k), see 17.2,

569
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16.2. Classification of the Twelve Jacobian Elliptic Functions
According to Poles and Half-Periods

Pole Pole Pole Pole

iK' K+iK' K 0
Half period iK' sn u ed u de u Dns u Periods 2iK’, 4K+ 4K, 4K
Half period K+iK’ cn % sd u ne u ds u Periods 44K’, 2K+ 2iK’, 4K
Half period K dnu |ndu scu |csu | Periods 4K’, 4K+4K’, 2K

The three functions in a vertical column are
copolar.

The four functions in a horizontal line are
coperiodic. Of the periods quoted in the last line
of each row only two are independent.

Ficure 16.1. Jacobian elliptic functions
sn u, cn u, dn %

_1
m=2a

The curve for on (u/}) is the boundary between those
which have an inflexion and those which have not.

-0} e

neu ! nsu -

Ficure 16.2. Jacobian elliptic functions
ns u, nc %, nd
1

m=§

-L5 -
FiGURE 16.3. Jacobian elliptic functions
sc u, cs ¥, ¢d u, de u
1

m=§

16.3. Relation of the Jacobian Functions to the
Copolar Trio sn %, ¢cnu, dnu

cn % dnu 1
16.3.1 cd e dcu=—cn = Dade—
8N % _dnuw
16.3.2 sd =g  be = ds u=_—
1 sn u _cnu
16.3.3 Dd u——dn % sC u_m u__sn__u

And generally if p, q, r are any three of the letters
3, el d! nl

pru

Pq U=

16.3.4
qru

provided that when two letters are the same, e.g.,
PP %, the corresponding function is put equal to
unity.
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16.4. Calculation of the Jacobian Functions by
Use of the Arithmetic-Geometric Mean
(A.G.M.)

For the A.G.M. scale see 17.6.
To calculate sn (ulm), en (u|m), and dn (u|m)
form the A.G.M. scale starting with

16.4.1 ao=1, bo=+/m,, ce=/m,

terminating at the step N when ¢y is negligible to
the accuracy required. Find ¢y in degrees where

and then compute successively ow_i, on_2, -

@1, ¢ from the recurrence relation

16.4.3

Then
16.4.4

Bi[l (2% -1

Cn -
_ﬂon) =GT: SIN @y.

sh (u|m)=sin ¢, cn (u|m)=cos ¢

dn (u|m)=

COS ¢

cos (¢, —ey)

" 180° From these all the other functions can be deter-
16.4.2 en=2"ayu — -
mined.
16.5. Special Arguments
u sn u cn u dn »
1651 |0 0 1 1
1 1 myt/e i
1652 | 3K e T T mis mat
1653 | K 1 0 myV/2
1,..., . 14 mi/n)s
1654 | 26K i (mD” (14 my/nyvs
1 ‘K’ —1izgp ~1f v/t ﬁ w - 1y, w Va2
» 16.5.5 2(K-|-1K ) 2-1m =141 ++m"(1)_mm)m} 4m) (1—1) ( 1 ) [(1 +mli(>1—-mlm)m]
16.5.6 | K+5GK) | m — (1 m::':”)"’ (1 — muayiia
16.5.7 iK' ® ©
16.5.8 %K +iK' (1—mV/3)-v2 —1 1—%)“’ — iy
16.5.9 K+iK' ms —i(my/m)V? 0

16.6. Jacobian Functions when m=0 or 1

m=0 m=1
16.6.1 sn (u|m) sin u tanh u
16.6.2 cn (u|m) 08 u sech u
16.6.3 dn (u|m) 1 sech u
16.6.4 cd (u|m) €08 U 1
16.6.5 sd (u|m) sin u sinh u
16.6.6 nd (u|m) cosh u
16.6.7 de (u|m) BEC U 1
16.6.8 ne (u|m) sec u cosh u
16.6.9 sc (u|m) tan u sinh u
16.6.10 | ns (u|m) Cs8C U coth u
16.6.11 ds (u|m) c8C u esch u
16.6.12 | cs (u|m) cot u esch u
16.6.13 | am (u|m) % gd u

Qs nacws 1T
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16.7. Principal Terms

When the elliptic function pq « is expanded in ascending

owers of (u—K,), where K, is one of

0, K, iK', K+1K’, the first term of the expansion is called the principal term and has one of the
forms A, BX (u—K,), C+(u—K,) according as K, is an ordinax}y point, a zero, or a pole of pq u.
al

The following list gives these forms, where X means that the
and - means that the divisor (u—

;) has to be supplied.

ctor (u—K,) has to be supplied

K.= 0 K 1K’ K+:iK'’
16.7.1 snu | 1X 1 m12 m-17
. .y i
16.7.2 enuy |1 — /2 —im~12 | —q ("m")
16.7.3 dnu | 1 e —i tm /2 X
16.7.4 edu |1 —1X m12 —m 1
16.7.5 |sdu | 1X | m™n im1A U mmyin
16.7.6 ndu |1 my~1R X —imy1R
16.7.7 deu |1 —1= mif —mli2 >(ﬂ
1
16.7.8 ncu |1 —my Vi | imltX i %)
16.7.9 scu | 1X —myVi | g imy—12
16.7.10 nsu | 1+ m ‘mif2
16.7.11 dsu | 1= mylf2 —imlf2 1(mm,) 12
16.7.12 |esu | 1=+ —miX | —1 —imy !
16.8. Change of Argument
u —u u+ K u—K K—u u+2K | u—2K | 2K—u ut+iK’ u+ 21K’ u+ K+1K' 1-'2-2KK’
1
16.8.1 Bn | snu | —8nu ed u —cdu ed u —sn % | —8n u 8n u m~12ng y 8N u m~Vide u —sn u
16.8.2 cn | cn u cn u —m%8d w | m'?sd u mi'sd u —cnu | —enu j —cnu | —im™ds u| —enu | —imy' m~Vincu en %
16.8.3 dn | dn u dn u mylnd u | m"nd u m*nd u dn u dn u’ dn u | —ics u —dn u imysc u —dn u
16.8.4 cd | ed u cd w —8n u 8n % 80 u —cedu | —edu | —cdu m~1%de u edu | —m™'/ns u —ecd u
16.8.5 8d | sdu | —sd u my~V2en u| —my~V%en w| m;"%en u —sdu | —ad u sd u im~peu| —sd u | —im~2m12ds u sd u
16.8.6 nd | nd u nd u my~Vidn u| m;~3dn u my~13dn u nd u nd u nd u i8¢ u —nd u | —imy Y8 u —nd u
16.8.7 de | de u de u —ns u ns u ns u —dewu | —deu | —dcu mfied u deu | —m'sn u —dec u
16.8.8 ne | ne u ne u —my3ds u | my2ds u my"Vids u —neu | —neu | —necu im'sd 4 | —nc u imy~ 1 ?m'en u ne u
16.8.9 8¢ | scu | —8cu —my~ Vs u | —my~%08 u | myT1%es u 8¢ u geuw | —scu wnd u —8c u im,~1Vidn u —sc u
16.8.10 | ns | nsu | —ns u de u —de u de u —nsu | —ns u ns u m'sn u ns u mifed u —ns u
16.8.11 | ds | dsu | —ds u mBnc u | —mBnc v | mne u —dsu | —dsu dsu | —imiffen v | —ds u imytAmifisd u ds u
16.8.12 | ¢cs | csu | —csu —mf8c u | —my'f8cu | myf8c u cB u esu | —esu | —idn u —e8 4 | —imyPnd u —c8 u

cLS
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16.9. Relations Between the Squares of the

Functions
16.9.1 —dn%-+m=—m cn*u=m sn’u—m
16.9.2 —mpnd*u+m=—mmisd*u=m cd’u—m
16.9.3 msse*u+mi=mpncu=dcu—m
16.9.4 cs*u+m, =ds*u=ns*u—m

In using the above results remember that
m+m1=1.

If pq u, rt u are any two of the twelve functions,
one entry expresses tq'z in terms of pq’s and
another expresses qt*z in terms of rt>sz. Since
tq®s - qt’u=1, we can obtain from the table the
bilinear relation between pq®sz and rt*s. Thus
for the functions ¢d %, sn u we have

1—m cd*z

1695 ndu=—"""" dn'u=1~m su'u
1 2

and therefore

16.9.6 (1—m ed®) (1—m sn’u) =m,.

16.10. Change of Parameter
Negative Parameter
If m is a positive number, let

16300 p=rs i

1l ¥
Iim M T (0<u<1)

16.10.2 sn (u|—m)=pisd (v|p)

16.10.3 en (u|—m)=cd (v|p)

16.10.4 dn (u|—m)=nd (v|w).

16.11. Reciprocal Parameter (Jacobi’s Real

Transformation)

16.11.1 m>0, py=m~1, p=um'?

16.11.2 sn (u|lm)=p'?sn (v|p)

16.11.3 en- (u|m)=dn (v|n)

16.11.4 dn (u|m)=cn (v|u)

Here if m>1 then m~'=pu<1.

Thus elliptic functions whose parameter is real
can be made to depend on elliptic functions whose
parameter lies between 0 and 1.

16.12. Descending Landen Transformation
(Gauss’ Transformation)

To decrease the parameter, let

1—m,'H\? u
16.12.1 b= Tm:":) G P
then
_ (144" sn (v]w)
_cn (v]p) do (v]p)
16.12.3 cn (u[m)—f_m
16124 dn (] m)zdn (o w) — (1 —u"?)

(14" —do*(olw)

Note that successive applications can be made
conveniently to find sn (u|/m) in terms of sn (v|u)
and dn (u/m) in terms of dn (»|g), but that the
calculation of cn (u|m) requires all three functions.

16.13. Approximation in Terms of Circular
Functions

When the parameter m is so small that we may
neglect m® and higher powers, we have the
approximations

16.13.1

sn (u|m) =sin u-—% m(u—sin % CO8 u) COB U _

16.13.2

cn (u|m) ==eosu+i— m(u—sin ¥ cos u) sin u

16133  dn(ujm)~ 1—% m sin’u

16.13.4 am (u|m) mu—% m(u—sin © cos u).

One way of calculating the Jacobian functions
is to use Landen’s descending transformation to
reduce the parameter sufficiently for the above
formulae to become applicable. See also 16.14.

16.14. Ascending Landen Transformation
To incrense the parameter, let

4mln l_m" 2 u
16.14.1 #=mj§)—g’ m= 1+m1;:)!ﬂ=1+#11n

16.14.2 sn (um)=(1+m"?) M

dn (2]n)
14" dn *(o|p) — "2
16.14.3 en (u|m)=—"F——3 "5
_1—V2dn? (o]w) +m"*
16.14.4 dn (u|m)= ,,I dn (v]w)
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Note that, when successive applications are to
be made, it is simplest to calculate dn (uz|m) since
this is expressed always in terms of the same func-
tion. The calculation of cn (u|m) leads to that of
dn (o]).

The calculation of sn (u|m) necessitates the
evaluation of all three functions.

16.15. Approximation in Terms of Hyperbolic
Functions

When the parameter m is so close to.unity that
m,® and higher powers of m, can be neglected we
have the approximations

16.15.1
sn (u|m) =~ tanh u—l—% m, (sinh % cosh u—u) sech? u

16.15.2
m) =sech %

cn (u
_i m, (sinh » cosh u—wu) tanh u sech u
16.15.3

do (u|m)=~sechu
+i m, (sinh % cosh u—f—u)_t_anh u sech u
16.15.4
am (u|m)=~gd u-}—‘il m, (sinh % cosh »—u) sech u.
Another way of calculating the Jacobian func-
tions is to use Landen’s ascending transformation

to increase the parameter sufficiently for the above
formulae to become applicable. See also 16.13.

16.16. Derivatives

Fune- Derivative

tion
16.16.1 sn u cn udn u
16.16.2 cn % —sn u dn u Pole n
16.16.3 dn u —m 80 % eh %
16.16.4 ed u —my 8d u nd ¢
16.16.5 sd u ed und u Pole d
16.16.6 nd u med u cd u
16.16.7 de u my 8C U NC U
16.16.8 ne u sc w de u Pole ¢
16.16.9 8¢ u de u nc
16.16.10 | ns u —ds u 8 u
16.16.11 | dsu —CS % DB U Pole s
16.16.12 | csu —ns u ds u

Note that the derivative is proportional to the
product of the two copolar functions.

JACOBIAN ELLIPTIC FUNCTIONS AND THETA FUNCTIONRB

16.17. Addition Theorems
16.17.1 sn(u-tv)

_sn u-cn v-dn v+snv-cn u-dnu
1—m snu-sn%

16.17.2 en(u+v)
_cnu-cny—snu-dnu-sno-dny
1—m sn*u sn%

dnu%-dny— msnu-cnu-sny - eny
1—msn?u - sn?

16.17.3 dn(u+v)=

Addition theorems are derivable one from
another and are expressible in a great variety of
forms. Thusns(u+v)comes from 1/sn(%z+v)in the
form (1—msn*vsn*)/(snucnvdny+snvenudnu)
from 16.17.1.

Alternatively ns(u+ v)=m'?n {(tK'—u)—v}
which again from16.17.1 yields the form (ns u es v dsu
—ns v cs udsv)/(ns®u—ns?y).

The function pq(u+v) is a rational function of
the four functions pq %, pq v, pq’u, pq’e.

16.18. Double Arguments

16.18.1 sn 2u

_2snu-cnu-dnu_2snw.cnu-dnu
T 1—msn*z  cnutsn’u-dn’u

16.18.2 cn2u
enfu—sn’u - dn?u  en*s—sniu - dn*u

1—msn*z  cn*u-+snu.dnu
16.18.3 dn 2u
__dn?u—msn®u-cn*u__dn*u-+cn’u(dn’u— 1)
B 1—msn*u dn®z—ecn*u(dn’u—1)
1—cn 2u  sn’u- dn’u
Ml Fn2u oo
1—dn 24 msn*u - cn’u
16185 T~ dw
16.19. Half Arguments
1—cn 4
16.19.1 BD"W—H_—dE'T‘
_dnu+tcnu
16.19.2 cn’}u—————l T %
__my+dn u+mcen %
16193 dopu="""0

16.20. Jacobi’s Imaginary Transformation
16.20.1
16.20.2
16.20.3

sn (iu|m)=18c(u|m,)
cn (3u|m)=nc(u| my)
dn(tu|m)=dc(u|m;)
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16.21, Complex Arguments

With the abbreviations
16.21.1
s=sn(z|m), c=cn(z|m), d=dn(z|m), 8,=sn(y|m,),
e;=cn(y|m,), dy=dn(y|my)

s-dy+ic-d-s;-¢
ci+ms? . st

Gl"—"c‘..ﬂ .d- 8- d.1
ci4-ms?- 8]

d- cl'dl“im‘B'C -0
ci+ms?-8i

16.21.2 sn(z+iy|m)

16.21.3 cn(z+iy|m)=>

16.21.4 dn(z+iy|m)=

16.22. Leading Terms of the Series in Ascending
Powers of 4

16.22.1
u? ub
sn(u| m)=u—(1+m) ﬁ+(1+14m+ m?) il
7
— (14-135m+135m2-+ m?) %—1— .
16.22.2
u? ut
cn(u|m)=1—ﬂ+ (14+4m) a
—(14+44m+16m?) g—;+
16.22.3
u? y
—m(16-+44 m+m?) ;i:-}—

No formulae are known for the general coeffi-
cients in these series.

16.23. Series Expansions in Terms of the Nome
g=e¢ "F'/X and the Argument v=7u/(2K)

O @ qu+1n .
16.23.1 sn (u|m) _m”’an-:o 1_gh+l sin (2n+1)v

16.23.2 cn (u|m)= cos (2n+1)v

URK E 41 + g2u+1

16.23.3 dn (u|m) 2}(TK21+§,,coazm

16.23.4
; (_,1) ngvti2
cd (u|m)= uzK E — g cos (2n+1)v
16.23.5

sd (u|m)=ﬁﬁg(—1)'%sm 2n-+1)v
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16.23.6
nd (u|m)= 2m”’K+m”’KnE.1( 1)“1+Q,,cos 2ny
16.23.7

de (ulm)—

sec v

+K E (=1)" i g’gg,,.“ cos (2n+1)v
16.23.8

nec (u|m) =2_E*T{ sec v

uzKi (=1)" lfgm-ﬂ cos (2n+1)”
16.23.9
se (u|m)=2m_%c tan v
2r <& R
+m}”K,.z.‘{ (-1 e sin 2nv

16.23.10

s (ulm) =g csc 9— 7% > q"q,,+, sin (2n+1)o
16.23.11

ds (ulm)—
16.23.12

@ qsu+
'ﬁ'ﬂ; 1+qn+
cs (u|m)——-— cot » Z‘, r sin 2n0

2K K 14+¢*"

A=l

ese v— ; 8in (2n+-1)v

16.24. Integrals of the Twelve Jacobian Elliptic
Functions

16.24.1 JSsn u du=m"'2In (dn u—m'"cn u)
16.24.2 Scn u du=m"'? arccos (dn )
16.24.3 JSdn u du=arcsin (sn %)

16.24.4 JScd w du=m™'"? In (nd u+m'sd u)
16.24.5 JS'sd u du=(mm,)""" arcsin (—m'cd u)
16.24.6 Snd u du=m,* arccos (cd u)
16.24.7 JSde v du=In (nc u+sc u)
16.24.8 JSnc u du=m7'”?In (dec u+m}’sc u)
16.24.9 Ssc u du=m{*”* In (dc u-+mi”nc u)
16.24.10 S ns u du=In (ds u—cs %)
16.24.11 Sds v du=In (ns u—cs u)
16.24.12  Scs u du=In (ns u—ds u)

In numerical uss of the above table certain re-
strictions must be put on u in order to keep the
arguments of the logarithms positive and to avoid
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trouble with many-valued inverse circular func-
tions.

16.25. Notation for the Integrals of the Squares
of the Twelve Jacobian Elliptic Functions

16.25.1 Pq *u=f' pq’t dt when q#s
0

16.25.2 Ps u=f" (pq"‘t —-—) dt——
0

Examples

Cd usz cd?t dt, Ns u=f“(ns’t-l,) dt 1
b % t //

16.26. Integrals in Terms of the Elliptic Inte-
gral of the Second Kind (see 17.4)

16.26.1 mSn u=—E(u)+u
16.26.2 mCn u=E(u)—mu . Pole n
16.26.3 Dn u=E(u)
16.26.4 mCd u=—FE(u)+u-+msn v cd u
16.26.5
mm,Sd u=E(u) —mu—msn v cd u - Pole d

16.26.6 mNd u=E(u)—msn % cd u
16.26.7 Dec u=—E(u)+u-+sn » decu
16.26.8

mNe u=—E(u)+mu+sn u dc u Pole ¢
16.26.9 mSc u=—FE(u)+sn u de %
16.26.10 Ns u=—FE(u)+u—cn » ds u
16.26.11

Ds u=—E(u)+mu—cn u ds u Pole s

16.26.12 Csu=—FE@u)—cnudsu
All the above may be expressed in terms of
Jacobi’s zeta function (see 17.4.27).
Z(u)=E(x)— g, where E=E(K)

16.27. Theta Functions; Expansions in Terms
of the Nome ¢

16.27.1
(2, @)=

16.27.2
da(z, q)=¢h(z)=2g”‘};,u ¢t cos (2n+1)z

191(2) _zglﬂz( l)u n(n+1) SlD (2.n+ l)z

JACOBIAN ELLIPTIC FUNCTIONS AND THETA FUNCTIONS

16.27.3 9,(z, q):ﬂa(z)=1+2él ¢** cos Iz
16.27.4
04(2, 9 =8,(2) =142 (—1)*¢" cos 2niz
n=]

Theta functions are important because every
one of the Jacobian elliptic functions can be ex-
pressed as the ratio of two theta functions.
See 16.36.

The notation shows these functions as depend-
ing on the variable z and the nome ¢, |¢|<1.
In this case, here and elsewhere, the convergence
is not dependent on the trigonometrical terms.
In their relation to the Jacobian elliptic functions,
we note that the nome ¢ is given by

g= e—fx-ur’

where K and 1K’ are the quarter periods. Since
g=q(m) is determined when the parameter m is
given, we can also regard the theta functions as
dependent upon m and then we write

l’c(zs Q)=aa(2§m): e=1,2, 3,4

but when no ambiguity is to be feared, we write
da(2) simply. :

The above notations are those given in Modern
Analysis [16.6].

There is a bewildering variety of notations, for
example the function d,(z) above is sometimes
denoted by ¢,(z) or #(z); see the table given in
Modern Analysis (16.6]. Further the argument
u=2Kz/r is frequently used so that in consulting
books caution should be exercised.

16.28. Relations Between the Squares of the
Theta Functions

16.28.1 91(2)9%(0)=03(2)93(0) —93(2)93(0)
16.28.2 93(2)92(0)=04(2)93(0) —97(2)93(0)
16.28.3 93(2)93(0)=0%(2)93(0) —97(2) 93(0)
16.28.4 9{(2)93(0)=93(2)93(0) —92(2)93(0)
16.28.5 3(0)+94(0) =03(0)

Note also the important relation
16.28.6 ¢1(0)=1:(0)8,(0)9,(0) or d{=0,0,0,

16.29. Logarithmic Derivatives of 'the Theta
Functions

9 () =

16.29.1 3, () =cot u-+4 E — sin 2nu
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16.29.2

3:2:3 —tan u+4§;, (—1)" ng sin 2nu
16.29.3 3—"’?"—;”4;2;‘1 (—1)*§ q,,, sin 2nu
16204 B4 T _gin ony

¢ ('u) =1 1— q"

16.30. Logarithms of Theta Functions of Sum
and Difference

16.30.1
| DilekB)_ sin (@t 8)
9, (@—B) s (a—§p)
1
= ——— 2
+4 i q" sin 2ne sin 2n8
16.30.2 .
dg(a-l—ﬂ)_ cos (a+B)
o 58 ™ cos (@—H)
+4 “E: (—7:)' 12’;“ sin 2na sin 2n8
16.30.3
da(a+B) _ (=" gf : .
In 3.(a—p) 4’2 —F gin 2 ne sin 2n8
16.30.4
In lath) sin 2na sin 2n8

¢y (a—f) = nz-‘{ Q“

The corresponding expressions when S=ty are
easily deduced by use of the formulae 4.3.55 and
4.3.56.

16.31. Jacobi’s Notation for Theta Functions

16.31.1 ©(u|m)=0(u)=3,(v), v=§%
16.31.2 0, (u|m)=0,(u)=0;()=0(u+K)
16.31.3 H(u|m)=H(u)=4(v)

16.31.4 H,(u|m)=H,(u)=9;(v)=H(u+K)

16.32. Calculation of Jacobi’s Theta Function
©(u|m) by Use of the Arithmetic-Geometric

Mean

Form the A.G.M. scale starting with

16.32.1 ae=1, by=+/my, co=m

terminating with the Nth step when ¢y is negligible
to the accuracy required. Find ¢y in degrees,
where

16.32.2 L

¢N=2"’ayu T

and then compute successively oy_1, ¢x-3, - -
@1, vo from the recurrence relation

16.32.3  sin (2pn_1— «:.)— sin g
Then
16.32.4
j2
lnG(u|m)=.—% %ﬂxwﬂﬂbr In coacg:%w)

15 In see (2y—:)+5 10 sec @a—p) + - -

+ 507 In sec (26w-1—v)

16.33. Addition of Quarter-Periods to Jacobi’s Eta and Theta Functions

u —u u-+ K u+2K u+iK’ u+ 2K’ ut+ K4+iK' |u+2K+2iK’
16.33.1
H(u) —H(u) H,y (u) —H(u) iMW)O) | —NwH(@) M) ©:(w) N (u) H(2)
16.33.2
H, (u) H, (u) —H(u) —Hy(w) M(u)©i(uw) | N(u)H(uw) —iMw)O () | — N(u)Hy(u)
16.33.3
1(u) B:(w) O O1(w) M(uwH(w) | Nu)6(w) M (u)H(u) N(u)©:(u)
16.33.4
Ou) Ox) O (u) O) iMWH®@) | —N@O@) | Mu)H (u) — N(u) O(w)

where

@)= exp (~3%) |
vo-fen ()

H(u) and H(u) have the period 4K. ©(u) and
©:(u) have the period 2K.

2K’ is a quasx—penod for all four functions,
that is to say, increase of the argument by 2iK’
multiplies the function by a factor.
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16.34. Relation of Jacobi’s Zeta Function to the
Theta Functions

2= 6)

% (2K) cnudnu

16341 Z@w=7 —
% (2K)
. %(3%)
16.34.2 2K d“c‘; S
o, (2K)
16.34.3 6’ (2K) m S0 U CD Y
34 =% dnu
% (21{)
%(3%)
T 2K
16.34.4 — —
h (ﬁ)

16.35. Calculation of Jacobi’s Zeta Function
Z(u|lm) by Use of the Arithmetic-Geometric
Mean

Form the A.G.M. scale 17.6 starting with

16.35.1 ag=1, by=+my, ce=+m

terminating at the Nth step when cy is negligible
to the accuracy required. Find ¢y in degrees
where

180°

16.35.2 en=2Nayu

and then compute successively ¢n-1, ev-3, . - .,
¢1, ¢ from the recurrence relation

16353  sin (2¢.-,~¢,.)=;—: sin ¢
Then
16.35.4

Z(u|m)=c¢, sin ¢,+¢: sin @a+ . . . +cy 8in @y.

16.36. Neville’s Notation for Theta Functions

These functions are defined in terms of Jacobi’s
theta functions of 16.31 by

H () H(u+K)

16.36.1 Ty O ="HE®)

?(U) =577

_O@+E) | o O
M="em ' "6

If N\, u are any integers positive, negative, or
zero the points u,+2AK+2uiK’ are said to be
congruent to ug.

16.36.2

J,(u) has zeros at the points congruent to 0

¢.(u) has zeros at the points congruent to K

¥, (%) has zeros at the points congruent to 1K’

d4(u) has zeros at the points congruent to
K-+iK'

Thus the suffix secures that the function &,(u)
has zeros at the points marked p in the intro-
ductory diagram in 16.1.2, and the constant by
which Jacobi’s function is divided secures that the
leading coefficient of #,(u) at the origin is unity.
Therefore the functions have the fundamentally
important property that if p, q are any two of the
letters s, ¢, n, d, the Jacobian elliptic function
pq % is given by

16.36.3 P5(),

P’
These functions also have the property
16.36.4 my4 (K—u) =9, (u)

16.36.5 my A0, (K—u)=9,(u),

for complementary arguments % and K—u.
In terms of the theta functions defined in 16.27,
let v==u/(2K), then

2KI’1 ('ﬂ) "2 (ﬂ)
16.36.6 t"(ﬂ)—- r (0) —arrm f?c( ) 9y (0)
_%() 9,(2)
16.36.7  dyw)=5 0% da(W)=5 0o
L Bl
1ofl N\ szl —__.:-:'{53‘"
e td[uf &
.5 p
. "‘"
0 oy u
K *
-5
.0k ac(:'}"'-. -
-1.2k

Ficure 16.4. Neville’s theta functions
"a(u): 6:(‘“’)1 ';‘(u)l 0!("’)

el
.
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1O \ \
\ \
\ \
sl \ \,
. d
\.\ Linonl) \ |
[} ’Tt'\\____/el" M u
\ \
-..rJ- \. \
\‘%ln &,(u) \
\

-1.ok \
Ficure 16.5. Logarithmic derivatives of theta
fumtions
lnﬁ ('u), ln 3, (u)

,,,_1
2

16.37. Expression as Infinite Products
g=q(m), v=wu/(2K)
16.37.1 -

8,(0) =(;L’gl)ua

16.37.2

d.(u) =(}-Ggm—-ﬁiz)m cos v ’.I-_i1 (14+2¢*™ cos 20+-¢**)
16.37.3

Ja(u) =(%

16.37.4 i . )
:?.(u)=(l—6m) n[-II (1—2¢""" cos 20+ ¢** %)

siny 11 (1—2¢™ cos 20+¢*")

n=]1

i ﬁl (1+2¢2*1 cos 20+ i)

Numerical
16.39. Use and Extension of the Tables

Example 1. Calculate ne (1.99650|.64) to 4S.
From Table 17.1, 1.99650=K-+.001. From the
table of principal terms

ne u=—mi?/(u—K)+ . .

—(.36)'”’+ -

nc (K+.001|.64)= 001

and since the next term is of order .001 this value
— 1667 is correct to at least 4S.

Example 2. Use the descending Landen trans-
formation to calculate dn (.20/.19) to 6D.

Here m=.19, m!*=.9 and so from 16.12.1

p—(l 9) 1 —H.&”’——’ 7=.19.
Also

579
16.38. Expression as Infinite Series
Let v=mu/(2K)
16.38.1

1/2 =

2e0” 1" 5 (—1yrpe sin a1y
n=0

3, (u) = [m”’m”‘K

%QIH

16.38.2 0‘('1:.) =[W

1/2 =
> ¢V cos (2n+1)v
n=(

142 i g™ cos 2nv}

fi=]1

T 1/2
16.38.3 8,(u) = ﬁ-R;] (
16.38.4

"*“‘”{W] P42 2 (—1)% cos 200}

16.38.5 (2K/r)*=14-2¢+2¢"+2¢"+ . . . =84(0, q)
16.38.6
2K'[x)'2=1+4+2¢+2¢+2¢1+ . . . =%:(0, @)
16.38.7
@M AK[x) A =2¢* 1+ @+ + g+ g+ . . )
=1,(0, ¢
16.38.8
2mi?K/x)'*=1—2¢+2¢"—2¢"+ . . . =%(0, @).
Methods
= %)';m-'x*r.ﬁ?
which is negligible.
From 16.12.4 1 1
— awt [ 19)(5) T-(—15)

(1+19)_d“3[ : ‘ (lg)j
Now from 16.13.3
dn [.19 | (%)‘];999951

whence dn (.20[.19)=.996253.

Example 3. Use the ascending Landen trans-
formation to caleculate dn (.20/.81) to 5D.

From 16.14.1

4(.9) _ 360 ( ) )*
K=1.9)7 361’ T \19
1+ m—% u=;gx 20=.19,

i is negligible to 4D. Thus
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Example 7. Use the g-series to compute

cs (53601 62|.09).
Here we use the series 16.23.12, K=1.60804 862,

q=.00589 414, v=%=%mdians or 30°.
Since ¢* is negligible to 8D, we have to 7D

es (.53601 62/.09)
- ¢ }
chotBU 1+q’sm60°

—(.97683 3852)(1.73205 081)
—3.90733 541[(.00003 4740)(.86602 5404)]
=1.69180 83.

Example 8. Use theta functions to compute
sn (.61802|.5) to 5D.

Here K(})=1.85407

o 61802
1.85407

sin? a=1/2, a=45°. '
¢, (30°\45°)
3,(30°\45°)

59128
=1.08720 00458

==X 90°=30°

Thus
en (.61802].5) =5

from Table 16.1.
Example 9. Use theta functions to compute

sc (.61802.5) to 5D.
As in the preceding example

€=30°, a°=45°
¢,(30°\45°)
%.(30°\45°)
We use Table 16.1 to give

so that
sc (.61802|.5)=

Thus

o5l

8,(30°\45%) =.50128
(sec 45°)4,(30°\45°)=1.02796.

Therefore
sc (.61802].5)=% (sec 45°)}
=.68402.

Example 10. Find sn (.75342[.7) by inverse
interpolation in Table 17.5.

This method is explained in chapter 17, Example
1.

Example 11. Find u, given that es (u|.5)=.75.

From 16.9.4 we have
14+cs u
gn® (u|.5)=.64
and

sn (u|.5)=.8.

We have therefore replaced the problem by
that of finding u given sn (u|m), where m is known.
If p=am u

sin ¢=sn % and so
¢=.9272952 radians or 53.13010°.

From Table 17.5,
u=F(53.13010°\ 45°)=.99391.

Alternatively, starting with the above value of
¢ we can use the A.G.M. scale to calculate F(¢\«)
as explained in 17.6. This method is to be pre-
ferred if more figures are required, or if « differs
from a tabular value in Table 17.5.
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17. Elliptic Integrals

Mathematical Properties

17.1. Definition of Elliptic Integrals

If R(z, y) is a rational function of 2z and y,
where 72 is equal to a cubic or quartic polynomial
in z, the integral

17.1.1

is called an elliptic integral.

The elliptic integral just defined can mnot, in
general, be expressed in terms of elementary
functions.

Exceptions to this are

(i) when R(z, y) contains no odd powers of y.
(ii) when the polynomial 3* has a repeated factor.

We therefore exclude these cases.
By substituting for »* and denoting by p.(z) a
polynomial in z we get ?
R(z,y) =2t (@) +yp:(2)
&= @ +un@
[22(z) +ypa(2)] [2:(2) —ypa(®) Jy
{[2s(@) P—9{pa(@) }} y
@ +un@_p . Ba@
e
where R;(z) and R,(z) are rational functions of z.
Hence, by expressing R;(z) as the sum of a poly-
nomial and partial fractions

f R(x,y)dx:fR;(z)dz—f-E,A. f y-'dz
+E.B,J'[(z-c)'y]-ldz

R vde

Reduction Formulae
Let

17.1.2
Y=+ a2+ a2 +asz+a, (@l + @] 70)
=bo(z—c)*+b1(—c)+ba(z—e¢)*+bs(z—¢) + by
(IBol -+ [B4] 0)

1713 I— f N f [y(z—c)"-'dz

By integrating the derivatives of yz' and
y(@—c)~* we get the reduction formulae
17.1.4
(8+2)aol,43+%a1(2543) 1, 42+as(s+ )14
+3ay(2s4+ 1)1, +sa ], 1=z (s=0,1,2, . ..)
" 38ee [17.7] 22.72.

17.1.5

(2—8)bo 13+ % b:1(3—28)S s+ b3 (1 —8)J 11
+4 by(1—28)J,— by s 1=y (x—C)~*
(s=1,2,3,...)
By means of these reduction formulae and cer-
tain transformations (see Examples 1 and 2)
every elliptic integral can be brought to depend

on the integral of a rational function and on three
canonical forms for elliptic integrals.

17.2. Canonical Forms

Definitions
17.2.1

m=sin’ a; m is the parameter,
« is the modular angle

17.2.2 z=sin ¢=8n u
17.2.3 co8 p=0Cn U
17.2.4

(1—m sin? g)t=dn u=A(p), the delta amplitude
17.2.5 ¢=arcsin (sn u)=am u, the amplitude

Elliptic Integral of the First Kind
' - -
17.2.6  F(o\a)=F(plm)= f (1—sin® a sin? 6) ~d8
0

hiat =J"[(1—z») (1—mi%)]-¥dt

L]
--f dw=u
0

Elliptic Integral of the Second Kind

17.2.8 E(p\u)=E(u|m)=J;'(1—zz)—i(l—mﬁ)ldz

17.2.9 = f *(1—sin®a sin? 6)4d8
0
17.2.10 =J-“dn’ w dw
0
17.2.11 =mlu+mf enlwdw
0
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17.2.12 E(\a)=u— mJ"‘ e
0

ow 9ul2K)  E(m)u
T 2K(m) ¢,xu2K) ' K(m)

17.2.13

(For theta functions, see chapter 16.)

Elliptic Integral of the Third Kind
17.2.14

I(@n; ¢\a) =Jw (1—n sin? @) ~! [1—sin® a sin? 8]~"%d9
0

If z=sn (u|m),
17.2.15
II(n; u|m) =J‘z (1—nt?) - (1— ) (1 —mt?) |- d
0

17.2.16 =f” (1—nsn? (w]m))~'dw
(1]
The Amplitude ¢

17.2.17 p—am u—arcsin (sn u)=arcsin 2
can be calculated from Tables 17.5 and 4.14.

The Parameter m

Dependence on the parameter m is denoted by a
vertical stroke preceding the parameter, e.g.,

Together with the parameter we define the
complementary parameter m; by

17.2.18 m—+m;=1

When the parameter is real, it can always be
arranged, see 17.4, that 0<m<1.

The Modular Angle «

Dependence on the modular angle «, defined in
terms of the parameter by 17.2.1, is denoted by a
backward stroke \ preceding the modular angle,
thus E(¢\a). The complementary modular angle
i8 m/2—ea or 90°—« according to the unit and
- thus m;=sin? (90°—a)=co0s?® «.

The Modulus &

In terms of Jacobian elliptic functions (chapter
16), the modulus % and the complementary
modulus are defined by

17.219  k=ns (K+1K’), k’=dn K.
They are related to the parameter by k*=m,
’3=m;.

Dependence on the modulus is denoted by a
comma preceding it, thus II(n; u, k).

ELLIPTIC INTEGRALS

In computation the modulus is of minimal im-
portance, since it is the parameter and its comple-
ment which arise naturally. The parameter and
the modular angle will be employed in this chapter
to the exclusion of the modulus.

The Characteristic n

The elliptic integral of the third kind depends
on three variables namely (i) the parameter,
(i) the amplitude, (iii) the characteristic =.
When real, the characteristic may be any number
in the interval (—=, ). The properties of the
integral depend upon the location of the charac-
teristic in this interval, see 17.7.

17.3. Complete Elliptic Integrals of the First
and Second Kinds

Referred to the canonical forms of 17.2, the ellip-
tic integrals are said to be complete when the
amplitude is 3= and so z=1. These complete in-
tegrals are designated as follows

17.3.1
(K(m)|=K= f 11— (1—men)]- "t

/2
- f (1—m sin? 6)~"2de
0

17.3.2 K=F(3|m)=F(\o)
17.3.3
E[K(m)|=E= J; 1= ) —mer) e

- J' " (1—m sin? 0)"d8
0

1734 E=E[K(m)|=E(m)=E@#m\e)
We also deﬁﬂa
1735

K'=K(m)=K(1—m)= L ™ (1—m, sin? 6)~"/2dp

17.3.6  K'=F(jr|m)=F3r\}r—a)
17.3.7

/2
E'=E(m)=E(1—m)= _f * (1—m, sin? )28
1]

17.3.8 E'=E[K(m,))]=E (m))=E(}r\jr—a)

K and iK’ are the “‘real” and “imaginary”
quarter-periods of the corresponding Jacobian
elliptic functions (see chapter 16).
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Relation to the Hypergeometric Function
(see chapter 15)

17.3.9 K=4+F(}, % 1;m)
17.3.10 E=%xF(—%,%1;m)

Infinite Series
17.3.11

2 . 2\2
K(m)=%1r [1+(%) m+(é—g) m3

3 . 2
+HEa2) m+ .| ami<y)

17.3.12

ENINOLE(E

Legendre’s Relation

17.3.13 EK’—I—E'K-—KK":%‘I
Auxiliary Function
17304 Lim)=2M1,18 _ r(m)
w m;

17.3.15 m=1—16 exp [—#(K(m)-+ L(m))/K’(m)]

17.3.16 m=16 exp [—=(K’(m)+ L(my))/K(m)]

The function L(m) is tabulated in Table 17.4.
g-Series

The Nome ¢ and the Complementary Nome g,

17.3.17 g=g(m)=exp [—xK'[K]
17.3.18 qi=g(m;)=exp [—xK/K’]
17.3.19 Py g

q @
17.3.20

logmi logio El-=(1r logso €)?=1.86152 28349 to 10D
1
17.3.21

+992 (;“—6)4-1- oo (ml<Y)

17.3.22
17.3.23

E -
73 (CHm+wlE [ 1122 53 -]

] @
Keritors .2
CRARP ww

17.3.24 am u=-v+i 2¢' 3n 240 where v=7xu/(2K)

= s
Limiting Values
17.3.25 lim K’ (E—K)=0
m—>0
17.3.26 1.13 [K—%In (16/m,)]=0

17.3.27 lim m~(K—E)=lim m~ (E—m,K)=x/4
m-0 m—0

1703|28 i = i =
lim g/m=lim ¢/m,=1/16

Alternative Evaluations of K and E (see also 17.5)
17.3.29

K(m)=2{1+m}"] " K([(1—m}”)/(14-m}2)3*
17.3.30
E(m)=1+m}")E((1—mi?)/(1+m}?)]?)
—2mi”(1+m}?) K (1 —mi?)/(14-mim)]3)

K(a)=2F(arctan (sec'”? a)\a)
17.3.32 HK(a)=2E(arctan (sec'’? a)\a)—1+cos

17.3.31

Polynomial Approximations 3 (0 <m<1)
17.3.33
K(m)=[ay+a, my+aymi]+[bo+bym,
+b,m3] In (l/m,)-}—e(m)
le(m)|<3X10-®

2,=1.38629 44 by=.5
a= ,11197 23 61=.12134 78
a;= .07252 96 b,=.02887 29

17.3.34

K(m)=[au+a1m1+ oo o +agmilt-[bo+bimy+ . ..
+bimi] In (1/my)+e(m)
le(m)| <2X10-®

a,=1.38629 436112
a;= .09666 344259
a.= .03590 092383
a;= .03742 563713
a,= .01451 196212

bo:.s

b,=.12498 593597
b,=.06880 248576
b;=.03328 355346
b,=.00441 787012

? The approximations 17.3.33=17.3.36 are from C. Has-
tings, Jr., Approxzimations for Digital Compqt.e;s, Prince-
ton Univ. Press, Princeton, N. J. (with permission).

*See page I1.
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4.0

3.5
K=F(90°\a)

T T T T T T T T T

K'=F190°\90°-a)

3.0

2.5

2.0

LS L e e e e
o° 10° 20° 30° 40° 50° 80° TO° Bo® 90°

Fieurg 17.1. Complete elliptic integral of the first
kind.

> m

wld &

E=E(90°\a)

L5 £'=E(90"\90°~-a)

1.0 1 1 L L 1 L '] L 1 Il L 1 L L ' 1

0° 10° 20° 30° 40° 50° 60° 70° @80° 90° a

Fiaure 17.2. Complete elliptic integral of the
second kind.

ELLIPTIC INTEGRALS

17.3.35
E(m)=[14a,m,+a;m3]+[bym,+bymi] In (1/m,)
+€(m)
le(m)|<4X10-%

b,=.24527 27
b;=.04124 96

;= 46301 51
a,=.10778 12

17.3.36
E(m)=[14-am+ . .. Fami]l+[bm+ . ..
+bimi] In (1/m,)+e(m)
le(m)|<2X10-*
b,=.24998 368310
b,=.09200 180037

b;=.04069 697526
b,=.00526 449639

a;=.44325 141463
a;=.06260 601220
a;=.04757 383546
a,=.01736 506451

17.4. Incomplete Elliptic Integrals of the First
and Second Kinds

Extension of the Tables
Negative Amplitude

17.4.1 F(—p|lm)=—F(¢|m)
17.4.2 E(—¢|m)=—E(p|m)

Amplitude of Any Magnitude
17.4.3 F(sx+ olm)=23K+ F(p|m)
17.4.4 E(u+2K)=E(u)+2E
17.4.5 E(u+2iK')=E(u)+2i(K'—E’)
17.4.6

E(u+2mK+2niK') =E(u)+2mE+2ni(K' —E’)
17.4.7 E(K—u)=E—E(u)+msn u cd w
Imaginary Amplitude
If tan @=sinh ¢

17.4.8 F(ip\a)=iF(0\}r—a)

17.4.9

E(ig\a) =—1iE(@\}xr—a) +iF(0\}r—a)

+1 tan 6(1—cos? « sin?® §)}

Jacobi’s Imaginary Transformation

17.4.10

E(iu|m) =tu-+dn (u|mi)sc(u|m;) — E(u|m,)]

Complex Amplitude
17.4.11  F(e+#m)=F(\|m)+1F (u|m,)
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where cot? A is the positive root of the equation
22—[cot? o+m sinh¥ csc’p—myJe—m, cot’e=0
and m tan? u=tan’p cot®A—1.

17.4.12

E(p+i\a) =E(N\\a) —iE(x\90°—a)

4 iF(u\90°—a) + 2T

bs

where
,=sin? a sin A cos A sin? u(1—sin? « sin? N)}
b,=(1—sin? « sin® \) (1—cos? « sin? g)! sin x cos u
b;=cos? p+sin® « sin® A sin? p
Amplitude Near to =/2 (see also 17.5)
If cos a tan ¢ tan y=1
17413 Flo\e)+ Fo\a) =F(x/2\a) =K
17.4.14 :
E(o\a)+E{\o) =E(x[2\a) +sin’a sing siny

Values when ¢ is near to x/2 and m is near to unity
can be calculated by these formulae.

Flepha)

| i ] N, (| e |

oo"] Jlo"l zio'l alo"l a.ﬁ'J !:o' %° 70° 80" v
Fieure 17.3. Incomplete elliptic integral of the
Jirst kind.

F(¢\a), ¢ constant
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Parameter Greater Than Unity
17.4.15 F(olm)=m=F(6|m™"), sin §=m! sin ¢
17.4.16 E(u|lm)=mtE(um}m™)—(m—1)u

by which a parameter greater than unity can be
replaced by a parameter less than unity.

Negative Parameter
17.4.17

Fo|—m)=(1+m)K(m(1+m)™")

—(1+m)F (G—e| m(1+m)™
17.4.18
E(u|—m)=(14+m){ Eu(1+m)im(m+1)"")
—m(1+m) sn(u(l+m)m(l+m)™)
cd(u(14+m)im(1+m)™)}

whereby computations can be made for negative
parameters, and therefore for pure imaginary
modulus.

Flp\a
I a=90°
2.4
= 75°
2.2
m.
2.0 -
45°
1.8 -
b Sﬂ°
1.8
|+ oo
L4
L2
1.0 =
B
2
-
[+] 1 1 L 1 1 i L 1 1 1 L 1 1 1 1 1 1 1 @
o° g% 20° 30° ap® 50° 80° TO0® B80® 20°
Ficure 17.4. Incomplete elliptic integral of the
first kind.
F(¢\a), «constant
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Ficure 17.5. ¢—90° F(VJT\“‘): a constant.

Elprna)

ollllllllllllllllllq
o® 10° 20° 30* 40° 50° &0° TO0" ap*® aop*

Ficure 17.6. Incomplete elliptic integral of the
gecond kind.

E(¢\e), ¢ constant
Special Cases
17.4.19 F(e\0)=¢
17.4.20 F(ig\0)=1g

Elep\a)
1
1.6 |- a=g"
= 50"
14 |
45°
L2 60*
B 75"
1.0 .
8k
6
4
2
Q 1 Il L L L L 1 L 1 1 1 1 1 L 1
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Ficure 17.7. Incomplete elliptic integral

second kind.

E(¢\@), «constant
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Fieure 17.8. 90° &'EM—@ a constant.

17.4.21

F(£\90°) =In (sec -+ tan 4)=In tan (T+£)

17.4.22
17.4.23
17.4.24
17.4.25
17.4.26

as90°

10*

F(i\90°) = arctan (sinh ¢)
E(p\0)=¢
E(ip\0) =1¢p
E(£\90°) =sin ¢
E(i¢\90°) =i sinh ¢

of the
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Jacobi’s Zeta Function

17427 Z(¢\a)=El(¢\a)—E(«) F(¢\a)/K(a)
17.4.28  Z(u|m)=Z(u)=E(u) —uE(m)/K(m)
17.4.29 Z(—u)=—2Z(u)
17.4.30 Z(u+2K)=2Z(u)
17.4.31 Z(K—u)=—Z(K+u)
17.4.32 Z(u)=Z(u—K)—msu(s—K)cd(u—K)
Special Values
17.4.33 Z(u|0)=0
17.4.34 Z(u|1)=tanh u
Addition Theorem
17.4.35

Z(u+v)=Z(u)+ Z(v)—msn u sn v sn(u-+o)

Jacobi’s Imaginary Trml‘orma;tion
17.4.36

1Z (| m) =2 (u| m:) 5775 —dn (u|my)sc (u] m)

) Relation to Jacobi’s Theta Function
17.4.37 Z(u)=9'(u)/9(u)=%ln o)
g-Series

17.4.38  Z(u) =§—’£’g'l: ¢ (1—¢*) " sin (rsu/K)

Kla)Zip\a)

a=75%

T

T 1 1 1151 r—"TTT1T T

0* 10° 20° 30° 40° %0° 60° TO° 33' * 90" T

Ficure 17.9. Jacobian zeta function K(a)Z(¢\a).

*See page I
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Heuman’s Lambda Function
17.4.39

M\ =0T = 42 () 26\ 90 —a)

17.4.40 =§[K(a)E(¢\go°—a)

— K (o) —E(a) |F(¢\90°—a) }

Aglepra)
[

2

af

0 1 1 1 1 1 L [] L 1 1 1 1 1 1 . 1 L L -‘..ﬂ
0" 10° 20° 30° 40° 50° 60° 70" 80° 90°

Ficure17.10. Heuman’s lambda function Ay(p\a).

Numerical Evaluation of Incomplete Integrals of the
First and Second Kinds

For the numerical evaluation of an elliptic
integral the quartic (or cubic *) under the radical
should first be expressed in terms of #, see
Examples 1 and 2. In the resulting quartic there
are only six possible sign patterns or combinations
of the factors namely

(+a?) (E+b7), (@*—8&)(E—b),
(@2—8) (b*—2), (E—a?)(—b%), (B+a*)E—b),
(+a?) (b*—1).

The list which follows is then exhaustive for
integrals which reduce to F(¢\a) or E(o\a).

The value of the elliptic integral of the first
kind is also expressed as an inverse Jacobian
elliptic function. Here, for example, the notation
4=sn"'z means that z=sn u.

The column headed ‘¢ substitution’ gives the
Jacobian elliptic function substitution which is
appropriate to reduce every elliptic integral which
contains the given quartic.

¢ For an alternate treatment of cubics see 17.4.61 and
17.4.70.



Equivalent Inverse

F(o\a) Jacol_llgmn t'Ii‘;lh}:'t.u: @ ¢ Substitution E(o\a)
uncrion
17.4.41 - - " 2
) 4 (=|a*— =z . » £+a? t
» [([B+ad) (@) se~t (5 tan o=7 t=bsev a J; (a+ 1) [(B+ a?) (B+ b)) ]/
cos a=bfa 17.4.42
a>b « di = a’—b’ & _a _ F+b’) dt
m=(a'=W/a* %), [@+a)@E+]" = (35 — i=acey of, (&) mrorerem
17.4.43 3
x ] _ (z|a*—b ., ai(@—b) - *1_
N na-t (3% e | T raar | 7 ((@—) @—t)s
17.4.44 el 3
- [(%|a*— . _al—o! o 1 ?dt
o (@—8) E— )" HE=ET d (a| ) sint = =g dar o). e
M di B (a— ) dt
. (T Lo _Z — 1 (@—8)dt
) (le—p) G —m) o ’(S E) 9= by ate [(@—B) -7
17.4.46 "
: e = _a(P—az?) o "
s a=ii of w=r T o (31 o o=tz |P0d? a0 [ (5=5) [fa=~:=1(b= DY
e s 17.4.47
m="b/a x dt de-1 (&2 L, _at—a? Ead a’ﬁb’ ( )
= E—m (Gl e —ader INC=ol = a*)(v W7
i b r—b dt
e . _ G — aHE (5=
f [e— aw [(@—a) (E—)]" ns '(5? o=z fomaaiS:9 “.L ( [z )[(ﬂ—a*)w—b')lm
(17.4.49
dt _ b -5 b * pita dt
6o @+ s | 2 (Glate ks SR @R, - e
a 17.4.50
m=a3/(a+b?) dt 2 . 3| bt - ° g dt
@+ ra e o (@rmmlars) | e=mgs | @) @ mls e e
17.4.51
: dt L (2la b2 b o 2(arb) | @b g = 1 dt
tan ad 1(“"""” m.l; [@+a) e—ann | 5 l( @ lare/| o =it @+ Y| @@+ s (AT (AT
a 17.4.52
m=>b%/(a*+b?) b dt L fx] B z b 1 b (fatdt
(@), @ray m—ms | Glats) o ¥=3 f=bomy @), [@+a) G~ BT

969
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Some Important Special Cases

1F(o\a) co8 ¢ a
17.4.53
@ di 21—1 45°
. GFe8 | #F1
17.4.54
J" dt 1—a? 45°
o (143 1422
3 17.4.51 y
* 5), G-t = 45
i 17;4.53‘
Sans P/, o
* 2*.". a—mi T 45
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1

gﬁiF(w\a} €08 ¢ a
17.4.57

@ dt :-—l-‘ﬁ 15°
f ] ("_1” I—1+J§
17.4.58
J'= dt V3tl-z | .
1 (B—1)d V3—1+z
l7l4l$

1 dt V—lts |,
(181 V3+1—z
17.4.60
J‘- dt 1—vV3—=z 750
—=(I—F | 1432

Reduction of [ dt/yP where P=P(f) is a cubic
polynomial with three real factors P=
(t—81) (t—B:) (t—Bs) where §,>B,>>B;. Write

17.4.61

_l _ 12 L _ﬁLﬂ‘.’
k-—z (Bi—B5)"'?, m=sin =B —B,

m,=cos’ a=§§—Z§§

17.4.62

a . _x—Ps
N W TP F(e\a) o =,
17.4.63

b dt 1, B By) (z—51)
A , VB Fle\a) D088 (Ba—83) (B1—7)
17.4.64

s d . .y _ZT—B
N, | Fe\e i e,
17.4.65

“’g_ _T—f
M. TF F(p\a) cos? e
17.4.66

= dt o__ o 1 --—-——-ﬂl_ﬂ’
xf_.,/..— = | FlNQU=a). | sin gm0
17.4.67

, —_
M | P —a) | cont p=
17.4.68

o _ ! (B1—Bs) (z—83)
X L P =%

yy=P | TNR0°=at) | sint e 80
17.4.69

, -

Reduction of [d/yP when P=P(t)=f-+a,
+ast+a, is a cubic polynomial with only one real
root{=p8. We form the first and second deriva-
tives P’'(t), P’’(t) with respect to ¢ and then write

’ 2 1 1 P”
1470 N=[P' @1, mesin® aj—s Lo

17.4.71
A :%—, F(o\a) cos o=Y et
17.4.72
% | P cos p=E=BN
17.4.73
lfjw «% F(¢\(90°—a®)) | cos ¢=E~s—%
17.4.74
i ﬁf—m F(A@0°—a?) | cos o=3ro—2

17.5. Landen’s Transformation
Descending Landen Transformation ¢

Let a., ax be two modular angles such that
17.5.1 (1+Sin ﬂ.,.;.l) (1 +005 a.) =2 (Cl‘+1<a‘)

and let ¢,, ¢4 be two corresponding amplitudes
such that

(@H—r > Pu)

5 The emphasis here is on the modular angle since this
is an argument of the Tables. All formulae concerning
Landen’s transformation may also be expressed in terms

of the modulus k=mi=sin a and its complement k’=m}{
=¢o8 a.

1705&2 trﬁn (p‘+1—@‘) =C08 Qg tan Pn
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Thus the step from n to n+1 decreases the modular
angle but increases the amplitude. By iterating
the process we can descend from a given modular
angle to one whose magnitude is negligible, when
17.4.19 becomes applicable.

With ay=« we have

17.5.3
F(p\a)=(1+cos a) ' Flp\ )
=3(1+sin ai)F(EPJ\at)

17.5.4 F(o\a)=2"" 1;1'1(1 4sine,) Flp.\ax)

17.5.5 F('P\a)=<1>‘]§l (14+sin )
1756 @=lim 3 o= Flon\a)= im 2
1757 K=F(}r\a)= 11 (14sin a)
17.5.8 F(o\a)=2r—'K
17.5.9

E(\a)=F(p\a) |:1 --% sin? & (1 -I-% sin o,
E ot o N TR
+§ sin a; sin a,+ . . .)]+sm @ |:§ (8in o) V* sin ¢
o5 (sin o sin ag) V2 sin gt . :l

17.5.10

E=K 1—-% sin? o (1 +% sin aﬁ-% sin ¢ sin a,

+lsina,sinagsina3+ Tt
23

Ascending Landen Transformation

Let a,, a,. be two modular angles such that
17.5.11 (1 +Sm Cl.’,l) (1 "l“'COB “ﬂ&-l) =2 (Q'g+.1>ﬂu)

and let ¢,, ¢ni1 be two corresponding amplitudes
such that

17.5012 Sin (2‘0,._‘_1 —

©n) =SID ay sin en  (Pnr1<ew)

Thus the step from = to n+1 increases the
modular angle but decreases the amplitude. By
iterating the process we can ascend from a given
modular angle to one whose difference from a right
angle is so small that 17.4.21 becomes applicable.

ELLIPTIC INTEGRALS

With ay=«a we have

17.5.13  F(e\a)=2(1+}sin a)~"'F (or\ )

17.5.14 Fp\a)=2""T (1-+sin a)~'Flo\a)
e

17515  Flo\a)= 11 (1408 &) Flp\e)

17.5.16 F(o\a)=[csc a I sin o] In tan (2743 ®)
a=]

17.5.17 $=lim ¢,
nawo

Neighborhood of a Right Angle (see also 17.4.13)

When both ¢ and « are near to a right angle,
interpolation in the table F(¢\a) is difficult.
Either Landen’s transformation can then be used
with advantage to increase the modular angle and
decrease the amplitude or vice-versa.

17.6. The Process of the Arithmetic-Geometric
Mean

Starting with a given number triple (a,, o, ¢)
we proceed to determine number triples
(ay, by, ¢1,), (@2, by €3), ... ., (aw, by, cy) according to
the following scheme of arithmetic and geometric
means

17.6.1
a - b
a, =‘5‘(00+ bo) by=(aobo)*
as=3%(a-+b,) b= (a:b,)*
ay=3%(@y-1+bn-1) by=(an-1by-1)?
[
c1=%(@o—by)

c2=73 (& —by)

CN—.;:(GN 1—bn-1).

We stop at the Nth step when ay=by, 1.e., when
¢y=0 to the degree of accuracy to which the num-
bers are required.

To determine the complete elliptic integrals
K(a), E(a) we start with

17.6.2 ay=1, by=cos , ¢y=sin «
whence
17.6.3 K(a)=5—
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K(a)— E(a) 1
K(e)

To determine K’(a), E’(a) we start with

17.6.5

17.6.4 5 at+2a+2%a+ . .. +2Y]

ay=1, by=sin a, ¢;=co0s a

whence
17.6.6 K'(@=5~
17.6.7
Iﬂ‘%)fTE)_E‘)_ e 422426+ . . . +2%47]

To calculate F(¢\a), E(¢\a) start from 17.5.2
which corresponds to the descending Landen
transformation and determine ¢, ¢, . . ., ex
successively from the relation

17.6.8 tan (?n-i-l""'ﬂu):(bn/an) tan Py Po—¢

Then to the prescribed accuracy

17.6.9 Flp\e)=epn/(2%ay) *

17.6.10

Z(p\a)=E(¢\&) —(E/K) F(¢\a)

* =¢, 8in ¢,+¢; 8in ¢, . . . +en Sin on

17.7. Elliptic Integrals of the Third Kind
1771
T d\e) = J' * (1—n sin? ) ~'(1 —sin? a sint §)~}d¢
1]

17.7.2 I (n; 3m\a)=I(n\e)

Case (i) Hyperbolic Case 0<n< sin? a

e=arcsin (n/sin® a)t, 0<e<inx

B=37F(\a)/K ()

g=qla)

v=4xF(p\a)/K(a),

8i=[n(1—n)~'(sin® a—n) ~'J}
17.7.3

I(n;o\a) =8 [—4% In [8,(v4B)/3.(v—B)]

+v8:(8)/6,(8)]

*See page IL
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17.7.4

L g:gzig o é s~ 'g'(1—¢*)~" sin 2sv sin 258
17.7.5
31(8)

3.08) =cot B+4 Z 7 (1—2¢* cos 28+¢")'sin 28

In the above we can also use Neville’s theta
functions 16.36.

17.7.6 I(n\a)=K(a)+8,K(a) Z(e\)
Case (ii) Hyperbolic Case n>1

The case n>>1 can be reduced to the case
0< N<sin? a by writing

17.1.7 N=n"!sin® a, py=[(n—1)(1—n"" sin? o)}
17.7.8-
(n; ¢\a)=—T1(N; ¢\a)+F(¢\a)

+2ip11n [(A(¢)+Py tan o) (A(p) —p1 tan ¢) ')

where A(yp) is the delta amplitude, 17.2.4.
I(n\a)=K(a) —II(N\a)

Case (iii) Circular Case sin® a<{n<

0<e<ir

17.7.9

e=arcsin [(1—n)/cos? of}
B=4xF(e\90°—a)/K(a)
g=q(a)

17.7.10

o=} 2F(P\e)[K(a), r=[n(1—n)~(n—sin? a) ]

17.7.11 I(n; ¢\a)=>0MA—4uw)

17.7.12

A=arctan (tanh g tan v)

+2 i (—1)*'s~1g¥(1—¢*) ! sin 2sv sinh 2s8
=]

17.7.13

u=| 3 s¢** sinh 23,6] [1 4232 ¢ cosh 288 |

=] =]

17.7.14 HO(n\a)=K(a)+i7d[1—Ao(e\a)]
where A, is Heuman’s Lambda function, 17.4.39.
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Oin;p\a)

ns.8,p=30"
e / m

n=7,p=90%

n=Q,l,p=13*
e 15 300 as” €0* 78* s0r  °
Freure 17.11. Elliptic integral of the third kind
O(n; ¢\a).

Case (iv) Circular Case n<0

The case n<0 can be reduced to, the case
sin? a<< N<1 by writing

17.7.15
N=(sin? a—n)(1—n)™!
pr=[—n(1—n)"'(sin* a—n)}}
17.7.16
[(1—n)(1—n"" sin® &) TI(n; ¢\a)
=[1—N)(1—N""sin? &) FI(N; ¢\a)
+ pi! sin® aF(¢\ o) +arctan [3p, sin 2¢/A(¢)]
17.7.17
II(n\a) = (—n cos? &) (1 —n) ~!(sin* a—n) ' (N \a)

+sin? a(sin? a—n)"'K(a)

ELLIPTIC INTEGRALS

Special Cases
17.7.18 n=>0
1(0; ¢\a)=F(e\o)
17.7.19 n=0, a=0
0(0; ¢\0)=¢
17-7020 a=0
O(n; o\0)=(1—n)"} arctan [(1—n)! tan ¢}, *
n<l
=(n—1)"} arctanh [(n—1) tan ¢],
n>1
=tan ¢ n=1
17.7.21 a=m/2
I(n; ¢\x/2) =(1—n) '[In (tan ¢+sec ¢)
—%3ntIn (140! sin ) (1—nt sin ¢) 7] n#l

17.7.22
(1Fsin ) {20(+sin o; ¢\&)—F(o\a)}
—arctan [(1Fsin @) tan ¢/A(e)]

n=+sin «

17.7.23 n=1+cos a
2 cos all(1+cos a; \a)==3%In[(1+tan ¢
-8(¢)) (1—tan ¢-A(¢) ']+ In [(Ae)
+cos a-tan p)(A(p) —cos a tan ¢)7']
F (1Fcos a) Fp\@)

17.7.24 n=sin® a
TI(sin? &; ¢\ @)=sec® aE(p\a)—(tan’ « sin2¢)/(2A(9))
17.7.25 n=1

T (1; o\ )= F(¢\a)—sec? aE(o\ a)+sec’ a tan A(p)

Numerical Methods

17.8. Use and Extension of the Tables

Example 1. Reduce to canonical form _fy"'dz,
where
= —32*+ 347 —1192°+ 1722—90

By inspection or by solving an equation of the

fourth degree we find that

y*=Q,Q, where @,=32"—10z+9, @;=—z*+82—10
First Method

@ —AQ:=(3+N)2*— (10+87)z+9-+ 10X is a per-
fect square if the discriminant

*See page I

(104+8))?—4(3+N) (9+100)=0; i.e., if A= —% or %

and then
Q1+§ Qz=% (3—1)’, Q:"% Qz=; (z—2)*
Solving for @, and @, we get
Q= (z—1)*+2(z—2)%, =2(—1)"—3(E—2)

The substitution t=(z—1)/(z—2) then gives

fy"ldz=:i:f[(t’+2) (2t2—3)]4dt
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If the quartic y°=0 has four real roots in z
(or in the case of a cubic all three roots are real),
we must so combine the factors that no root of
Q,=0 lies between the roots of Q;=0 and no root
of Q;=0 lies between the roots of @;=0. Provided
this condition is observed the method just de-
scribed will always lead to real values of A. These
values may, however, be irrational.

Second Method
Write
Q_ 32’—10z+9
Q. —z*+82—10

tl

and let the discriminant of @;*—@, be

4T?=(8t*+410)*—4(¢*4-3) (10¢*+9)

=4(3t*42)(2t2—1)
Then

f yivde= ifT"dt= if[(3t’+~2) @12—1)]-4de

This method will succeed if, as here, T* as a
function of ¢* has real factors. If the coefficients
of the given quartic are rational numbers, the
factors of 72 will likewise be rational.

Third Method
Write
o @ 3x*—10z+49
Qz —z*+-82—10

and let the discriminant of Quw—@,; be
4W=4(3w-+2)(2w—1)=4(Aw*+ Bw+C)

Then if
2=W/w and Z?=(B—2*)*—4AC=(z"—1)*+48

fy“da:= + fZ“dz

However, in this case the factors of Z are complex
and the method fails. )

Of the second and third methods one will always
succeed where the other fails, and if the coefficients
of the given quartic are rational numbers, the
factors of 7% or Z?% as the case may be, will be
rational.

Example 2. Reduce to canonical form f ydx
where y*=2(z—1) (z—2).

We use the third method of Example 1 taking
Qi=(z—1), @;=z(z—2) and writing

601
The discriminant of Qw—Q,=2"w— 2w+1)z+1

is
AW=(2w+1)*—4w=4uw*+1
so that
W=Aw*+ Bw-+C where A=1, B=0, 0:71
and if we write 22=W/w and
Z’=(B—2)'—4A0=(2*)*—1=(2*—1)(&*+1),
[vrae=2 [l @+ s

The first method of Example 1 fails with the
above values of @, and @, since the root of @,=0
lies between the roots of @;=0, and we get
imaginary values of A\. The method succeeds,
however, if we take @,=z, @=(z—1)(@—2), for
then the roots of @,=0 do not lie between those
of Qa=0'.

Example 3. Find K(80/81).

First Method

Use 17.3.29 with m=80/81, m,=1/81, m}*=1/9.
Since [(1—mi®) (1 +mi?)~'?=.64, K(80/81)=
1.8 K(.64) =3.59154 500 to 8D, taking K(.64) from
Table 17.1.

Second Method

Table 17.4 giving L(m) is useful for computing
K(m) when m is near unity or K’(m) when m is
near zero.

K(80/81)=}r K7(80/81) In (16X81)—L(80/81).

By interpolation in Tables 17.1 and 17.4, since
80/81=.98765 43210,

K'(80/81)=1.57567 8423
L(80/81)=.00311 16543
K(80/81) =x~1(1.57567 8423)(7.16703 7877)
—.00311 16543

=3.59154 5000 to 9D.

Third Method
DThe polynomial approximation 17.3.34 gives to
8

K(80/81)=3.59154 501
Fourth Method, Arithmetic-Geometric Mean

Here sin? «=280/81 and we start with
@=1, bu=%, Co=1+/80/81=.99380 79900

giving
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e=arcsin [(1—n)/cos? a]=45°
B=4nF(45°\60°)/K(30°)=.79317 74
p=}4nF(45°\30°)/K(30°) =.74951 51
8= (40/9)*
g=.01797 24

and so from 17.7.11

IT (§; 45°\30°)=(40/9)V*(\—4u0)
=2.10818 51{.55248 32—4(.03854 26)
(.74951 51) } =.921129.

Table 17.9 gives .92113 with 4 point Lagrangian
interpolation.

Example 18. Evaluate the complete elliptic
integral

IT ($\30°) to 5D.

From 17.7.14 we have

oy __ oy T @ — o
I (1\307) =K 607 +5 /2 (1— (0,30

where e=arcsin [(1—n)/cos? a]/?*=456°. Thus using
Table 17.8

I (§\30°)=2.80099.
Table 17.9 gives 2.80126 by 6 point Lagrangian
interpolation. The discrepancy results from in-

terpolation with respect to n for ¢=90° in Table
17.9.

Example 19.
II (§; 45°\30°)
x/4
- f (1—4 sin? §)~(1—} sin? 6)~¥2 dp
0

Evaluate

to 5D.

Here n=§: ¢=45°, a=30° and since the character-

istic is greater than unity we use 17.7.7
N=n"1sin? a= .2, p;=(1/5)}

I (§;45°\30°) =—II( 2; 45°\ 30°) + F'(45°\ 30°)

@)
+GV5) In iy

=—.83612-.80437

V35++8
+3/5 In G

=1.13214.

Numerical quadrature gives the same result.
Example 20. Evaluate -

o (—%; 45°\30°)
= f (143 sin? 6)~1(1—3 sin? 6)-4d8
to 5D.

Here the characteristic is negative and we there-

fore use 17.7.15 withn= —i, sin? a=i

N=(1—n)"(sin? a—n)=4, p,=+.1
and therefore
(5/2)} T (—; 45°\30°) = (9/40)VII (3; 45°\30°)
+5(5/2)VF (45°\30°) +arctan (35)
Using Tables 4.14, 17.5, and 17.9 we get
II (—4; 45°\30°) = 76987
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18. Weierstrass Elliptic and Related Functions

Mathematical Properties

18.1. Definitions, Symbolism, Restrictions and

Conventions

An elliptic function is a single-valued doubly
periodic function of a single complex variable
which is analytic except at poles and whose only
singularities in the finite plane are poles. If w and
«’ are a pair of (primitive) half-periods of such a
function f(z2), then f(z+2Mw+2Nw')=f(z), M
and N being integers. Thus the study of any
such function can be reduced to consideration of
its behavior in a jfundamenial period parallelo-
gram (FPP). An elliptic function has a finite
number of poles (and the same number of zeros)
in a FPP; the number of such poles (zeros) (an
irreducible set) is the order of the function (poles
and zeros are counted according to their multi-
plicity). All other poles (zeros) are called con-
. gruent to the irreducible set. The simplest (non-
trivial) elliptic functions are of order two. One
may choose as the standard function of order two
either a function with two simple poles (Jacobi’s
choice) or one double pole (Weierstrass’ choice)
in a FPP.

Weierstrass’ (P-Funetion. Let w, w’ denote a
pair of complex numbers with 4 (w’/w)>0. Then
P (2)=P (zlo, «’) is an elliptic function of order
two with periods 2w, 20’ and having a double pole
at z=0, whose principal part is z7%; P (z)—z7 is
analytic in a neighborhood of the origin and van-
ishes at z=0.

Weierstrass’ {-Funetion {(2)={(z|w, «) satisfies
the condition {’(z)=— (P (2); further, {(z) has a
simple pole at z=0 whose principal part is z7*;
{(z2)—z"! vanishes at z=0 and is analytic in a
neighborhood of the origin. ¢(z) is NOT an
elliptic function, since it is not periodic. However,
it is quasi-periodic (see ‘‘period’’ relations), so
reduction to FPP is possible.

Weiersirass’ o-Function o(z)=oc(z|w, «’) satisfies
the condition ¢’(2)/0(2)={(2); further, ¢(2) is an
entire function which vanishes at the origin.
Like {, it is8 NOT an elliptic function, since it is
not periodic. However, it is quasi-periodic (see
“period” relations), so reduction to FPP is pos-
sible.

Invariants g; and g;

Let W=2Mw+2Nw’, M and N being integers.
Then

18.1.1 g, =60Z'W-* and g,=140Z'W-*

are the INVARIANTS, summation being over all
pairs M, N except M=N=0.

Alternate Symbolism Emphasizing Invariants

18.1.2 P =P (z; g, 95)
18.1.3 D' (2)=P(z; g, g3)
18.1.4 $(2)=¢(z; g, ga)
18.1.5 a(2)=0c(2; g2, §5)

Fundamental Differential E-quntion, Discriminant and
Related Quantities

18.1.6 P (2)=4 P*2)—g. P (2)—s
18.1.7

=4( P (2)—e)( P (2)—e)( P (2)—es)
18.1.8

A=g—2773=16(es—e;)*(ea—e1)(e1—e2)?
18.1.9
Go=—4(e1e2+€165+€26) =2(} + 3+ €3)

18.1.10 gi=4eie.6,—=4 (e} +e3+ef)
18.1.11 e+e+e;=0
18.1.12 ef+es+es=gi/8
18113  4ei—gei—gs=0(i=1, 2, 3)

Agreement about Values of Invariants (and Discrim-
inant)

We shall consider, in this chapter, only real g;
and g, (this seems to cover most applications)—
hence A is real. We shall dichotomize most of
what follows (either A0 or A<{0). Homoge-
neity relations 18.2.1-18.2.15 enable a further
restriction to non-negative g; (except for one case
when A=0).

Note on Symbolism for Roots of Complex Numbers and
for Conjugate Complex Numbers

In this chapter, 2//* (n a positive integer) is used
to denote the principal nth root of z, as in chapter
3; Z is used to denote the complex conjugate of z.
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FPP’s, Symbols for Periods, etec.

7 A>0 i A<O
2w 2w,
fl § |
Rz Rn
I
YT w,
R.= R,
1
LrPP
O [
0 w 20
RECTANGLE _ Ficure 18.1
0=
wp=w+w’ we=0 —u
w=w’
» REAL w; REAL
«' PURE IMAG. = @ PURE IMAG.
|w’| 2w, since gs=0 |ws| = w,, since gz =0
Fundamental Rectangles

Study of all four functions (P ,P’ &, o) can be reduced to consideration of their values in a Funda-
mental Rectangle including the origin (see 18.2 on homogeneity relations, reduction formulas and
processes).

A>0" A<O

Fundamental Rectangle is % FPP, which has ver- Fundamental Rectangle has vertices 0, w;, c.:,-{-%,

tices 0, w, w;and o’ Wy
2
‘y y 2w
W' W,
FUNDAMENTAL o' '
RECTANGLE ! W
=+ FPP) FUNEAMENTAL
CTANGLE
0 w X 5 A
Fieure 18.2

There is a point on the right boundary of Fundamental Rectangle where ( =0. Denote it by z.
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18.2. Homogeneity Relations, Reduction
Formulas and Processes

Homogeneity Relations (Suppose t=0)
Note that Period Ratio is preserved.

18.2.1  P'(tzltw, ') =t P (2], ')
18.2.2 P (tz]tw, to”) =t P (2|0, o)
18.2.3 t(tzltw, tw)=t""¢ (2w, o’)
18.2.4 o(tzltw, to") =t (2|w, )
18.2.5 ga(tw, tw’) =t"4gs(w, o’)
18.2.6 ga(tw, tw’) =t"%gs(w, w")
18.2.7 e(tw, tw')=t"%¢(w, 0’), 2=1,2,3
18.2.8 Altw, to") =t"1A(w, o)

18.2.9 H,(tw, to’)=t"H,(w, «’), i=1, 2, 3

Reduction to 14, FPP (See Figure 18.1)

631
The Case g;<0
Put {=1 and obtain, e.g.,
18.2.16 P (z; g5, go)=— P (iz; g2, —g5)

Thus the case g;<C0 can be reduced to one where
g:>0.

“Period"” Relations and Reduction to the FPP (M,N
integers)

18.217 P’(2+2Muw+2Nuw’)= P’ (2)
18.2.18 P (z+2Muw+2Nuw’)=P(2)
18.2.19

{(z+2Mw+2No’)={(2) +2Mn+2Nn'
18.2.20

o(z+2Mw+2Nu’)

=(=1)¥+¥*+¥¥q(z) exp [(z+Mw+Nu') (2My
+2N7')]

18.2.21 where n={(w), 7" ={(w")

“Conjugate” Values

f@)=F(2), where f is any one of the functions
lg}r @’: o

ALD

(¢ denotes conjugate of &)

Point =, in R,

P (2)=—P Can—zd

P (2)=1P Cun—2))
{(2)=—7(2w—2) +2(n+n")

o(2) =0 (@w—2,) exp [2(n+1") (zs—w)]

Point 3;in R;

P (z)=—P' (2uw—2z)

P (2)= 1P 2wy—2y)

§(2) =—{2w—2)+2(n+2")
0(23) = 0(2wy—2;) exp [2(n+1n") (Z—wd)]

Point z; in Rg

(See 18.3)
18.2.10 q(to, tw’) =q(w, ") - (See 18.10)
18.2.11 m(tw, i) =m(w, ')  (See 18.9)
18.2.12 P/'(tz; t74gs, t~°%) =t P (2; ¢s, g5)
18.2.13 P (tz; t~4gs, t~%g:) =12 P (2; ga, go)
18.2.14  {(tz; t'gs, t00) ="t (2; g3, G0)
18.2.15  o(tz; t'gs, £0g) =to(2; G2, Gs)
A>0
18.2.22 P'()=—07 Cu—2z)
18.2.23 P (2)=P (2u—=z,)
18.2.24 tz)=—{Cuw—2z)+2n
18.2.25 o(2)=c(2w—2,) exp [2n(zi—w)]
18.2.26 P (2)=—P'(2w—2)
18.2.27 P (2) =P (2wy—25)
18.2.28  {(z))=—{(2wa—25) +2(n+1")
18.2.29  o(25) = 0(2ws—2;) exp [2(n+1n") (2s—ws)]
18.2.30 P’ (z)=P (@—20")
18.2.31 P (z)=1P (z—2a")
18.2.32 t(z) =F(z—2w") +2n'

18.2.33 o(z)=—0o(2—2w') exp (27 (22— )]

P (z)=7" (=)
P ()= (z)
H(z) =1(z)

o(z)=0(z)
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‘Y
2w'
Reduction from 14 FPP to Funda mental Rectangle in
Case A<0
We need only be concerned with the case when
2 is in triangle A, (therefore 2w’ —z is in triangle
A, ap).
w' w2
! W, + — 34 ’
‘”_z 2* 2 18.2. P(R)=P@2u'—2)
4, 18,2.35 P =— P’ —2)
18.2.36 t(2) =21 — (2w —2)
18.2.37 o(2) =0(20'—2) exp [29'(z—w’)]
X
0 w,
Fraure 18.3
Reduction to Case where Real Half-Period is Unity
(preserving period ratio)
A>0 A<O
(r=w+0")
w’ ’ ’ —3¢7) ! a|w o
18.2.38 P (2lw,w)=w3 P’ (zw‘1|1, —) D' (2|w, ") =wi®P (zw, H—y —-)
w Wa Wy
w’ w o
18.2.39 P elw )= (2071, L) PGela,w) =o' P (st &
w Wy Wy
18.2.40 t(e|w, @’ )=w"1t (zw_"fl, -‘:—’) t(z|w, o) =wslt (zm{l ﬁ: :—2
18.2.41 o(2|w, w)=we (zw'"‘fl, :—) 0(2|w, 0’)=wyo (zw,“ w%’ :———2)
! !
18.2.42 al,6)=a70 (1,L) oo, o) =0i'n (&%)
¥ 4 r
18.2.43 gs(w, 0")=w=g, (1, %) gs(w, w")=wi’gs mﬂz -:‘;’;)
18-2;44 Gg(ﬁl, w')=m“2e; (1, %’) ﬂg(w, w')=w§""e, i’ "‘:Tz)
(i=1,2,3) (1=1,2,3)
18.2.45 Alw, w’)=w""A (1, %) Alw, w')=w;~1A (£, 2

Wy e
NOTE: New real half-period is

’ ’
3+1=w+w -1
w2 Wz w2
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18.3. Special Yalues and Relations

Values at Periods

P, P’, and { are infinite, ¢ is zero at 2=2w,, 7=1,2, 3 and at 2w;(a<0).

18.3.1
18.3.2
18.3.3
18.3.4
18.3.5

18.3.6

18.3.7
18.3.8

18.3.9

18.3.10

18.3.11

18.3.12

18.3.13
18.3.14

18.3.15
18.3.16

18.3.17

18.3.18

18.3.19
18.3.20

A>0 ALD
Half-Periods
P (w)=¢e,(1=1,2,3)
P’ (w)=0(i=1,2,3)
n={(wy) (1=1,2,3)
n=n,m=n+1", ns=n’
Hi=2ei+eex (1,7, k=1,2,8; 157, 15k, j7%k)
=(e—eg) (ec—en)=2et+ > =301t
e, real e, real and non-negative
€1 >0> e, >¢; (=0 when g;=0)

(equality when g,=0)

>0
v’ /iS50 if
|o’|/wS1.91014 050 (approx.)

Hl>0r Ha>0
a-(w)=euw.r’2/H}fﬁ
a(w’) =1« *H3*

Us(wg) =8*!°’1/('—Hg)

arg [o(w)|=1247

@(Wf2)=31+H1>8:
P’ (0/2)=—2H+/2H,+ 3¢,
¢ (w/2)=3[n+v2H,+3e1]

51=—"ﬂ+?:ﬁ, e3=¢,
where a>0,8>0
(equality when g;=0)

mi= ) =1"—n

7 >0

n3/iS0 if |w}|/w,S3.81915 447 (approx.)

H,>0

w/4<arg(Hy) <m/2 (equality if g,=0); H,=H,
o(wg) =emey/?/Hy?

o(ws)=ie"s 1" /Hys

o (w')=e"*' [(—Hy)

arglo (o) =2+ 72 arg (ext Hy—es)

Quarter Periods
P (@f2)=es+Hy>e,
P’ (/2)=—2H,/2H,+ 3¢5
t(wy/2)=4[n,++2H; 3¢

633
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A>0 AL0
gnel8 ewgwglﬁ
18.3.21 U(w/2)=2l“mm(2ﬂ1+331)”3 0'(""2/2)=21“H§,rs(2Hz+383)1;a
18.3.22 P (0'[2)=6—H:<e;<0 P (w3/2) =ea— Hy= (P (w3 +w3/2) <e3<0
18.3.23  P’(v'[2)=—2Hyiv2H,—3¢s P (w5/2) =—2Hyi2H,—3eg=P ' (wr+wi/2)
18.3.24  (('/2)=3}[n"—1v2H,—3e)] §(wa/2) =%[m—iv2Hy—3e5] = — { (wr+w3/2) +27"
ien’w’ﬂﬁ - P
18.3.25 U(wflg)=2”‘H§”(2H3—383)Us o-(02/2)=21“H3"'8(2H2—383)”3
= o(wr-+wi/2) exp [—1’as]
18.3.26 P (ws/2)=¢,—H, P (' [2)=e;—H,
18.3.27  (P'(w/2)=—2Hyi(2H;—3e;)} P (' 2)=—21Hy(2H;—3es)}
18.3.28  {(w/2)=%[m—i(2H,—3e)}] $(o'[2)=%[n"—1(2H;—3e3)Y]
e‘rzﬂnfsef‘r“ . eq'u'fseirh
18.3.29 6(02/2) [%(232_3%)]”3 o(w /2)_{432(233—383)1”8
One-Third Period Relations
At 2=20,/3(i=1, 2, 3) or 2uy/3, P *=12p P"*;
equivealently:
18.3.30 48 (P1—24¢, (P*—48g, P —gi=0
A>S0 A0
20, [P (20/3) - 2n; [P (2wy/3)
18.3.31 £(2a/3) _E+|:—3__:|‘ {(2w,/3) 3 L 3 :r
Lo TPE)) o 21 [P 2uif3) ]
18.3.32 $(20"/3)==3 |3 :r £(2w1/3) =3 [ 3 :I
_2n, [P (2w2/3) ey 20’ [P BT
18.3.33 §'(2w2/3)—§+[—32——]’ {(2u/3)= 3 +|: 3 :l
18.3.34 o(20/3) =52XP [210/9] Puan/3) =P 2mas/9]
N 7 e ) = B D)
— 29" w’[9 i — 2n3w3/9
18.335  o(26/3)= Q%i'[/aj;]m B o(2uif3)={ m‘gﬂjﬁﬂ’:ﬁ L8
—exp [27:wy/9] tjay._—eXPp [27’w’/9]
18.3.36 "(2“’2/3)"'[Q:{2m2/3)]2mezms o (2w /3)—[@.-(2w:/3)]133£=ma
Legendre’s Relation
18.3.37 1w’ —9' w=m/2 Nowy— N =11
(also valid for A<0)
Relations Among the H;
18.3.38 Hi+H3+H;=3g,/4
18.3.39 H:H:+ H:H+H3H?=0



18.3.40
18.3.41

18.4.1

18.4.2

18.4.3

18.4.4

WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 635

HiH;H3=—A[16
16HS—12g.H!+A=0(i=1, 2, 3)

18.4. Addition and Multiplication Formulas

Addition Formulas? (3 #31)

Pt [ GE=E DT_pe)-2 @

-@ (20— P (22)

P (zl+22)[|g) (z1)— P ' (2)]+ P (21) P "(22)— P "(21) P (22)

P (a+ 22)=

P (2)— P (21)

t(z1+2)= ;(21)-{—;(23).1-;.%%21;___%_(_2%)

0(21+33)¢(21—22)=""2(21)“2(22)[gj (21)-'-@ (22)]

Duplication and Triplication Formulas

[Note that,@”=6@’(z)—92—’: P'2)=4P*(2)—g2 P (2)—gs and ,@’”(z):ﬂ.@(z).@’(z)]

18.4.5

18.4.6

18.4.7
18.4.8

18.4.9

18.4.10

18.5.1

18.5.2
and

18.5.3

18.5.4

18.5.5

18.5.6

where

P'(22)=

pea=—206+ £
—4 P (2)H12P () P U2) P (2)— P"(2)
4p"(2)
¢(22)=2¢(2)+ P (@A) /2P"(2).
o(22)=— P’ (2)c*(2)

4P "(2)
(33)'—3{(2)'1'@ (z).g):u(z) @n!(‘z)

0(32)=— P" (D (2) [P (22)— P (2]

18.5. Series Expansions
Laurent Series

PD=e4 0™

cz=9’2/20, C-a=ga/28

k=2

Cx (2k+1)(k—3) 2 CrCi—m, =4

P (2)= —22“+§(2k-—2)c;z”‘"

s‘(Z)zz“—gckzﬂ"‘/(%—l)

zm+0n+ 1

o z)=m$_o tm, (392" (20:)" * T Ton T 1)1

# Formulas for ¢ and ¢ are nof true algebraic addition formulas.
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18.5.7 where a,,=1 and
18.5.8 @ n=3(M+1)C 41, n— :+ (n+1)a,,,u-,- g (2m+3n—1)(4m-|—6n—1)am o

it being understood that a, ,=0 if either subscript is negative. _
(The radius of convergence of the above series for (P —2z72 (P’+4227 and {—2z7" is equal to the
smallest of |20, 20| and |2w+2w’|; series for o converges for all’ z.)

Yalues of Coefficients? ¢; in Terms of ¢; and ¢;

18.5.9 C=03/3
18.5.10 cs=3cycs/11
18.5.11 cs=[2c3+3¢3]/39
18.5.12 ¢r=2¢3¢4/33
18.5.13 ¢s=5¢,(11¢3+36¢)/7293
18.5.14 eo=04(29¢3+11¢3)/2717
18.5.15 010= (242¢§+1455¢}c3) /240669
18.5.16 c1n=14¢,¢5(389¢3+369¢2) /3187041
18.5.17 ¢12=(114950¢3+1080000c3c3+166617¢3) /891678645
18.5.18 ¢19=10¢3es(297¢3+530¢3) /11685817
185,19  26,(528770c5+7164675¢3¢3+2989602c8)
e (306735) (215441)
18.5.20 : 4¢,(62921815c34-179865450c3c:+14051367c4)
e ) 18 (179685) (38920531) _
18.5.91 o, C3(58957855¢3+1086511320¢305 +875341836c3)
o 1w (5909761)(5132565)
18.5.99 __€265(30171955¢3+-126138075¢3¢34-28151739¢3)
e (920205)(6678671)
18.5.93 .. L541470.949003¢c3+30458088737 . 1155¢3c}+122378650673 - 378c}c} 2348703 - 887777¢5
e B (1342211013)(4695105713)
18.5.24 _ 2c3,(3365544215¢5-+429852433 - 45¢3c3 4852774347 7c})
e - (91100295)(113537407)
: NOTES: 3. ¢y is given incorrectly in [18.12] (factor 13 is

1. ¢s—¢i5 were computed and checked independently
by D. H. Lehmer; these were double-checked by
substituting ¢:=20 ¢;, g:=28 ¢; in values given in
[18.10].

2. aircis were derived from values in [18.10] by
the same substitution. These were checked (numer-
ically) for particular values of g, g;.

missing in denominator of third term of bracket);
this value was computed independently.

4, No factors of any of the above integers with more
than ten digits are known to the author. Thisisnot
necessarily true of smaller integers, which have, in
many instances, been arranged for convenient use
with a desk calculator.



Value * of Coefficients a,, ,

T
s —2-3- 559
-107885773
710 T 10
. —~2-3: 523 | —2.3. 5,59
25718049 -107805773
(L 10 01 b 10
o —2:3:8 —2.3:5:23 —2-3- 67 —=2-3- 5.7
-220-2683 257 -181.1609 -41-6047
-18048 +2803 4022497
L] 48 510 LR 4 10
. 2.3:6 —~2.3.5:229 —23. 6 —2.3. 67 —2:3: 5:7
"‘T 0103 2683 40570423 -58-179 -1321
-]422'31 1415535763
U ] L UL LR 48 410 3 LI
. 2.3-8 2.3-6:9103 —2.3.5.7 —2.3.5-681 —2.3.5-11.81 | —2.3. 6.7.23 | —2.3.5.7-10
-31 -13-37-41 -83609 -313-190387 +203-4848053 | -1752086144677
LK) 1d1 L L) L) i 47 UL
- 2323 2:3-5-31 23517 —2-3:5-83 —2:-3:5-503 -2.3.81 —2-3-5-7.11-20 | —2.3-5-T-613
109 -3011 156217 -315080069 +83.1120-05661 17605225081
L) L LR ] L] 47 LR 17 L | 37 1
§ —-23 2:3-23 2.3-5-53 2:3.5-37 —2:3:5:17 —2-3.61-151 —-23 —2.3:5:17-53 | —2.3-5-7-17 2.3-5-7
167 +3087 653 +2387260103 +2057.41189 671056561058 +36866647631901
2 L] 13 L] L] L] 18 7 5 3 L)
g -3 —=23 3.19 23311 3.5.20807 —2:3.11 —3:17 —-2.3.7.13 -3 —2.3.5.7.103 3.7
2609 1678257 2742587 -248882035409 -136709-274073 -89565603641070
1 3 1 1 B 4 4 L] 1 LR |
- 1 -1 -3 3.23 3107 3.7.23.37 8.313.503 -3.7 3-11.37 —3.7+23-14387 -3:71 —37.11-23 3.7-24733
685973 257981 40763 176308760639 +383.739.18539 | -108622785511
0 1 2 3 4 5 6 7 8 8 10 n 12
= m

SNOLLONNS QILVIZY aNV OILJITIH SSYULSHEIZM

§ Values of awm, » In unfactored form for 4m-+-6n4-1<35 are glven in [18,25], p. 7; of (tm, »)3-* in factored form in [18,15], Vol, 4, p. 89 for 4m--6n+1<25. Additional values were eomputed and checked on
desk ealculators; primality of large factors was established with the ald of SWAC (National Bureau of Standards Western Automastic Computer).
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Reversed Series?® for Large |~@ l Reversed Series for Large | P’
18.5.25 18.5.29 z=Au+Apu+Au'+A40+ ...
Box. 18.5.30 where u=(P"/?) "
2=z [2%+Caﬂ’+caﬁf+_ =T
1805.31 A1=21[3
1 Say 1
g el Hiad) 8Pttt g5 I2RHTAT | 4y g5 A=—3 4
5&3 21 —
(“2”'"7“2)““‘" e 18.5.33 A 4;""‘1‘
+§5952253 (94403 u® 18.5.34 A=0
+350 (3303 +180a30s-+10af) u® 10A
18.5.36 Als-- ! (a3+6a3)
70522“8 27
(11a3+1003) % 18.5.37 Ajy=—9603a,/175
55a3ad+210af) 4® 14azA1 ai+1242
;1;!; (143084 220a%0d + 6ad) u®* 18.5.39 where a;=g,/6, a;=g./6
Reversed Series for Large ||
2
1325 (650 -+7280d0d-+280a8) 1 18.5.40  s—utAgtFANT+H AN+, ..
33&2“3 nag 42‘23) - 13.5.41 Whﬁl'e U= g-—l
(195a8+4560303+ U
W 18.5.42 s=—08,/5
pen 2, 37 (110503+1638008e3-+10920ckd 18.5.43 Ay=—5{1
33@ 18.5.44 Ay=8/1
3 30
+1680) ™ +=55= (8503+28003a3+-5603) u 18.5.45 Ay =385/11
52 (30308-+6120ded +6300aked +336a)u | 18.5.46  Aumpir (—89+T8)
i o v}
;33:’; (161508+7140083+ 2520030+ 24at) us | 18:5-47 A= —41835,/91
18.5.48 A== (134983 —411643)
+ O(u_u):l, 9163
255 3225685
18.5.26 where ay—g,/8 18.5.49 Al,_323323 (11543183 )
18.5.27 eg=gn/% 18.5.50 where 8,=¢,/12
18-5-28 u=( @ —l)l 18.5-51 68= 93/20
5 In this and other series a choice of the value of the
root has been made so that z will be in the Fundamental
Rectangle (Figure 18.2), whenever the value of the given

function is appropriate.
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Other Series Involving @
Series near zo [P (2,)=0]
18.5.52

P= .@o‘”[l 3cn'u‘-—4csu°+10°’ E'+H4'3°°’ 2

+ 13 33
5 846’ 10¢3 whe 136363(:311

 7(12¢3—5¢3) w2 488cics ul 4u? [-—-502'—1463’05’

+5ciut+33e.e5u’+

50;(556,—23160’)u":|+
ki 143
18.5.53

where u=(z—2,), Ps = P’ (20)=1v4s
18.5.“

u= Pitotar+20 +{ 2L 150) v+ (393
+15g; P 2+700% )7 +20*(2 Po*+79: P o’ +21a*
+H(2 L4 (200 Pis+1500, i 102"

+15a (9’8@0 +{§4£§+603} @5._!_33;9;@6:
+H2) 01 22 R i+ 150,05
+ {1540+ 33g3) Pis+ 22EBLPE | 57205) o

+% (3{28@3—|-g§} Pr+411g,{980% g1} P

420024 {——a?—!—g%}@&‘

416016 a’gy (P +19448 a®) %14 . . .

18.5.55 where o= /(P ;)* and a=g,/4
Series near w;
18.5.56
(P —e)=(363—5ea)u+ (10cse,+21cs)u’+ (Tesed
+21cze4+5¢3)u’+ (18656} +30cie,

+33c,c,)ul+(22¢,-§ez+ 92¢scoe,4105¢2

*+(728 el + 20 e+ 84k,

1214 écs) ; +(

3405 45750

855d‘

18.5.57 where u=(z— wy)*

Other Series Involving (P’

Series near z,

18 ls. 53

(P'—Ps =|:— 10¢,u—56¢5u-+ 30cu’ -+ 264c,cu’

+(84(}c§;-100t:§) u,__5452c§c; o

70¢,(55¢3—2316¢3)
+ 143 13]

+ P ['.[- 15¢,ut— 28c5u’+ 30ciut+ 114cocqu™
2440¢3¢y 4,
7 ¥ +...

+7(128—563)u"*—

18.5.59 where u=(z—2z,)

18.5.60
(z—zo)=A—bA”—:—3% At4-3(es+07)A°
+10b P (A*—3[36c;—3 P o+4b1A”
—-3% 3(% c-.-+2lb’)A"+% (2856’0,
+1008—279 P ;’b—{—lszb‘)A'—{— .

18.5.61 where A= (P '— P 1)/(—10¢,)

18.5.62 and b=4g:/g

Series near w,

18' 5'&

P '=2(363—5es)a+4(10c64+21s) o+ 6 (Tezel
+21cse,+ 5ed) a®+ 24 (6¢4¢1 -+ 10ce,

1 11e6)a’+10 (22@e2+92c,c,e‘+105c:

~198) ar 24 (B canet ,+£f? e,

42630 +57 «zcs) 21470 (12 cger

91 50

171 681
+30 dettoy Saect g

adt c;) ot
B o

18.5.64 where a=(z—wy).
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Other Series Involving {"

Series near zo [ [P (20)=0]

18.5.65
ub  cqud  chul®  19c.cauM
t—to=Ps [ 5 +"2 A

, (5c3—12¢8) .,

61 cieut Sequd
1 26 U+ ca ]+ e
| Tequ®  5equ’ 11c3c,u° , (10c3—84c3) 4
2 7 3 1 33
 1363cke; y  a(231663—556])
T “ 429 t
18.5.66 where u=(z—z),
18.5.67 to=t(z)

Series near w;

18.5.68

n_- -
(f—n)=—sia— B0y _(DoititTs)ol

(Teze3-+21cze+-5¢3)a’
7

(6cse2+-10c3e,+11e565)
3

(220§e3+92cgcae,+105c§—13—0 cg) ol
11

e clet42de,

2 364
13

607 y i 171
cic ) 3 13 038("["

681 9150 i
+37 c’caet+ 143 cgc§+i§ et )a— ...,
18.5.69
where a=(2—uw,)
Reversed Series for Small |o|
18.5.70

z_o__l_'Yﬂ 0,5+78 7+3720_9

197278 1.1 38427!"'86175 13
tgg O 6006 e

18.5.71 where y,=g,/48

18«5.72 73=93/120

For reversion of Maclaurin series, see 3.6.25 and
[18.18].

18.6. Derivatives and Differential Equations
Ordinary  (c;=g./20, ¢;=g5/28)

18.6.1 t(2)=—P (2)
18.6.2 o' (2)]o(2) =¢(2)
18.6.3

PH2)=4 P¥2)— g P(2)—gs=4(P*—bes P—Tcy)
18.6.4 (P’ (2)=6 P*(2)—3g:=6 P*—10c,

18.6.5 P (=12 PP’
18.6.6
POR)=12PP"+P'P")
_5! [@3—361@ __.1_:4&
18.6.7
@(5)(2)=12(Q@;r;+2.@r@;;+ ,@” g)r)
=351 @[ P*—ail
18.6.8
.@“’(z}=12(.@.@ (4)+3@:@n:+3@n@ "
_!_@.U’f@ a‘)
18.6.9 =TI P*—4c; P*—4dcy P +5c3/7]
18.6.10 PP (2)=4.7! P'[P*—2¢, [P —cs]
18.6.11
P OR=9P—5c, P*—5¢,P*
+(10c3 P + 11c2¢5) /3]
18.6.12

P P2 :5'91@,[50 t—3e, P —2¢;, P +26¢3/3]
18.6.13

P (@) =111 P O—bc, (P *—bes P>+ Tci P*
+ (342¢,65 (P +84¢3—10¢3)/33]

18.6.14
P (2)=6-111P [P —4e; P3¢, P?

+ (776 P +57¢42)/33]
18.6.15

P2 (2)=13P"—Tes P*—Tes P 4353 P 3
+210¢5¢; (P ?/114 (8462 —35¢2) (P /13 — 1363 cles/429]
18.6.16
P ®(2)=T-131P '[P *—5cs P *—4e3 P?

+56 (P 2+60esce P /11+ (1263—563)/13]
18.6.17
P 9 (2)=151[ P *—8es (P °—8es P+ 526 P */3

+328¢,65 (P 311+ (444c3—328¢3) P ?/39

—488c2cs P 33+ ca(55¢3—2316¢3) /429]
18.6.18

P 19 (2)=8.151P'[ P'—6c, P56, P*+26c: P 3
+123¢,03 P 211+ (1112—82¢8) P /39— 61c3es/33]
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Partial Derivatives with Respect to Invariants

18.6.19
- gy(392;_§g,z)+6g=@’—99s@—9%
18.6.20
=" ( 2 gt +5%)—og, P+% P43 g0,
18.6.21
Ab——-—3s‘ (gz@ +5 ga)

1 3 ,
+§ 2 (993.69 +59 )—5 % P
18.6.22

E—l Q'(ggs.@ +35 91)

1 3. .N.% . i
-—5 922 (§ 9:P+39 )+ 79 P

18.6.23 A-— i 3920'”-]- gao'-l- gizto— g:zo
bga 2
18.6.24
o] 9 1 3 |
(here* denotes )
here ’ denotes ——
oz
Differential Equations
18.6.25
Equation Solution
A gy—g) o, 7 :(E. _%')
18.6.26
2
= (y*—3ay*+3y)? =
Y (ys ys'{- y) Yy G—3Q r(z; 0, gs)'
=4—3(12
s 27

18.6.27

V=12 e b =6 Pz g 0)—b,

2
g:=—3 (a—b)

y'=[aP (2)+bly (Lamé’s equation)—see [18.8],
2.26

For other (more specialized) equations (of
orders 1-3) involving (P(z), see [18.8], nos.
1.49, 2.28, 2.72-3, 2.439-440, 3.9-12.

For the use of P (2) in solving differential equa-~
tions of the form y'™-+A(z,5)=0, where A(z,y) is
a polynomial in y of degree 2m, with coefficients
which are analytic functions of 2z, see [18.7],
p. 312ff.

18.7. Integrals
Indefinite

18.7.1 f.@ ’(z)de=% P '(2)4-11Ta .

18.1.2 [PHaMe= P () 0t (e) + 1 0

(formulas for higher powers may be derived by
integration of formulas for (P *(z))

For S (P"(2)dz, n any positive integer, see
[18.15] vol. 4, pp. 108-9.

If P ' (a) %0
18.7.3

) _dz
20 [Go—5@
=2z¢(a)+In o(z—a)—In o(z+a)

For S'dz[l P (2)— P (a)I*, (P '(a)#0) nany posi-
tive integer, see [18.15], vol. 4, pp. 109-110.

Definite

A>0 ALO

18.7.4
s B o[ e

+/8(t) : o s(t)

18.7.5
f s f ® g
w —_— p—
s(m R SN0

18.7.6 where £ is real and
18.7.7 8(t)=4t3'—gzt—'ga
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18.8 Conformal Mapping

w=u-iv

A>0
w=(p(z) maps the Fundamental Rectangle
onto the half-plane v<0; if |w’'|=w(gs=0), the
isosceles triangle Oww, is mapped onto % >0, v <0.

w=(P'(z) maps the Fundamental Rectangle
onto the w-plane less quadrant IIT; if |o’|=w, the
triangle Oww, is mapped onto >0, v >u.

A<O
w= (P (2) maps the Fundamental Rectangle
onto the half-plane »<0; if |wj|=wi(gz=0), the
isosceles triangle 0w;w’ is mapped onto #>0,
v<0.

w= (P ’'(2) maps the Fundamental Rectangle
onto most of the w-plane less quadrant III; if
|wg|=wy, the triangle Ow,w’ is mapped onto >0,
1>,

(a=period ratio)

w=1{(z) maps the Fundamental Rectangle onto
the half-plane ©>0. If ¢ <1.9 (approx.), v<0;
otherwise the image extends into quadrant I
For very large a, the image has a large area in
quadrant 1.

w=0¢(z) maps the Fundamental Rectangle onto
quadrant I if a <1.9 (approx.), onto quadrants
I and II if 1.9<a<3.8 (approx.). For large

a, arg[cr(wg)]:s%; consequently the image winds

around the origin for large a.

Other maps are described in [18.23] arts. 13.7
(square on circle), 13.11 (ring on plane with 2
glits in line) and in [18.24], p. 35 (double half
equilateral triangle on half-plane).

w={(2) maps the Fundamental Rectangle onto
the half-plane #>0. The image is mostly in
quadrant IV for small a, entirely so for (approx.)
1.3<a<3.8. For very large a, the image has a
large area in quadrant I.

w=c(z) maps the Fundamental Rectangle onto
quadrant I if a<3.8 (approx.), onto quadrants I
and II if 3.8<a<7.6 (approx.). For large

a, arg [rr (m2+32’):| ~ 1%“; consequently the image
winds around the origin for large a.

Other maps are described in [18.23] arts. 13.8
(equilateral triangle on half-plane) and 13.9
(isosceles triangle on half-plane).

Obtaining P’ from g‘)”

Fundamental Rectangle Fundamental Rectangle
A >0 A < o0
FUNDAMENTAL RECTANGLE FUNDAMENTAL RECTANGLE
| ‘Y ‘F
w' =
iCI A Ulz /2=
H A
(.4, 4) la/2
.4 4 (.4,.4)
B
B
i X
0 4 waT X ) ) w1
Figure 18.4
In region A In region A

RZ(P')20ify>4and2<.5; £(P’) >0 elsewhere

(1) If ¢>1.05, use criterion for region A for
A>>0.

2) If 1<a<1.05: Z(PH>0 if y>.4 and
<4, —n/a<arg (PN<3r/4 if 4<y<.5 and
4<z<L5  H(P’)> 0 elsewhere
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In region B In region B

The sign (indeed, perhaps one or more significant Use the criterion for region B for A>0.
digits) of (P’ is obtainable from the first term,
—2/2, of the Laurent series for (D',

(Precisely similar criteria apply when the real half-period 1)

A>0 w=1
Map: P (2)=u-+i

Near zero: [P (2) =%+e1

@ (2) =";+szz+€2

lels.2
; le,|=.003
o'=t .
w' =141
w' =2.01

Figurr 18.5
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ALO wy=1
Map: P (2)=u+t1iv

Near zero: (P (2) =1?+ &

P @=stadtte

¥
AT
-r -
Ly
) 5 o %
1§17
I€21 % .05
v
5
y
I 1 =
1 1.
+
o 5 1.0
lels.2
-5
S |l <.08
s
L h

-6k

Fiaure 18.6

FEF T T T

Lit 4+t 444

[T [ 1]
500

lel < .07
I€;! < .03

x
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A>0 w=1
Map: ¢(z2)=u-+t

Near zero: g'(z)=%+e1

Y,

Ficure 18.7

Y
1.0 17T
L]
’ mhuhade b o ] e of
0 5 1.0
lgl<.01
CAER 1
y

TIITIN_ o
o £ 10
le;ls 007
legl <. 0002
¥
20T
13l F4-FF44=F14
L1 o e bt |
1o
At
]
I€ 15 007
1651 § 0002
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A0 wy=1

Map: {(2)=u+w

Near zero: ;(z)=%—|—e,

W= i

(=194
s e 2
z 3
& y
o
SETT
HEE 1]
- t
l+] 1.0
-0
-1.5
A lels.0a
l€;l< .oo02
-2.5
-30
-35
¥
B 2o o oy Vo o --F r
5 L1
L1121
0 5 1.0
1] <.007
|€,l < ocos
9 y
-5 VO P T T
-1.0 & I
-15Fg -+
. (4] - 1o
-2.0 }-
le,} z.004
-25 le,l<.0004
-3.0
-35 L

Ficure 18.8
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A>0 w=1
Map: ar(z_) =u+

w'=2.00

Ficure 18.9

0.5

20

e
e = |=
- e o
= e o =]
e

- — = 4=
L+ 4 -

| 9 VO |
LI
0
1
H
|
-1 ¢ T

647

) 1 T T

+

A

i e

L] L

1 i L

— 4 e e ] —

4 B N S B G EEE—,
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ALO0 w=1
Map: o(2)=u-+t+w

<

we=1.5%

a e e e e ] e e ]

wy=2.07

Figure 18.10
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18.9. Relations with Complete Elliptic Integrals K and K’ and Their Parameter m

and with Jacobi’s Elliptic Functions (see chapter 16)
(Here K(m) and K'(m)=K(1—m) are complete elliptic integrals of the 1st kind; see chapter 17.)

A>0 A0
18.9.1 gi=(2"_";’)§’_@ 61_=(2m-—1)—.§$x/m—m=_m(m)
18.9.2 e,=%‘@l 82_2(1—2?“;3**(”.,)
18.9.3 68_—(m-|—31)2K=(m) 88:(2m—1)';5::1/m—m‘. o)
"’ wj
— 4 2__ YR

18.9.4 TS ”;1]1’1{ (m) gy 16m 1%1;:;1)1{ (m)

. By E B . v
18.9.5 ga=4(m 2)(2m 271w)°(m+1)m(m) ga=8(2m 1)(32m27 m:gzm DK (m)
18.9.6 A=16m3(m_}3ﬂﬂn(m) n =_256(m‘;;l-’)K1’(m)

K (m)o ,_iK'(m)w

18.9.7 of = = {mes

© 18.9.8 w=K(m)/(e— )" oy K ()| ELV?
18.9.9 m=(ea—e;)/(ex—es) m=-]21—f—;;’
18.9.10 [0<m <3, since g5 >0]
18.9.11 P (2)=es+(e1—e3) [sn*(2*|m) P(2)=es+H, %%
18.9.12
P'(2)=—2(er—e))*" cn(z*|m)du(z*m)/sn’(z*/m) P (2)= =4 s0(2’ [m)dn (2’ [m)

ST T—en(e/Im)}?
where where
2*=(81""83)*3 z'=2zH§"’

18913 1=5(0) =2 BE(m)+m—DK(m)]  n=t(o)=5 (67(m) +(am—5) K(m)

18.9.14 7'=t(w)=1 4T m= (o) =2

[E(m) is a complete elliptic integral of the 2d kind (see chapter 17).]
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18.10. Relations with Theta Functions (chapter 16)

The formal definitions of the four ¢ functions are given by the series 16.27.1-16.27.4 which converge
for all complex z and all ¢ defined below. ~ (Some authors use =z, instead of z, as the independent variable.)
These functions depend on z and on & parameter g, which is usually supprmed Note that

#1(0) =9,(0)9;(0)94(0), where #,(0) =0, ¢).

A>0
18.10.1 p—g
18.10.2 g=e'*r=p"K'IX

18.10.3
¢ is real and since g; >0(|w'[>w), 0<g<e™

18.10.4 (v=mz/2w)

_ ™[00 T
18.10.5 @(Z)—3$T4m= §j+l(ﬂ;$l(v}

j=1,2,3

b 3(0)85(0)84(2)91(0)
18106 P’ (=—75 5,(0)2:(0)9,(0)33)

18107 t(2)="2 +2":;(2’3)

18.10.8 o g)=2_w exp (;_m :’_EE__E_))

18.10.9 12u?e,=754(0) +84(0)]
18.10.10 12w?e,=n?[94(0)—¢4(0)]
18.10.11 12w?e,=—mn?[94(0) +84(0)]

18.10.12 (e,—-ea)i=-—i(es-—en)‘=21w0§(0)

18.10.13 (e1—es)t=—1i(es—ey)i= —-33(0)

18.10.14 (e;—es)i=—1(es—ey)i= -—~r) 3(0)

18.10.15 g,_a(z ){tsg({1)+ﬁt§(o)+aL 0)]

18.10.16 9334818283

18.10.17 A}:%a;z(o)

18.10.18 = ;(w)—{;‘:"é ((%))

18.10.19 7’ ={(w’)=12 4"

w

A<O
Tz=“;/2wz

Q=?:Qn=‘f:8'"’ =1:8-'| wyl/2wy

¢ is pure imaginary and since gs>0(|ws|>ws),
0<lg|<e ="

(r=m2[2a,)

7 [91(0)94(2)
.@(z)mezr,;w; 35(0) ()

L w a0 0)0)
P (@)= =1 5,(0)3,(0)3,0)97()

7841(v)

= 32
)=, T 2t (o)

ey 8(v)
He)=3 & ( 2’) 55(0)
12wie,=7935(0)—5%(0)]
12ules=m294(0) +84(0)]

1202, =—n?34(0) +94(0)]

(e —ea)**%(sa—-ez)*——v’(m
(er—eg)t=iles—en)t=5_-03(0)
(es—er)=—1(e1—e3)t= "’(0)

0i=2 () 1930)+95(0) +230)]

ai=4e162€3

LY
(—) =0

=" (0)

1 ={ ()= ~12w8,(0)
M= () =T
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Series
18.10.20 #;(0)=0
18.10.21 8,(0)=2¢t[1 +¢" 2@+ @4+ . .. +g""V+ .. ]
18.10.22 3(0)=1+2[g+¢+¢+ . .. +gu+ .. ]
18.10.23 8,0)=14+2[—g+¢—¢+ ... +(—D"¢?*+ .. ]
£50 Attainable Accuracy A<0
Note: 8,(0)>0, j=2,3,4 Note: 3,(0)=Aet"8, A>0;
R35(0)>0; 9,(0)=00)
#;(0): 2 terms give at least 5S 2 terms give at least 35
j=2,3,4 3 terms give at least 115 3 terms give at least 5S
4 terms give at least 215 4 terms give at least 10S

18.11 Expressing any Elliptic Function in Terms of (P and P’
If f(2) is any elliptic function and (P (2) has same periods, write
18.11.1 F@)=3f(D+f(—2+3{f(&)—f(—=} { P (2} 1P’ ().

Since both brackets represent even elliptic functions, we ask how to express an even elliptic func-
tion g(2) (of order 2k) in terms of (P (z). Because of the evenness, an irreducible set of zeros can be

denoted by a, (i=1, 2, ~ . . , k) and the set of points congruent to —a, (:=1,2, . . ., k) ; correspond-
ingly in connection with the poles we consider the points +b,2=1,2, . . ., k. Then
k[ P(2)—P(as) :
. 1c2 = H f]
18.1 o(2)=4 H{ F-FLA), where Ais _

s constant. If any a, or b, is congruent to the origin, the corresponding factor is omitted from the
product. Factors corresponding to multiple poles (zeros) are repeated according to the multiplicity.

18.12. Case A=0(c>0) 18.12.9 q=1, m=1
Subcase I 18.12.10 e(w)=0
18.12.1 gg>0, ga<0: (81 =é=CcC, &= -25) 20}’8',"2‘
18.12.11 a(w)=
18.12.2 H=H,=0, H;=3¢ *
18.12.3 18.12.12 o (wy)=0
P (2; 12¢*, —8¢%) =¢-+3c¢{sinh [(3¢)iz]} ~* 18.12.13 P (w/2)=c
18.12.4 18.12.14 P’ ([2)=0
£ (z; 12¢%, —8¢*) = —cz+(3c)* coth [(3c)iz] 18.12.15 Ho2)=—
18.12.5 18.12.16 #(w/2)=0
o(z; 12¢*, —8¢*) = (3¢) ~* sinh [(3¢)*z]e~ "2
18.12.17 P (w'[2)=—5¢c
18.12.6 w=o, o'=12¢)"im "
18.12.7 T — 18:12:18 P ) =g 7
18.12.8 7 =¢(w)=—cw’ 18.12.19 tw’[2)=%(—cw’+7/w”)
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1 %3198
18.12.20 cr(c.r'/z):.ﬂ"w—‘/2
18.12.21 P (0f2)=¢
18.12.22 P (waf2)=0

’
18.12.23 H(wsf2)=— —‘i‘;—
18.12.24 o(wyf2)=0
Subcase I1

18.12.25

| 0: >0, g >0: (&1=2¢, ea=e3=—0¢)
18.12.26 H,=3¢, H;=H,;=0
18.12.27 (P(z; 12¢?, 8¢*)=—c-+3c{sin [(3c)}z]} ~*

18.12.28 _,
¢(2; 12¢2, 8¢%) =cz+(3¢)* cot [(3¢)¥2]

18.12.29
a(z; 12¢%, 8¢%) = (3¢)~* sin [(3c)iz]e”?

18.12.30 w=(12¢)"}r, o’ =iw
18.12.31 n={(w)=cow
18-12.32 ﬂ’ﬂr(w') =im
18.12.33 ¢=0, m=0
'2
18.12.34 a2t
™
18.12.35 o(w’) =0
18.12.36 a(wy)=0
18.12.37 P (0f2)=5¢
18.12.38 P '(m/2)="2“":
18.12.39 (w/2)=¥(co+7/w)
1'2
18.12.40 olufz)=2 - o¥2 ’:“"/ﬁ
18.12.41 P(W')2)=—c
18.12.42 B’ (' [2)=0
18.12.43 (o’ [2) = +Fiw
18.12.44 a(w’/2)=0
18.12.45 P (wf2)=—e

18.12.46 P’ (a3/2)=0
18.12.47 f(m3/2)=%u+iw
18.12.48 (ws/2) =0
Subcase IT1
18.12.49 gg=0, 9320(61=83=83=0)
18.12.51 ¢(z;0, 0)=z"1
18.12.52 a(z;0,0)=z
18.12.53 w=—1le' =

18.13. Equianharmonic Case (g:=0, ga.=1)

If g,=0 and g,>>0, homogeneity relations allow
us to reduce our considerations of (P toP(z;0, 1)
(P’, ¢ and o are handled similarly). Thus

P (2;0,0:) =gt P (2¢5°;0,1). The case g¢=0,
gs=1 is called the EQUIANHARMONIC case.

1 FPP; Reduction to Fundamental Triangle
Ay=A0wyz, is the Fundamental Triangle -
Let ¢ denote 7 throughout 18.13.

wg=~1.5209 54037 05719 28749 13194 17231°

Ficure 18.11

8 This value was computed and checked by multiple
precision on a desk caleulator and is believed correct to
308.
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Reduction for 2, in Ay 2y=¢€23 i8 in Ay

18.13.1 P (=P (2)
18.13.2 P'(z)=—P"(2)
18.13.3 t(z)=€5 (=)
18.13.4 o(z)=ea(2)

Reduction for z3 in Ag: zy=¢"(20'—2) is in A

653

Special Values and Formulas
18.13.9
A=—21, H,=+3(4"1),

H,=+3(471),

18.13.10 m=sin? 15°=2::I@’

Hy=+3(4"3)e

. ~TVE
g=ie

18.13.11 3,(0) = Aei*/®
18.13.12 3,(0) = Agtr/n
18.13.13 34(0) = Agtx/2s
18.13.14

where A= (wy/x)/?212318 ~1.0086 67

18.13.5 P (z3)=e2P(2)
18.13.6 P (z)=P'(21)
18.13.7 {(z)=—¢"(z)+20', 1'={(o")

18.13.15 wy=

_K(m)2¥* _T1%(1/3)

18.13.8  o(z)=co(z) exp [(z— ') (21)] L
Values at Half-periods
¥ P’ L3 '3
18.13.16 ; :
= ey =4-1/82 0 n=er/2wy/3 e lo(wy)
18.13.17
/4VE(31/8
he. =44 0 m=n+n"=r/2:V3 5____.:;(}&
18.13.18
o' =uwg gy=4"132 0 7' =e1r/2uV3 e (1)
18.13.19 -
g3/ a V(U8
wy! e==4—1.‘3 0 ' = _T?:f2&01=1}'-—'1p 1 31 ( )
Values 7 along (0, w;)
P P’ ¢ o
18.13.20
a0 V/cos 80° — J3[Veos 20°+ Vcos 40°)
: V'eos 20° — V'cos 40° Veos 20°— Veos 40°
18.13.21
3 (28342424 «/36V3  [DTA—]
wsf3 1/(2t8—1) — B@BL1)/(@2A—1) 33=+1/£;;_i_) 83_m 4 e
18.13.22
4w2(9 V/eos 40° — 3[Veos 20°+ Veos 80°]
: V'cos 20° — Vcos 80° V'cos 20°— Vcos 80°
18.13.23 4
e w/16 YT (21 /12
w2 e+ H, —334/24+ 3 (r/dwyy3) + (314 2+ JB/2478) ﬁ#
/o4 ‘[3'
18.13.24
2af3 : —3 3(m) +3-17 eV T/3us
18.13.25
8wa/0 Vcos 20° — y3[Veos 40°— Vcos 80°]
V'cos 40° + V'cos 80° V'cos 40°+ V/cos 80°

7 Values at 2wy/9, 4w;/9 and 8wy/9 from [18.14].
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Values along (0, z,)

P @ ¢ v
18.13.26 113 Vagir/e
20/2 _ou/sa 3¢ [\%_}. 2—1;:] eirlt 3'_:;ﬁ?_
18.13.27 U442 — /16 YE( 91/13) giv /0
320/ a(a—Hy) i3 V2—v3 = 32i+’/§ PR (il € i) L
o 34/2—3
154428 0 : 2m e 13V7,giv/s
g ”, ¢
2 i 1[5 e

Duplication Formulas

18.13.20 P 2s)=PRIPE+2

40p%(2)—1
18.13.30 @-'(22)_2.@“(3[)51'(2;9);:(3)—1
1813.31  {(22)= 2;(2)4_3:5’((5)
18.13.32 o(22)=— P’ (2)e*(2)

Trisection Formulas (x real)

3 —m
: [oos 2=F
B —— —

18.13.33 P (%)— ‘3/00 " {/;m
3

\/f.:cns“'!’+AJn:',c~a4ir
1/ o:— \/co ‘H—W

18.13.34 (D’ (3)=—,/3

Equianharmonic Case

where tan ¢=P’(z), 0<z<2»; and we must
choose ¢ in intervals

( ) (:r 3m (311' o to get

P (g), P (g 2"”) P (3 291), respectively.

Complex Multiplication

18.13.35 P(2)=e2P(2)
18.13.36 P(e2)=—P"(2)
18.13.37 f(e2)=€1(2)
18.13.38 o(e2) =eo(2)

In the above, ¢ denotes (as it does throughout
gection 18.13), ¢'*®. The above equations are useful
as follows, e.g.:

If 2 is real, ez is on 0w’ (Figure 18.11); if ez

were purely imaginary, z would be on 0z, (Figure
18.11).

Map: f(z)=u+v"

Conformal Maps
6 8 1.0 1.2 14 "
=TrTr-ai =T r
. 0i
SDLAC T 9
\‘m\ 8 Tk
\‘1_3 S h-"‘*-..
~ .21
e c Z
A
-4} 3 ~, o
m (2) -4 \\ |;| S \\\ .
x 2 PRl v LAl
7i \.6i s5i \ TR ; y Cl --\- N
1 -6 } % ¥ SN

i \ I S S

N ear zero: -@(2)=;¢+el i (Y -1 44~

~of ! \ B
1 \ \ o] 5 10 15
P=24+2 4 { ‘*
=—=TSST¢€
23 28 2 -1.0F 8 Iell £.04

|€;] <.p001
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P'(2)

Near zero: (P ’(z)=%2+q

D=4+

£(2)

Near zero: ;‘(z)=—1é+q

r(2)=%—%+ez

a(2)

le s .2

|€2| < .00l

8 10

-8

ey T N 1]

Fiaure 18.12

655

u

S -

le,| €.007

leal < 1%107°
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Coefficients for Laurent Series for /P, [P/ and ¢
(cm=0 for m#3k)

k EXACT cu APPROXIMATE cx
1| 1728 3.5714 28571 42857 ... X10-*
2 | 1/(13.28)=1/10192 9.8116 16054 47409 73312 40188X 10~
3 | 1/(13-19-28%) =1/5422144 1.8442 88001 21693 55885 78983X10~"
4 | 3/(5-13%.19.28¢) = 234375/(7709611 X 109 3.0400 36650 35758 61350 20301X10-10
5 | 4/(5.13%19.31.28%) =78125/(16729 85587 10%) 46697 95161 83961 00384 33643X10-1
6 | (7-43)/(13*191.31.37-28%) 6.8662 18676 79393 36788 98X 10-1¢
7 26-431)}(5-13‘-19’-31-37-43-28’) 9.7990 31742 57961 41839 66X 1071
8 | (3.7-313)/(5%13+192.31.37.43.28Y) 1.3685 06574 79360 13026 87X10-n
9 | (4.1201)/(5%134.19*.31.37-43-28") 1.8800 72610 01329 79236 40X 10-%
10 | (20.3.41.1823)/(5.13%.19%.31%.37.43-61.28%) 2.5497 66946 68202 63683X 10~
11 éa-'r%-gsiaa)gfég-ég;iég--slt-z'r.m-m-s7-2sn) 3.4222 48599 51463 05316X10-%

.1158. ) _“
12 B3 103137 8O TS I 4.6541 38864 00184 30391X10

347.11. -
18 |5 510581997 ST T3 70080 6.0171 15776 98241 99591X10

First 5 approximate values determined from exact values of cs; subsequent values determined by using exact ratios

esn/car—3, using at least double preeision arithmetic with a desk calculator.

All spproximate ¢’s were checked with the

use of the recursion relation; c;—¢r are believed correct to at least 218; ¢s0—css are believed correct to 208.

Cy

G:kﬁw’ k=234 ...
Other Series Involving P
Reversed Series for Large | (P |
18.13.39

u  3u? 5ut Tut 63ub

z= (-@_1)1!2[1+7+“§§+§+*4_0+T48‘

23140 . 42007
+ 502 T 683 "'0(’”’8)]’

18.13.40 where u= (P ~%/8 and z is in the Funda-
mental Triangle (Figure 18.11) if P has an appro-
priate value.

Series near a;

18.13.41 :
8 12 ]
P =in[1-S+ 2 [ —4g 0w
18.13.42
(1 D8Py g 0D
u=—i @1+ 8 2 1 8 +0@"),
18.13.43 where u=(z—z,)

Series near w;

18.13.44
(P —er)=3¢lu [1 totd o

+g z‘-{—; z“-l—% z‘—I—O(:n"'):l:

18.13.45 where u=(z—w;)?, z=e5u

18.13.46
. _ 6 3
u=e; ! [w-—w’—i—uﬂ—f w‘-’rf w®

18.13.47 where w =( P —¢,)/3¢;
- Other Series Involving P’

Reversed Series for Large ! @ g |
18.13.48

2:21”(,@ flfs)—lelm's [1_%(9‘:”)—2
5 e | r =8
+25 (@0

zbeing in the Fundamental Triangle (Figure 18.11)
if P’ has an appropriate value.

Series near g

18.13.49
(@ —iy=z [ —2—izt S 2+ 54060 |
o= WT1aT T8

9a3+13;a3+0(a4):|,

18.13.51 z=2a|:1—-1:u 7

18.13.52 where a= (P ’'—1)/(—4)
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Series near w;

18.13.53
P =66 (2—ws) [1+2v+3vf+% #

+ v4+ 285 "—i—O(v’)];

18.13.54 where v=¢;(z2— wy)*

18.13.55
; 360

(2—awn)=( P /662) [1-2w+9w*— o?

43300/ —2268ur+ 2o °+O(w’):|,
18.13.56 where w=(P '%/9

Other Series Involving {

Reversed Series for Large ||
18.13.57

- v, 179 49(‘775 ]

=t [1 +1a3 3583 T 00
18.13.58 y={"%20
Series near z;
18.13.59
g B ull 1 ¥

18.13.60 where u=(z2—2z,

Series near w;

18.13.61
(f—m)=—es(z2—wy) [1 +v+-§— z}’-{-; 1,3.{_;72. oy

15 12 57
1o g P gy VO |

18.13.62 v=e3(z—w)?
18.13.63 ot 3
_ _(r—na)[ 120 267w’ | 139wt
(z—an) =" | 1—wt e — =+ ==
_30192%° | 1634208 #
15 T asis W TOW )]
18.13-64 w= (g’—- n,) 2/83
Series Involving ¢
18.13.65
— 23 7 2333 13 2“3 23 19
e=e—Tr ¥—mr ¥+ g

27.3%.5%.31
25!

2'2.3°.5.229.2683
37!

__2.31%.5.23.257-18049
43!

214.3'%.5.59.107895773
49!

28.38.5.9103

1
31! &

- 2

zﬂ'.’

2%

294-0(2)

18.13.66
13-3374"
20.34.5%11.17.19

. 311010
Tom.355.11%17-23

414"

=t 27.30.50.11.13 '

23357

+0(s")

Economized Polynomials (0 <x<1.53)

18.13.67 z’@(z)=$ G e()
()| <2510~
4= — (—9)2.20892 47

as=(—10)1.74915 35
ay=—(—12)4.46863 93

ao=(—1)9.99999 96
a,=(—2)3.57143 20
as=(—5)9.80689 93
ag=(—T)2.00835 02

18.13.68 :czgr(x)=$ 0,25+ (z)

|e(z)| <4X1077
fi=—(—9)2.12719 66
ay=(—10)6.53654 67
ay=—(—11)1.70510 78

ay=—2.00000 00

a,=(—1)1.42857 22
a;=(—4)9.81018 03
a;=(—6)3.00511 93

18.13.69 a:g'(a:)=Z:} a2 4-e(2)
le(@)|< 310~
=(—1)9.99999 98 a,=(—10)6.12486 14
a;=—(—3)7.14285 86 as=(—11)4.66919 85
a,=—(—6)8.91165 65 a,= (—12)1.25014 65

= —(—8)1.44381 84
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18.14. Lemniscatic Case

(gﬂ:ll S’a=0)
If ;>0 and g;=0, homogeneity relations allow
us to reduce our consideration of P to @ (z;1, 0)

{FPP; Reduction to Pundamental Triangle
Ay=Alww, is the Fundamental Triangle
w==1.8540 74677 30137 192°¢

Reduction for zin A;: 2=12; i in A,

(@', ¢ and o are handled similarly). Thus Pz | 18141 =TT
g1, 0)=g P (2g2t; 1, 0). The case g,=1, =0 e g i
is called the LEMNISCATIC case. 18.14.2 P (z)=1P'(2)
y 18.14.3 £ (2)=—1(2)
+ 18.14.4 o(23) =17 (21)
Special Values and Formulas
18.14.5

A=1, H[=H3=2-i, H5=?:/2,
m=sin’? 45°=4%, q=e"

18.14.6  9,(0)=10,(0)=(wv2/m)}; 5(0)=(2w/m)}

Z -
18.14.7 w=K(sin? 45°)=%};_)»=% where
5~2.62205 75542 92119 81046 48395 89891 11941
36827 54951 43162 is the Lemniscate constant
[18.9]

8 This value was computed and checked by double
precision methods on a desk calculator and is believed

(IJ2=ZO

w (= wl)

— X

Ficure 18.13 correct to 188.
Values at Half-periods
P P’ ¢ 4
18.14.8
w=uw =% 0 n=r/4w er3(214)
18.14.9
wg=2y e=0 0 7+7" grﬂ(ﬁ)eﬁf‘
18.14.10
w' =uwy ag=—% 0 7= —xifdw 1e*/8(21/4)
Values along (0, w)
P @' ¢ v
18.14.11
Va
w/4 E(ﬁ+21f4) (14214
18.14.12 e
x o er
w/2 a3 -« 8w 2v2 ot
18.14.13
—ol513 V313 9 ,\/W er/18(31/8)
9 5 2n (20/3) A
/3 $v1+sec 30 7 3T = 243/
18.14.14
Baf4 Ve (a—aha+2h
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Values along (0, z)

® P ¢ a

18.14.15

: T 2= x84 (91/32
2/ ) a( Yt yDeint Tt o
18.14.16 . . . 1 -
20/2 —i/2 airh [ = -.[?+ §:l e—ir/t e7/18(21/8) giv /A
18.14.17

—i e e 2,33 2n, ,@ (22/3) 13 exlgix/h(31/0) .

22y/3 5 'JSBG 30°—1 ———r—"m 3 + |: —'———3 ] —%ﬁ
18.14.18

: ] A7/04(21/R2 )
320/4 ~5 (a—V2a) a(ya—y2)eih ;rffwa(_"“—j%_ﬁ s

a=1+ 42

Duplication Formulas 18.14.24

18.14.19 * (P (22)
=[ P¥2)+1V/{ P(2)[4 P*(2)—1]}

18.14.20
P’ (22)=(B+1)(B*—66+1)/[32D "*(2)], B=4P*(2)

¢(22)=23(2)+ 2224

18.14.21 200" (2)
18.14.22 o(22)=—(P'(2)d*(2)

Bisection Formulas (0<{z<2w)
18.14.23

W\
2 (3)
=[PHa)+ { P @)+ [P} )L { P (2)—3}}]
[Use + on 0<z<w, — on w<z< 2w]

19 (5= 9 @F2P@+NP @
—[2P @)V P (x)+3}
—20P%%(z) (See [18.13).)
[Use — on 0<z<w, + on w<2<2w)]

Complex Multiplication

18.14.25 Pliz)=—P(z)
18.14.26 P(i2)=iP"(2)
18.14.27 t(iz)=—i¢(2)
18.14.28 o(12)=10(2)

The above equations could be used as follows,
e.g.: If z were real, ¢z would be purely imaginary.

Conformal Maps

Lemnisecatic Case
Map: f(z)=u-+w
P(2)

Near zero: .@(z)=$+e1

: O
P (2)=;§+§6+e;, lz|<1

—(z—a)

4 +ES;
|z— 20| <+2

Q(g)=_(2;"zo)2+{2-8'§u)a+“

Nearz,; P(2)=

Zo

le)| <.05
leal<.0009
lezls.1
l€gl<.01
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Z
d (]
v y A
1.0
3~ o L
II -rrr<{i
\ ] s x =2 1T
/ 1L 51
\ / 0 5 10 sw
‘\ ‘l. ! [!
N [ I F .3 -
P b N S\
s \ : ’ 9 -~
\\ \ 3 |80 /s S legl< .
‘ .
N o x Lo 4 W lezl <.004
\\.".il \\ || k 5 A6 g 1€31<.4
N Wt .” C N\ €4l €.1
I~ N 1.2/ P
Y 7 3 8i
'h\ ~ Y Id
.‘.II“\ ~, % \‘ v 4L3 s i
R Ny
L __OL L s e 1 "' L 1l o
-3 -2 - o 1 2 -
—2 —(z2—2p)
Near zero: (P'(2)=—+4 Near z: ()= 2+
' -2,z , —(z—20) , 3(z—2)" |
! P | vl == €
P (2)= p +igte P'(2) 3 t— g5 T«
20
0 z. R
t(2)
1 1.0
Near zero: ;‘(z)=~z-+e; -2} /.4 =
1 2 3 ]
H(2)=——+a, |2/<1 o |8 ] .
; z 60 ' # 0 1.0 .8 x
z—2)?
Near z: §(3)=§'u+£-12—u—’+63: i
’ 1€ < .02
Iz—z°|<1f§ 1651 <.0001 |
— (z—20)® (2—20)" -8 1€s] <.02
He)=tt 12 560 Te . 1€, 5.002 .
AY
A 2.0 /Zu
R L.9i 5 = d—_--
2.0 |- )
==~ L7i 1.0
yd 4- --«-‘|-
o(2) e AT
[ 1.4 =] l{[---- i | (O
S e S 0 1.0 w
el 1.3i
1.0 - "2‘:_— & - _- h_‘_ iy 2811
B - - - :' ai
2 H-HIS 7i
5 - < e~
4 AT .5
2 A1 O O O Ty iy
KEI[___..._ L1 UL Il iy | > U
0 .5 1.0 1.5 2.0 2.5
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Coefficients for Laurent Series for ,@, &P ', and ¢
(¢m=0 for m odd)

k EXACT o APPROXIMATE s

1| 1/20 05

2 | 1/(3-20%=1/1200 8383 . . . X10-*

3 | 2/(3-13-20%) = 1/156000 641025 641025 . . . X103

4 | 5/(3.13-17-209 =1/21216000 47134 23831 07088 98944X10~7

5 | 2/(32.13.17.20° =1/(31824 X 10°) 31422 82554 04725 99296X10~9

6 | 10/(3%-13%17.20% =1/(4964544X 10 20142 83688 49183 32882X10~1

7 | 4/(3.13%.17.29.207) =1/(7998432 X 107) 12502 45048 02941 37651X10-%

8 | 2453/(3+.11.13%17%.20.20) = 058203125/ (1262002599 X 10') 75027 19100 76468 59917X 10~

9 | 2.5.7.61/(3135-17%.20.37-20%) = 833984375/ (18304643943 X 10") 145338 43533 93461 06092101
mS%: By B

Other Series Involving (P

Reversed Series for Large l .@ I

18.14.29
g w, w 5u* 35w
2“(@ l)lﬂ[1+g+,§+%+ 136 °

3wb . 231u° 429w  195uf
+T+ 200 T 262 T 128
| 12155u° | 46189w"
" 4736 ' 10496

+0w" |,

18.14.30 w= [P -%8, and zis in the Fundamental
Triangle (Figure 18.13) if (P has an appropriate
value.

Series near zg

- ® 2, 2
18.14.31 2.@—~—z+3—ﬁ+~3—25-+0(1‘°),
18.14.32 z=(2—20)%2
_ w , Tw® | 11w’
18.14.33 z——[w+“g“+F+H'I—Q*E—+ 0(’109)]
w=2P
Series near w
18.14.34 -
e _ ibf 1_33‘ 3205 220° 6407
(P —e))=v+0*+ 5 + +ﬁ 5 %-FO(?J‘),
18.14.35 v=(z—w)%2
18.14.36
_ i 6y 8y  172¢
’ ”[1 A S S T
_52f 1064y .
18.14.37 y:(@—gl)

Other Series Involving P’

Reversed Series for Large I@ ’I
18.14.38
v 5 ot

e=au[1-3+ 21000 |, um( e,

18.14.39 A=2"%, y—AuY/6, and z is in the
Fundamental Triangle (Figure 18.13) if (P’ has
an appropriate value.

Series near z

18.14.40
10w* | 35uw°
P =4 (a2 [ ~1+80- 5L 43 0w |

18.14.41 w=(2—25)"/20
18.14.42
i 3u , 5u’ 84w’ 4]
(=20’ [ 145+ 5+ 00 |
18.14.43 u=4P"*
Series near w
18.14.44
P 003,408 812 sy 11 1o :I
@P —:..'I:H-x +5 :c‘+wz +15a: +2003 +0(@=™) |,
18.14.45 r=(z—w)
18.14.46

120" 155"
z___@f_@fﬂ{_ '5@ '2@

+Sof'°~819‘?'"+0(@’“)

Other Series Invelving ¢

Reversed Series for Large [{]
_ v o* 1360° 1349* 5 :l
18.14.47 z=¢ 1[1_§+me+___9163 +O(‘a‘) ) ’

18.14.48 ﬂ=r_‘/].2
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Series near z

18.14.49
1 a[1 2, 200 ¢ 4]
18.14.50 = (2—2,)*/20
Series near w
18.14.51
z 2 22 2 2
(t=n)=—35—F 2070 240
xil 11313 z15 aw
~g%5 31200 9750 T 0 )
18.14.53

W Twp 13w’ | 929w 194w'  942883w™
3 ' 30 63 ' 4536 891 ' 3891888

+0(w")

T=w

18.14.54 w=—2({—1)
Series Involving o

18.14.55
2 3% | 3232  3.1072Y , 3°.7.23-372%

TR T R T 9291 T 25.131 T 24171 a0
Tl o sl RE Ll O

18.14.56
= 2“1-2;9!5’-110:;7+z£;;,ilt.31“:.119+0(v”)

Economized Polynomials (0 <x <1.86)

18.14.57 z’,@(a:)=Z:}a,,x"'+e(z)

le(z)|[<2X1077

a,=(—1)9.99999 98 a;=(—8)4.81438 20
a,=(—2)4.99999 62 a;=(—10)2.29729 21
a;=(—4)8.33352 T7 ag={(—12)4.94511 45
a;=1(—6)6.40412 86

18.14.58 2P (z) =}::)an "4 e(2)

le(z) [< 4¢10~7

ay=(—7)6.58947 52
as=(—9)5.59262 49
as=(—11)5.54177 69

a,=—2.00000 00

a,={—1)1.00000 02
a;=(—3)4.99995 38
a;=(—5)6.41145 59

18.14.59 z;(x)=;aa,.z4~+e(m)

le(z)[<3X10°*
a=(—1)9.99999 99  a,=—(—0)2.57492 62
ay=—(—2)1.66666 74 as=—(—11)5.67008 00
aa=—(—4)1.19036 70 a;=(—13)9.70015 80
a;=—(—7)5.86451 63

18.15. Pseudo-Lemniscatic Case
(8'2 =—1 y 83— 0)

If g;<0 and g;=0, homogeneity relations allow
us to reduce our consideration of [P to P (z; —1,
0). Thus

18.15.1 P (2; g5, 0)=|gal** P (2|gs|*;—1, 0)

[P’ ¢t and ¢ are handled similarly]. Because of
its similarity to the lemniscatic case, we refer to
the case gp=—1, g;=0 as the pseudo-lemniscatic
case. It plays the same role (period ratio unity)
for A< 0 as does the lemniscatic ease for A>>0.

wy=+/2X (real half-period for lemniscatic case)
= (the Lemniscate Constant—see 18.14.7)

2w
Ficure 18.15
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Special Values and Relations

18.15.2 A=—1, ;=—1, gs=0 18.15.4
18.15.3 35(0) =R2"%!*/8, 94(0) =Re'*'?, 9,(0) =Re™'""%,
H=—i2, Hy=3, Hi=ily2, m=%,q=ie"* | 18.15.5 where B=vuwy2/r
Values at Half-Periods
P P ¢ o

18.15.6 w=uw i/2 0| $(na—m") e—inldgr/B(21H)

18.15.7 w 0 | ne=w/2, er/y2

18.15.8 w'=uw; —1/2 0| 3(p+mn’) eirfgx/B(QLH)

18.15.9 ' 0| m'=—in 1o (wy)

Relations with Lemnlscatic Values

18.15.10 P (z; —1, 0)=1 (P (ze*%; 1, 0) 18.15.12 {(z; —1, 0)=-e™'*{(2e**; 1, 0)
18.15.11 P’ (z; —1, 0)=e="* (P’ (ze*'*; 1, 0) 18.15.13 o(z; —1, 0)=e*a(ze'/*; 1, 0)
Numerical Methods

18.16. Use and Extension of the Tables

Example 1. Lemniscatic Case

(a) Given z=z-+1y in the Fundamental Triangle, find (P ((P’,¢,0) more accurately than can be
done with the maps.

c—Use Maclaurin series throughout the Fundamental Triangle. Five terms give at least six
significant figures, six terms at least ten. (P, —Use Laurent’s series directly “‘near” 0, (if |2|<1, four
terms give at least eight significant figures for (P, nine for {; five terms at least ten significant figures for
P, eleven for {). Use Taylor's series directly ‘“near’’ z. Elsewhere (unless approximately seven or
eight significant figures are insufficient) use economized polynomials to obtain (P (), (P’(z) and/or {(z)
as appropriate. To get (P (iy), P’(iy) and/or {(iy), use Laurent’s series for “small’’ y, otherwise use
economized polynomials to compute (P (y), (’(y) andfor {(y), then use complex multiplication to
obtain @ (1), (P’ (%) and/or ¢(¢y). Finally, use appropriate addition formula to get (P (2) and/or {(2).

(P’—Use Laurent’s series directly “near” 0 (if |2|<<1, four terms give at least six significant figures,
five terms at least eight significant figures). Elsewhere, either use economized polynomials and addition
formula as for (P and ¢, or get (P"*=4 (P*— (P and extract appropriate square root (JP '20).

(b) Given (P (P, {, o) corresponding to & point in the Fundamental Triangle, compute z more
accurately than can be done with the maps. Only & few significant figures are obtainable from the use
of any of the given (truncated) reversed series, except in & small neighborhood of the center of the series:
For greater accuracy, use inverse interpolation procedures.

Example 2. Equianharmonic Case

(a) Given z=z+iy in the Fundamental Triangle, find (P ((P’, ¢, ¢) more accurately than can be
done with the maps.

o—Use Maclaurin series throughout the Fundamental Triangle. Four terms give at least eleven
significant figures, five terms at least twenty one.

P ,t—Use Laurent’s series directly “near’”” 0 (if |2|<1, four terms give at least 108 for (P, 118 for {;
five terms at least 13S for (P, 14S for {). Elsewhere (unless approximately seven or eight significant
figures are insufficient) use economized polynomisals to obtain (P (), (P’(z) and/or {(z), as appropriate.
To get (P (iy), (P’ (iy) and/or {(iy), use Laurent’s series. Then use appropriate addition formula to get
P (2) and/or ¢(2).
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(P’—Use Laurent’s series directly “near” 0 (if |2[<1, four terms give at least 8S, five terms at least

118).
root (JP'20).

Elsewhere, either proceed as for (P and ¢, or get [0 "?=4 (P>—1 and extract appropriate square

(b) Given P ([P’',t,0) corresponding to a point in the Fundamental Triangle, compute z more

accurately than can be done with the maps.

Only a few significant, figures are obtainable from the use

of any of the given (truncated) reversed series, except in a small neighborhood of the center of the series.
For greater accuracy, use inverse interpolation procedures.

Example 3.
of chapter 16) and ¢ (of ¢ functions).

m—In both the cases A0 and A< 0, the period ratio is equal to K’(m)/K(m) (see 18.9).

Given period ratio g, find parameters m (of elliptic integrals and Jacobi’s functions

Knowing

K’|K, if 1< K'|K<3, use Table 17.3 to find m; if K'/K>3, use the method of Example 6 in chapter 17.
An alternative method is to use Table 18.3 to obtain the necessary entries, thence use

m=(e;—ez)/(e1—e;) in case A0,

m=3%—3e,/4H, in case A<0.

g¢—In both the cases A>>0 and A<0, the period ratio determines the exponent for glg=e™"* if A>0,
g=1e~%* if A<0]. Hence enter Table 4.16 [¢™™, 2=0(.01)1] and multiply the results as appropriate

[e.g" e M — (e—t)-l(e- ?21-)]

Determination of Values at Half-Periods, Invariants and Related Quantities from Given Periods (Table 18.3)

A>0

Given w and o', form «’/iw and enter Table 18.3.
Multiply the results obtained by the appropriate
power of » (see footnotes of Table 18.3) to obtain
value desired.

Example 4.
Given w=10, w’'=111, find e, ¢;, and A.

Here o’ /iw=1.1, so that direct reading of Table
18.3 gives
e,(1)=1.6843 041
2(1)=—.2166 258 (=—e;—ey)
e3(1)=—1.4676 783
02(1)=10.0757 7364
gs(1)=2.1420 1000.
Multiplying by appropriate powers of v=10 we
obtain
e=.01684 3041
e;=—.00216 6258
e;=—.01467 6783
¢9.=1.0075 77364 x 10~*
g5=2.1420 1000 x 10~*

A=8.9902 3191 x 10~°

whence

A<O

Given w; and w,’, form w,’/iw; and enter Table
18.3. Multiply the results obtained by the appro-
priate power of w, (see footnotes of Table 18.3)
to obtain value desired.

Example 4.
Given w,=10, w,’=114, find e,, g, and A.

Here w;/iw,=1.1, 8o that direct reading of Table
18.3 gives
e:(1)=—.2166 2576-3.0842 589
ex(1) =.4332 5152=—2%(e))
e(l)=e(1)
g2(1) = —37.4874 912
ga(1)=16.5668 099.
Multiplying by appropriate powers of w;,=10
we obtain
e,=—.00216 62576-.03084 25891
e;=.00433 25152
83=§1
gs=—3.7487 4912 x 10~

ga=1.6566 8099 x 103
whence
A=—6.0092 019 x 108
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Computation of ¢ for Given 5 and Arbitrary g; and g,

(or periods from which g; and g; can be computed—in any case, periods must be known, at least
approximately)

First reduce the problem (if necessary) to computation for a point z in the Fundamental Rectangle

(see 18.2).
A>0
If #z>w/2 or,

Jz>w'[2, use duplication formula
o(2)=— P’ (2/2)*(2/2),

obtaining «(2/2) by use of Maclaurin series for «
and (P’(2/2) by method explained above. Other-
wise, simply use Maclaurin series for ¢ directly.

After final reduction let z denote the point obtained.

A<o0
If #2>w,/2 or
Fz>wyf4, use duplication formula as in case
A>0. Otherwise, use Maclaurin series for «
directly.

An alternate method is to use theta functions 18.10 first computing g and #,(0), i=2, 3, 4.

A>0

Example 13. Compute ¢(4-1.37) for g,=8,
gs=4. From Example 7, »=1.009453 and o’
=1.484413:i. Since f2>w’[2, the Maclaurin se-
ries 18.5.6 is used to obtain o(2/2)=q(.24.65%)
=.19543 86-1.64947 281, the Laurent series 18.5.4
to obtain (P’(.2+.651)=5.02253 80—3.56066 93i.
The duplication formula 18.4.8 gives ¢(.4+1.37)
=.278080--1.2727857,

A<O

Example 13. Compute ¢(.8-+.4%) for g,=7,
gs=6. From Example 7, w;=.99579 976, w,
=2.33241 83i. Since #z>wy/2, the Maclaurin
geries 18.5.6 is used to obtain o(z/2)=0(.4+.27)
=.40038 019-+.19962 017¢, the Laurent series
18.5.4 to obtain (P’(4+.27)=-—3.70986 70
+22.2185441. The duplication formula 18.4.8
gives o(.8-+.47)=.81465 765--.38819 4731.

Given o((P, P’, ) corresponding to a point in the Fundamental Rectangle, as well as g, and g; or

the equivalent, find =.

Only a few significant figures are obtainable from the use of any of the given (truncated) reversed
series, except in a small neighborhood of the center of the series. For greater accuracy, use inverse

interpolation procedures.

If the given function does not correspond to a value of z in the Fundamental Rectangle (see Con-

formal Maps) the problem can always be reduced to this case by the use of appropriate reduction for-
mulas in 18.2. This process is relatively simple for (P (2), more difficult for the other functions (e.g. if
A>0 and (P =a+1b, where >0, simply consider (P =a—1b and find z in R, [Figure 18.1]; then com-

pute z,=2,+2w’, the point in R, corresponding to the given (P).

AS0
Example 14. Given (P =1, g,=10, g:=2,
find z. Using the first three terms of the reversed
series 18.5.25 z; ~.727+.423:. The Laurent series
18.5.1 gives

P (2)= P (1274 .4231)=.825— 8951
P (2)= P (697 +.3937)=.938 —1.038i.

an

Inverse interpolation gives
2{" =707+ .380:. Repeated applications of the
above procedure yield 2=.706231+.3798931.

A0

Example 14. Given (P =1+41, go=—10, g:=2,
find z. From Example 6, «,=1.40239 48 and
ws =1.52561 024, Since 60, z exists in R, and 2z
is computed with (P. Using 18.5.25 with ag=—
1.25, ay=.25, u=[(P)~']'”* and the coefficients c,
from Example 8

2u=1.55377 3973 .64359 424931
cub= .08044 9281 —.19422 174661
csu’=—.01961 9359-.00812 660471

a%=—.10115 7160—.04190 066737
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A>0

Example 15. Given {=10—15i, .=8, g:=4,
find z. Using the reversed series 18.5.40 with

Ag=—.13333 333,
;= —.02857 14286,
u= 03076 923076+ .04615 3846157
Agu=— 00000 001402+.00000 0068607
Ay’=—.00000 000004 —.00000 0000034
z= 03076 921670+.04615-391472.

<0

Stopping with the term in ', z ~.81-4.23:.
Assuming Az=—.03—.014, using 18.5.1, (P (.81+
231)=.91410 95—.86824 37i, (P (.78+.227)=
1.03191 60—.91795 221; with inverse interpolation
2{'=.7725+.2404:. Repeated applications of
inverse interpolation yield z=. 772247 —.239258..

Example 15. Given o=.4+.17, g.=7, ¢;=6,
find z. Using the reversed series 18.5.70 with
yo=.14583, y;=.05

o=--.40000 000+-.10000 000z

5
Zi*‘g‘—'=+.00011 783+.00032 6964

Yo 3 .
T=—.00000 208--.00001 4322

9
§71L§£-=—.00000 093--.00000 1264

11
197%=—.00(}oo 01300000 0064

2=.40011 469-+.10034 2602

Methods of Computation of (P (P, ¢ or o) for Given
z and Given g,, g; (or the equivalent), with the Use
of Automatic Digital Computing Machinery

(a) Integration of Differential Equation
~ @ and P’ may be generated for any 2 close

enough to a “known point’’ z*( (P (2*) and (P’(2*)
being given) by integrating (P''=6 (P*—g,/2.
A program to do this on SWAC, via a meodifica-
tion of the Hammer-Hollingsworth method
(MTAC, July 1955, pp. 92-96) due to Dr. P.
Henrici, exists at Numerical Analysis Research,
UCLA (code number 00600, written by W. L.
Wilson, Jr.). The program has been tested
numerically in the equianharmonic case, using
integration steps of various sizes. For example,
if one starts with z*=uw,, using an ‘“‘integration
step” (h,k), where b and k are respectively the
horizontal and wvertical components of a step,
with (k,k) having one of the six values (=£2k,,0),
(Fho,+ky), ho=0w,/2000, ko=|w;|/2000, one can
expect almost 8S in (P and 7S in (P’ after 1000
steps, unless z is too near a pole.

(b) Use of Series

The process of reducing the computation prob-
lem to one in which z is in the Fundamental
Rectangle can obviously be mechanized. Inside
the Fundamental Rectangle the direct use of
Laurent’s series is appropriate when the period

ratio @ is not too large. However, if @ =+/3(A>0)
or a=2y3(A<0), the series will diverge at the
far corner of the Fundamental Rectangle, so that
use may be made of an appropriate duplication
formula. Alternatively, one may compute the
functions on 0z and Oy, then use an addition
formula. Even so, the series will diverge at
z=1a if ¢=2(A>0) and at z=1a/2 if a=4(A<0).

For great accuracy, multiple precision operations
might be necessary. Double precision floating
point mode has been used in a program, written
for SWAC, to compute [P, (P’ and {.

For computation of o, use of the Maclaurin
series throughout the Fundamental Rectangle is
probably simplest (series converges for all z).

Mention should be made of the possible use of
the series defining the ¢ functions. These series
converge for all complex », and the computation
of @, @', ¢ and ¢ by 18.10.5-18.10.8 could easily
be mechanized. The series involved have the
advantage of converging very fast, even in case
A0, where |g|s e (g=<e ™ if A>0).

Use of Maps

If the problem (of computing P, P’, { or « for
given 2) is reduced to the case where the real half-
period is unity and imaginary half-period is one
of those used in the maps in 18.8 inspection of the



670

appropriate figure will give the value of (P (2)
[£(2) or o(2)] to 2—3S. If (P’ is wanted instead,
get (P, use 18.6.3 to obtain (P '* and select sign (s)
of (P’ appropriately. (See Conformal Mapping
(18.8) for choice of sign of square root of (P’%).

Computation of 2
Given g, ¢; (or equivalent)

Since 22 (P (z) =0, the Laurent’s series gives
0=1+ecu+ca®+eu*+ . . .

where u=22. We may solve this equation [by
Graeffe’s (root-squaring) process or otherwise]
for its absolutely smallest root [having found an

‘WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS

approximation to |z,| by Graeffe’'s process, we
may use the fact that zy=w-+iy(A>0), z=uw,
+1y0(A<0) to obtain an approximation to z).
It is noted that y,/w is & monotonic decreasing
function of (period ratio) a=1 for A>0 and

[1 gyu/w>$ arccosh v3(=.7297)).

Yo/w; 18 & monotonic increasing function of a for
A<0 and

[Oéyo/wg<§ arccosh v3]

Further data is available from Table 18.2 or from
Conformal Maps defined by (P (2).
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19. Parabolic Cylinder Functions

Mathematical Properties

19.1. The Paraboliec Cylinder Functions

Introductory
These are solutions of the differential equation

19.1.1 %+ (az®*+bz+c)y=0

with two real and distinet standard forms

19.1.2 zy — (32 +a)y=0
19.1.3 2y+ (32?—a)y=0
The functions
19.1.4
y(a': 3) 'y(@, '.-'z) y(—a‘: iz) y(_a: _?:CE)

are all solutions either of 19.1.2 or of 19.1.3 if any
one is such a solution.

Replacement of a. by —ta and z by zet'r converts
19.1.2 into 19.1.3. If y(a, 2) is a solution of 19.1.2,
then 19.1.3 has solutions:

19.1.5
y(—ia,zet™)  y(—ia, —zet'™)

y(ia, —ze~¥7)  y(ia, ze~t")

Both variable z and the parameter ¢ may take
on general complex values in this section and in
many subsequent sections. Practical applications
appear to be confined to real solutions of real equa-
tions; therefore attention is confined to such solu-
tions, and, in general, formulas are given for the
two equations 19.1.2 and 19.1.3 independently.
The principal computational consequence of the
remarks above is that reflection in the y-axis
produces an independent solution in almost all
cases (Hermite functions provide an exception),
so that tables may be confined either to positive
z or to a single solution of 19.1.2 or 19.1.3.

The Equatlon d*y 1 z’-{—a) y=0

19.2. Power Series in z
Even and odd solutions of 19.1.2 are given by
686

19.2.1
n=e ¥ M@Ga+d 4 $2?)

_*:2 xﬁ z‘
1+ (a+d) 57+ @+d) (e+D 5+ - -

=e ¥ Fi(Ja+1 45 2%
19.2.2
=¥ M(—4a+1, 3, —32?)
— i {H-(a—y ;—:-}-(a—-}) (a—8) -Z—;Jr » }
19.2.3
y=ze-¥M(3a+1, 1, 12)
; 5
—e (et BtaHDEHD 5+ -}
19.2.4
=zet”M(—3a+%, §, —32%)
5
g {z+(a—&) O }

these series being convergent for all values of z
(see chapter 13 for Mg, ¢, 2)).

Alternatively,
19.2.5

v=ta o (e4}) S+(e+a) 5
+(a*+11aﬂ+%) ;—?+(a°+25aﬁ+?*ll a)ist ..
19.2.6
vmrtaSt(e43) B (e + o) 5
+(a *+1w+63) 2 +(aras0+ 7 a .

in which non-zero coefficients a, of z"/n! are
connected by

19.2.7 Gppg=0" a,+i n(n—1)a.—2
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19.3. Standard Solutions

These have been chosen to have the asymptotic
behavior exhibited in 19.8. The first is Whit-
taker’s function [19.8, 19.9] in a more symmetrical
notation.

19.3.1
Ul(a,2)=D_s—4(2)=cosm(}+3a) ¥,
—sinw(3+3a)- Y,
19.3.2
V(o= (sinm(i-+Ha) T,
+cos m(3+4a)-¥,}
in which
T
19.3.3 Y:-ﬁ (2}‘”;%0) h=+7 2%"*%((‘;-’;—_% L
1 T(3—30) - cscr(3+3a)
1934 Y=z —om =7 T (3 40) &
19.3.5
U6, =gerir
U, 0)=—2T=%%
19.3.6
V(a,0 =2l =40
V'(ﬂ-, 0)=2E-H sin r(}—%ﬂ)

r(i—3)

In terms of the more familiar D,(z) of Whit-
taker,

19.3.7
19.3.8

V(a,9)=; T3+0) {sin 72Dy 4(2) +Ds-s(—2))

U(a, 2)=D_,-4(z)

19.4. Wronskian and Other Relations
19.4.1 W{U,V}=+2/n
19.4.2
mV(a,z)=T(4+a){sinre.U(a,z)+U(a, —2)}
19.4.3
T'(3+a)U(a,z)=nsec’ra{V (e, —2z)

—sinre-V(ae,z)}

19.5.2

19.4.4
r(i— : i
( %aw)/;;i:(%#%@ =2 sinm($+%a)-Y,
=U(e,2)+U (e, —2)
19.4.5
I'(3—}o) sinr(3+3
M), o0,
=U(a,2)~U(a, —2)
19.4.6

V27U (—a, +iz)=
T(3+e) {e ¥ -VT(a, L z)+e'~4-VU(a, Fz)}

19.4.7
V27U (a, +2)=
T'(3—a){ e~ 4P (—g, 4 12) 4 e'* ¥+ (—a, Fiz))

19.5. Integral Representations

A full treatment is given in [19.11] section 4.
Representations are given here for Ufa, z) only;

othersmay be derived by use of the relationsgiven in
19.4,

- 2R
1951 Uls,="3-2 e-t"f ¢ -1 ga- s

=L8=9) o [ (et miar

2w

where a and 8 are the contours shown in Figures
19.1 and 19.2.

When a3 is a positive integer these integrals
become indeterminate; in this case

19.5.3 Uf(a, z)=ﬁ e-w}zij;m P

S PLANE t PLANE
a
—
SN 17 B
—_—
—_ ﬂ)
————
Freure 19.1 Ficure 19.2
—wr<Arg a<x —y<arg (zH)>r
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—n+§els—a—§d8

19.5.4 Uf(a, 2) =ﬁ e’-“’f e

e (a—Hxi

]. -5»5 -
) Joni

€

e—(fl—iJri

V2ri

where ¢, & and ¢ are shown in Figures 19.3 and
19.4.

19.5.6 =

e}ﬂf en-ﬂ.ﬂs—ah}ds
€4

s PLANE S PLANE
€
€3
or
€,y
Frecure 19.3 Ficure 194
—ix<arg #<<in One i=<arg s<{jr
On ¢ —jw<arg s—¢r
19.5.7
F(; %C&) Tag® -
— & & izt -3 1— —ja—3
Ula,z)= G =) P et t(14-t)¥ - (1—t) dt
19.503

Jéﬁgj‘?ﬁl Jee'(2 oK (32 —0) W idy

PARABOLIC CYLINDER FUNCTIONS

19.5.9
Ula, 2)

L R e (.
ny)

2kutig

19.5.10

_ir(3—
= 4o+

The contour {; is such that (}z*+w») goes from
we=r to we' while v=12* is not encircled;
(322—p)~¥*1 has its principal value except pos-
sibly in the immediate neighborhood of the
branch-point when encirclement is being avoided.
Likewise 7, is such that (32°—v) goes from e
to we* while encirclement of y=—12? is simi-
larly avoided. The contours (f;) and (n;) may be
obtained from {; and n; by use of the substitution
r=12%.

The expressions 19.5.7 and 19.5.8 become inde-
terminate when a=%, %, 4, . . .; for these values

TR evaer powetaat—opao

19.5.11
1 @
U —_ = el —soda—1(~2 —ta—3
=G+~ J, e an e

Again 19.5:9 and 19 5.10 become indeterminate
when a=1%, £, 8, . . .; for these values

19.5.12
v z)=m e_mJ‘:e_'s"“*(z“rZs)‘*“-*ds

Barnes-Type Integrals

_ei (T ()T (3+a—2s)
19.5.13 Uls,2)=7 -2 *J‘_M I'(3+a)

where the contour separates the zeros of I'(s) from those of I'(a+4—2s).

19.5.14 V(a, z)=\/§ %: i J"Jm I ()T (3—a—23)

—wt T'({—a)

19.6. Recurrence Relations

19.6.1 U’(a,z)+3%2U(a,z)+(a+3U(a+1,2)=0
19.6.2 U'(a,z)—%2U(a,z)+U(a—1,2)=0

19.6.3 2U'(a,z)+Ula—1, )+ (e+3U(a+1, z)=0
19.6.4 zU(a,z)—U(a—1, z)+(a+5U(a+1, 2)=0

These are also satisfied by I'(3—a)V (e, z).

19.6.5 V'(a,2)—3xV(e,2)—(e—%)V(e—1,2)=0
19.6.6 V'(a,z)+32V(e,z)—V(e+1,2)=0

(+22)%ds (larg 2|<3m)
Similarly
(v22)* cos st ds (larg 2|<}m)
19.6.7

2V (a,z)—V(a+1,2)—(@—3})V(e—1,2)=0
19.6.8
2V(a,z)—V(e+1,2)+(@a—3%)V(e—1,2)=0
These are also satisfied by U(a, z)/T (3 —a)
19.6.9 yi(a, z)+3xyi(e, 2)=(a+3)y:(a+1,2)

19.6.10 yi(a, z)—3ayi(a, 2)=(a—%)y(a—1,2)
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19.6.11  y:(a, z)+32y:(a, 2)=y(a+1,2)

19.6.12  y:(a, 2)—32(a, )=y (a—1,2)
Asymptotic Expansions
19.7. Expressions in Terms of Airy Functions

When « is large and negative, write, for

<z

z=2+/alt t=(4|al)ir
19.7.1
f=—‘(§"a)i

01—} | VI=5'ds—} srceos ¢—HVI—F' (¢<1)

19.7.2
=+ (§,)}

02=1§fls-\/83— lds=1f+/g2—1—2% arceosh ¢ (¢>1)
Then for >0, a—>— o
19.7.3

T t .

Ula, ©)~2-t4T (1—3}a) (éi_—l)_*m(t)
19.7.4

T (4—a) V(a, z) ~27%T (}—4a)

t \ko
E’—l) Bi(1)

Table 19.3 gives 7 as a function of £.
See [19.5] for further developments.

19.8. Expansions for z Large and ¢ Moderate
When z>> |a|
19.8.1
—ietp—a— a+4%) (a+
U(L’I, 1)~g kzz i{l—(_%i(i-—%_)'

G e G w TG HCE Y }
2.4z

(@—=+ =)
19.8.2

Via, z)~ { e¥gei { +(a %2):5?

L@ DE—He—He—p, }
2.4x

(z—>+ )

These expansions form the basis for the choice of
standard solutions in 19.3. The former is valid
for complex z, with |arg z|<3r, in the complete

sense of Watson [19.6], although valid for a wider
range of |arg z| in Poincaré’s sense; the second
series 18 completely valid only for  real and posi-
tive.

19.9. Expansions for ¢ Large With 2 Moderate
(i) a positive
When a > >z, with p=+a, then

19.9.1 Ufa, z}=m exp (—pz+v1)

19.9.2 Uf(a,—z) =W‘g_i_—%a exp (pz-+uv,)

where
L200)t, (ﬁm)ﬂ—mm)’
2p)* (2p)°
(a—+ =)

The upper sign gives the first function, and the
lower sign the second function.

(il) ¢ negative
When —a>>2? with p=+—a, then
19.9.4
Ula,z)+iT (3—a)-V(a,2)
e T4HOD (3 —
T gt /p

a) .
e*?* exp (v,+12;)
where

19.9.5
~y 322, 2(32)* 9(32)'—%2(32)°
@y T @) (2p)°

3(32)% | 3z+30G2)" | G2 —30)"
2p @p? (2p)°

Dp~

_|_
(@a—>—=)

Further expansions of a similar type will be
found in [19.11].

19.10. Darwin’s Expansions
(i) @ positive, z°+4a large. Write
19.10.1 X=+2*+}4a

: x
b dad, (2/2yG) =4 f Xfp—ieXrainSE
0

2va
z . T
=1 Vri+4a+ta arcsinh m
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(see Table 19.3 for ¢,), then

_ (@m)V _

19.10.2 Uf(a, :c)-—-\/m exp {—0+v(a, x)}
19.10.3 Ufa, — GG R {6+v(a, —2)}
~VTG+e
where
19.10.4

v(a, z)~—%In X—!—El (—1)%ds,/ X*
(@>0, 2t +4a—>+ =)

and dj, is given by 19.10.13.
(i) @ negative, «*+4a large and positive. Write

19.10.5 XK= -\/a:’—4la,]

o= 4[&1!92(17/2-\/—)'*%f Xdz= }a;X-t—alnzjf

=}z+/z*—4[a|+a arccosh ;—— 2\/_1

(see Table 19.3 for #;), then

T3 exp {—6+v(a, z)}

19.10.6 Ula, )= 57 }m

19.10.7
2
Via, 2)=—————— 6 ) =
(a, z) EnTO—a) exp {8+2(e, —2)}
where again
19.10.8

v(a, ) ~—4% In X-i-gl (—1)%dy,/ X%
(a0, 22 +4a—+ =)

and d, is given by 19.10.13.
(i) @ large and negative and 2 moderate. Write

19-10.9 Y:-‘ 4|a|_z3
8=4|a|9.(z/2V]a])

=1}f Ydz—3a¥ || arcsin

(see Table 19.3 for §,=}r—1;), then

19.10.10

U(e, 3) =22 3—0)

(2m)V/s e’r cos {‘1‘“’+‘}Ta+5+1’1}

_&
2v]a|

19.10.11
Via,3)=
2 :

e e ]

T e'r sin {}w+ima+0+v,}
where
19.10.12 v,~—4In¥— .,+ g‘i‘;

o By @es—e)

In each case the coefficients ds, are given by

19.10.13

1 /a8
=y (4 o2)
du=‘} 2—2a

1( T 59_ 2z
5760 © 320 —3207

31 3 3 194t )
+ 12 ad®—19%a%z
153

i P s
d»lg 8 r—

186axz2+80at

See [19.11] for di, . . ., da, and [19.5] for an

alternative form.

19.11. Modulus and Phase

When « is negative and |z|<2v|a|, the func-
tions U and V are oscillatory and it is sometimes

convenient to write

19.11.1 U(a, z)+iT 3—a)V(a, 2)=F(a, z)e***

19.11.2 U’(a,z)+il (G—a)V' (e, z)=0C(a, z)e @
Then, when a< 0 and |a|>>77,

19.11.3

F—szﬁ.ﬁ}“) e, x=(a+Pmtprtos

where v,, v, are given by 19.9.5 and p=v—¢.
Alternatively, with p—+/[al, and again —a>>2",

19.11.4

I'(}—4a) §zt

P~
18t —1442?
apr T }
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3z? _%1:‘—16

19.11.5 xw(%a+%)w+m{1 (4p)*  (4p)*
_3 e }

)

R O SN
19.11.6 G~ oi1yz (4p)? (4p)*
_ia*—1762 }

4p)®

F2  F'+16

19.11.7 Y~ (%G—%)Tr-i-Pz{ 1= 4p)?  (4p)*
_fat+agent }

L

Again, when 2°44a is large and negative, with
Y=+/4|a| —2°, then

19.11.8

F=2-\( T (-%-—a) evr

@ x=4r+4ma+0-+v;

where 6, », and v, are given by 19.10.9 and
19.10.12.
Another form is

19.11.9
_2T3d—a) ( 621
& 2mY +4Y‘+Y"+32Y”+ e )
(z*4-4ag—>— =)
19.11.10
g VIVIG=a) (1 _Ta_ 835 )
Cm)t 7Y 327"
(#*+4a—— =)
while ¢ and X are connected by
19.11.11
47  214a 14483
VX~ =T (1 Fevat 3y Taore T )

(z?4+4a—>— «)

Connections With Other Functions

19.12. Connection With Confluent Hypergeo-
metrie Functions (see chapter 13)

19.12.1
Vr2 ¥ d

U(&, +z )_' P(i“i"}ﬂ) M—}G- —i('&zz)
V2! iy
i (l-i-%a) M—m(%z)

19.12.2  Ula, 2)=2"423W_, _y(3c?)

19.12.3
Ula, :1:9:)— F(g_l_éa) M(%a-i-%,é, )
Jr2t-lag =izt
FraTag Mot i)
19.12.4

Ula, z)=2"t"%¢"¥U (Ja+1, 4, $2)
=27 ¥y, L!zaU(%a"}'%s 'g': ézz)

Expressions for V(a, z) may be obtained from
these by use of 19.4.2.

19.13. Connection With Hermite Polynomials
and Functions

When 7 is a non-negative integer
19.13.1

U(—n—3, z)=¢"¥"He,(z)=2"1"¢"¥"H,(2//2)
19.13.2

V(n+3, z)=+2/ret* Hejs(z) =24t Hi(2/V2 o)

in which H,(z) and He,(z) are Hermite poly-
nomials (see chapter 22) while

19.13.3 He*(z)=e-4 ;% M= (— i) He, (ia)

d* 2_(_on
i (—9)"H,(1z)

This gives one elementary solution to 19.1.2 when-
ever 2a is an odd integer, positive or negative.

19.13.4 Hi(z)=e?

19.14, Connection With Probability Integrals
and Dawson’s Integral (see chapter 7)

If, as in [19.10]
19.14.1 Hh_,(z)=e~¥
19.14.2
h"(”)=£mﬂhn—x(f)dt= (lfn!)f: (t—z)"e~3dt
(n20)
then
L U(n+4, 2)= e Hha () n=—1)
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Correspondingly
19.14.4 V(3,2) =2/me*
and
19.14.5

V(—n—3, x)=e-*””{f etV (—n-+3, t)dt

sin 3nmr

2*"1‘(-%714—1)} (n20)
Here V(—4%, z) is closely related to Dawson’s

integral
J‘ edt
0

These relations give a second solution of 19.1.2
whenever 2¢ is an odd integer, and a second solu-
tion is unobtainable from U(a, z) by refleétion in
the y-axis.

19.15. Explicit Formula in Terms of Bessel
Functions When 2¢ Is an Integer

Write
19.15.1 I_.—1I,=(2/x)sinnr - K,
19.15.2 I_,+1,—cosnm- #,

where the argument of all modified Bessel fune-
tions is 32*. Then

19.15.3 UQ1, z)=2r"1}2)}(—K;+Ky)
19.15.4 U(2, 2)=2- 3r~#(32)1QK;—3K+Ky)

19.15.5
U3, 2)=2- % #r 1(32) (-5 K} 9K — 5K+ Ky)

19.15.6 V1, 2)=3(3z)}(A—A)
19.15.7 V2, 2)=3(32)}2A4—3 4+ A)
19.15.8 V3, 2)=3(2){6A—9A+54—5)

19.15.9 U0, z)=r"3(32)K;
19.1510 U(—1, 2)=r"t(32):(Ki+Ky)
19.15.11

U(—2, 2) =74 (§2)* (2K + 3K — Ky)
19.15.12
U(—3, 2) =r"4(42)* (5K, + 9K — 5K, — K)
19.15.13 V0, 2)=332)' .4

19.0514  V(—1,2)=CG0dA+HA)
19.15.15 V(—2, 2)=%(32)}2.A4+34—F)

19.15.16

V(=3,2)=% 130 6A+HIA—SSA—S)

19.15.17 U(—}%, 2)=+2[rG2)K;
19.15.18  U(—$, )=+2/r(}z)2K,
19.15.19 U(—%, z)=+2/r(3z)*GK;—K;)
19.15.20 V3, 2)=0Gz) (4+1-3)
19.15.21  V(3, 2)=(Ge)2@l+-21y)
19.15.22 V(3, 2)=(32)* (5L +51_y—I;—1_y)

The Equation %-}—G :c"—a) y=0

19.16. Power Series in 2

Even and odd solutions are given by 19.2.1 to
19.2.4 with —ia written for a and zet'* for z;
the series involves complex quantities in which the
imaginary part of the sum vanishes identically.

Alternatively,

19.16.1
Yh=1+a §+(&.’*—1}) Z—:—%-(as-%a) E—:
(@ —110438) - (@ — 250 +2410) Tt
19.16.2
yr=z+a [+(a —#z +(a %)7,

+ (a*—17a*+48) %+(a“—-35@3+*"-}l0) 15;%—1-. .o

in which non-zero coefficients a, of z"/n! are
connected by

19.16.3 Cpp2=0 Gp— i (N—1)Cpn2

19.17. Standard Solutions (see [19.4])

td
19.17.1 W(a,im)=% (G FV26s)

=2- (1/% y;q:-\/%af %)

Gy=|T (3+%ia)|

19.17.2
where

19.17.3 G,=|T(3+%i0)|
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At =0,

19.17.4 W(a,0) :51? % giiﬁ;

‘=L e
-V
19.17.5

Complex Solutions
19.17.6 E(a,z)=k"W(a,z)+ik*W(a, —z)
19.17.7 E*(a,z)=k*W(a, z)—ik*W(a, —2)

where

19.17.8 Ek=+1-+}e'—e

In terms of Ufe, z) of 19.3,

k=T e

19.17.9 E(a,a)=+2etotiirti141 [ (jq, ze~itr)
with
19.17.10 ¢.=uarg T'(3+1a)

where the branch is defined by ¢,=0 when a=0
and by continuity elsewhere. -
Also

19.17.11
V21U (ia, ze~#%) =T (3—ia) {etrs—¥lJ(—ia, zet'r)
+e—irtiny(—ig,—geltr) }

19.18. Wronskian and Other Relations

19.18.1 W{W(a,z), W(a,—z)} =1

19.18.2  W{E(a,z), E*(a, z)} =—2i

19.18.3 +/1+e*E(a,z)=e"™E*(a,z)+1E*(a,—z)
19.18.4  E*(a,z)=¢ ' E(—aq,i2)

19.18.5

VI3 +i0) EXa, 2)=¢ ¥yT(G—ia) E(—q, i2)

19.19. Integral Repr?aentations

These are covered for 19.1.3 as well as for
19.1.2 in 19.5 (general complex argument).

Asymptotic Expansions
19.20. Expressions in Terms of Airy Functions
When a is large and positive, write, for 0<z< o
r=2-/at t=(4a)ir

19.20.1
1':_('5"33)‘
15‘3:% J:\/l—s’ ds=} arccos f—}Ey1—§ (EL1)
19.20.2
r=-+(3d,)}

0=t [ N Tds =g T—farccosh ¢ (621)
Then for 2250, s>+
19.20.3
W(a, 9)~~raa)tet=
19.20.4
W(a, —z)~2+r(4a) ~tetre (E%I)i Ai(—1t)

t
=

1)* Bi(—t)

Table 19.3 gives r as a function of £ See
(19.5] for further developments.

19.21. Expansions for z Large and ¢ Moderate

When z>>>>q|,
19.21.1
E(a, ©)=+2/z exp {i(32*—a In z+3¢,+1m)}s(a, )
19.21.2

W(a, x)=+2k/z{s(a, ) cos (Rz*—a In z+ir+3¢:)
—s8(a, z) sin (3z*—aln z+ir+3¢.) }

19.21.3

W(a,—z)=+2/kz{s(a, z) sin (}z*—a ln z+ir+3¢)
+8,(a, z) cos (32°—aln z+3ir+34,)}

where ¢, is defined by 19.17.10 and

19.21.4 s(a, z)=s,(a, z)+1is:(a, z)
19.21.5
Vs Uy Vs Usg
(0 D)~ s tanis T
19.21.6
Uy | Us | Vg

Ug
(0 )~ gl T3PS | a2

with
(2—>+ =)
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19.21.7  w,+iv,=T(r+3}+ia)/T (3+ia)

or

19.21.8 s(a, ”)”i.: (—iy D@rtitia) 1

I'(3+1a) 27rlz?”
19.22. Expansions for a Large With 2 Moderate

(i) @ positive
When a>>2% with p=+a, then
19.22.1 W(a, z)=W(a, 0) exp (—pz-+n)
19.22.2 W(a,—z)=W/(a, 0) exp (pz+)
where W(g, 0) is given by 19.17.4, and

19.22.3
1 (32)* | (32)? iiﬂ—% (3z)°
2p ' (2p)?*  (2p)?°
2 (§2)* | A (32)°+4 (ir:c)’

(2p)* (2p)°

Uy, U~ :i:

_l_
(a—>+ =)

The upper sign gives the first function, and the
lower sign the second function.

(ii) @ negative
When —a>>2%, with p=+—a, then
19.22.4

Wa, z)+1W (a, —)
=v2W (e, 0) exp {v,+i(pz+ir+v)}

where W(a, 0) is given by 19.17.4, and

19.22.5
(o)" | 2(42)° 9(e)'+3¢ (42)°
Cpi ' 2p) (2p)°

s(%:c)“ _3z+3(e)’ | ()’ +432)"
2p 2pP (2p)*

Uy~

(a—>— )

Further expansions of a similar type will be found
in [19.3].
19.23. Darwin’s Expansions

(1) a positive, z*—4a>>0

Write
19.23.1
X=Vr—fn  b=dcbilal2fD)=} f " X
z+X
=4zX—aln o7a

x
=1g+/z*—4a—a arccosh 3va

(see Table 19.3 for &), then
V2ke'r cos (3r-+0+v,)
19.23.3 W(a, —z)=+/2/ke’r sin (3r+6-+v,)

where

19.23.4 o~—}In X— % + 9

19.23.2 W(a, 2)=

diy _

and ds, is given by 19.23.12.

(ii) a positive, 4a—z*>>0
Write
19.23.5

Y =+/4a—2 0=4ad,(z/2+/a)

=4 J: ’ Ydz=21zY +a arcsin %

(see Table 19.3 for 9,=4}r—1,), then

19.23.6 W(a, z) =exp{—0+2(a, 2)}
19.23.7 W(a, —z)=exp{6+v(a, —2)}
where

19.23.8

v(a, ©)~—%In Y+ L +Yg+
(22—4@—%—‘”)

and d,, is again given by 19.23.12.
(i) @ negative, z*—4a>>0

Write

19.23.9

X=7F4q] 9=4|a|al(z/2\/ﬁ)=&f Xdz
_ z+X
=}2X—aln 2|

. T
=1lz+/z?+4|a|—a arcsinh 73]
(see Table 19.3 for #;) then
19.23.10 W(a, z) =+/2ke’" cos (3r+0+v)
=2/ke" sin (3r+6+v,)

where v, and v, are again given by 19.23.4. In
each case the coefficients d;, are given by

19.23.11 W(a, —z)
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19.23.12
1
da—"—' E_’%ax)
dg=%$z+2ﬂu
o (31 (ot 2 5.1 Y 23,8 4
(5750 320 z+320“ + """’Hg“)
153

du——"' 2:"1‘ 186M2+80G2

See [19.11] for dys, . . ., du, 8nd [19.5) for an al-

ternative form.
19.24. Modulus and Phase

When a is positive, the function W(a,z) is
oscillatory when z<{—2ya and when z>2ya;
when @ is negative, the function is oscillatory for

all z. In such cases it is sometimes convenient
to write *
19.24.1
kW (a, z) +ikiW (a,—2z)=E(a, z)=Fe* (z>0)
19.24.2
i 0D |y WD) _ (a0 =— G
(>0)

Then, when z2>>>|a/,
19.24.3

2 3
Fw\/_(1+ =L

19.24.4

3_
X~ia*—aln 2+ids+ir sz 3—'—4&89:‘19& .
19.24.5
G~ \[ (1_ —5_lda'—63s_ )
iz
19.24.6

2
I~da—aln otig— i L0 AR

where ¢, is defined by 19.17.10.

When <0, |a|>>4s*
19.24.7 F~+2W(a, 0)e’r

where v, is given by 19.22.5 with p=+v—a. Also
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19.24.8
Gl s e U )
w @y apr T
19.24.9
32 3416 #z°+lg—@zz_
it (1 e+ )
19.24.10
- 2 §a*+8  Jat+1682
< ‘/5("(4@2 G T p° =
19.24.11

el L 3 3218 40 —23042
=t ( g )

Again, when <0, z*—4a>>0, with X =+2’+4|a|,
then
19.24.12  F~q2¢'  x=}r+0+v

where 8, v, and v, are given by 19.23.4 and 19.23.9.
Another form also when a >0, 2*—4a—>w is

19.24.13
Fwﬁ(l_i 5a , 621  137la )
X\ X Xt axe
19.24.14 -
7o 835 1729
6~F (raxet B et )

while ¥ and X are connected by

19.24.15

1 47 214a 14483
et (-l B )

19.25. Connections With Other Functions

Connection With Confluent Hypergeometric and Bessel

Funetions
19.25.1
W(a, +2)=2-1 { S H(— 0, 1)
,/2‘?" H(—b ba, iw‘“)}
where
19.25.2

H(m, n, ) =¢* F\(m+1—in; 2m—+2; 2iz)

19.25.3 =¢~*M(m+1—1in, 2m-+2, 21x)

19.25.4

W0, +z)=2-tre{J () £ 1)} (220
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19.25.5

& W0, £a)=—2 ey r AN LT G}

(22>0)
19.26. Zeros

Zeros of solutions Ufa, z), V(a, ) of 19.1.2 occur
only for |z|<2v—a when @ is negative. A single
exceptional zero is possible, for any a, in the gen-
eral solution; neither U(a,z) nor V(a,z) has such
a zero for 2>0.

Approximations may be obtained by reverting
the series for ¢ (or X for zeros of derivatives) in
19.11, giving ¢ (or X) values that are multiples of
iz, odd multiples for U(a, z), even multiples for

V(e,z). Writing
a=(y—a—P=

as an approximation to a zero of the function, or
p=(r—ta+ir

as an approximation to a zero of the derivative,
we obtain for the corresponding zero ¢ or ¢/, with
—a=p? the expressions

a , 26°—3a , 52a*—240a* 4315«

19.26.1 c:sPT By +- 76805° + ..
, B 26°+3B  526°42808°—2856
19.26.2 ¢ ?-1- 180 + 76807 + .

These expansions, however, are of little value
in the neighborhood of the turning point z=2—a.
Here first approximations may be obtained by
use of the formulas of 19.7. If a, (negative) is a
zero of Ai(t), the corresponding zero ¢ of Ufg, z)
is obtained approximately by solving

19.26.3
#;=14{arccos f—/1—£} =(E|€;,,)l

=2y[alt  (a<<0)

This may be done by inverse use of Table 19.3.
For a zero of V(a,z), a, must be replaced by b.,,
a zero of Bi(f). For further developments see
(19.5].

Zeros of solutions W(a,z), W(a,—z) of 19.1.3
occur for |z|>>2+a when a is positive; the general
solution may, however, have a single zero between
—2+va and +2+va. If ¢ is negative, zeros are
unrestricted in range.

Approximations may be obtained by reverting
the series for ¥ (or x) in 19.24. With —a=yp?,
a=3r—3)x, B=Gr+3)rx, r=>0 being an odd

integer for Wi(a, z) or its derivative, or an even
integer for W(a,—2a) or its derivative, the zeros
+¢, +¢’ have expansions

(@ 20°—3a 52a'—2400*+815a

19.26.4 5 76807° .
.6 26°+ 38 , 526°+ 2808°—2858
19.26.5 ¢’ &y 4 76307" +.

When z is large and @ moderate, we may solve
inversely the series 19.24.4 or 19.24.6 with
a=4% (rm—3r—¢,), =% (rr+3r—¢,), r odd or even
as above; the presence of the logarithm makes it
inconvenient to revert formally.

The expansions 19.26.4 and 19.26.5 fail when z
is in the neighborhood of 2v]a|. When @ is
positive, a zero ¢ of W(a,—xz) is obtained approxi-
mately by solving _

19.26.6

#,=1{£t*—1—arccosh £} =£~_—£’—)—;

c=2vat  (a>2>0)

with the aid of Table 19.3. For a zero of W(a, z)
we replace a, by b,. When ¢ is negative we solve,
again with the aid of Table 19.3,

19.26.7

(n—Pm

c=2/|alt

where n=1, 2, 3, . . . for an approximate zero
of W(a, —z), and n=%, £, §, . . . for an approxi-
mate zero of W(a, z). Further developments are
given in [19.5].

Any of the approximations to zeros obtained
above may readily be improved as follows:

Let ¢ be a zero of ¥, and ¢’ a zero of y’, where y
is a solution of

(—a>>0)

19.26.8 y''—Iy=0

Here I=a+32?, I'=+}z, I''=+%; the method is
general and the following formulae may be used
whenever I'’’=0. Then if v, ¥’ are approxima-
tions to the zeros ¢, ¢/ and

19.26.9 u=y(/y'(y)  v=y' &)/ TY&)
with 7=I(y) or I=I(y") respectively, then
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19.26.10
e~y —u—3 U+ g It

— (ol +3 IS + 34T+
19.26.11

¥ @~y (v) (1= [+ I’
SIS IEEY W EEEE ; 7y EE
19.26.12

¢’ ~y' = To—3 11"+ (I — 311" —3 )P
+ (&I —§IT " — S T ) . .
19.26.13
y(e ) ~yly") (1—4 P-4 LI
—Q@PI" =4 ' +3 I+ . . ]
The process can be repeated, if necessary, using

as many terms at any stage as seems convenient.
Note the relations, holding at zeros,

19.26.14 U’ (a,¢)=—~2/7/V (a,e€)
19.26.15 V'(a,c¢)=+2/U(a,c’)
19.26.16 W' (a,c)=—1/W (a, —¢)
19.26.17

Wi(a, ¢")=1/ {%W{a, —z) }z"‘=—1fW’ (@, —c’)

19.27. Bessel Functions of Order + 31, 4+ 2 as
Parabolic Cylinder Functions

Most applications of these functions refer to
cases where parabolic cylinder functions would be
more appropriate. We have
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19271 Jay(3e? =% (W0, —2) FW (0,2)}

19.27.2 Jﬂ(}z=)=% (W (0,2) £ W (0, —2))

Functions of other orders may be obtained by
use of the recurrence relation 10.1.22, which here
becomes

19.27.3 32*J,..(32%) —20J,(32%) +12%J,-1(32%) =0
Again
19.27.4 I-,(}z‘)+!,(-}z’)——-—‘% Vv 0,2)

19.27.5

Y2 By =12 — Ty == U (0, 2)

™

19276 IyG2Y +Ii&m*>=-$ 4 y0,9

19.27.7

Y2 Ky =149~y (da?)

__ 4 4
- 2 HEEU(O’I)

As before, Bessel functions of other orders may be
obtained by use of the recurrence relation 10.2.23,

_which here becomes

19.27.8 1z°L,,(32) +2v1, (329 —32* L, -, (32") =0
19.27.9 12°K,.,(3z5) — 2K, (32%) — 322K, (32")=0

Numerical Methods

19.28. Use and Extension of the Tables

For Ule, 2), V(a, z) and W(e, z), interpolation
z-wise may be carried out to 5-figure accuracy
almost everywhere by using 5-point ‘or 6-point
Lagrangian interpolation. For |a¢|<1, compa-
rable accuracy a-wise may be obtained with 5- or
6-point interpolation.

For |a|>1, Ul(a, z) and V(a, ) may be obtained
by use of recurrence relations from two values,
possibly obtained by interpolation, with |a|<1;
such a procedure is not available for W(a,. +2),
la|>1.

In cases where straightforward use of the a-wise
recurrence relation results in loss of accuracy by
cancellation of leading digits, it may be worth
while to remark that greater accuracy is usually
attainable by use of the recurrence relation in the

reverse direction, from arbitrary starting values
(often 1 and 0) for two values of ¢ somewhat
beyond the last value desired. This is because the
recurrence relation is a second order homogeneous
linear difference equation, and has two inde-
pendent solutions. Loss of accuracy by cancella-
tion occurs when the solution desired is diminishing
as @ varies, while the companion solution is in-
creasing, By reversing the direction of progress
in @, the roles of the two solutions are inter-
changed, and the contribution of the desired solu-
tion now increases, while the unwanted solution
diminishes to the point of negligibility. By start-
ing sufficiently beyond the last value of @ for which
the function is desired, we can ensure that the
unwanted solution is negligible but, because the
starting values were arbitrary, we have an un-
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known multiple of the solution desired. The com-
putation is then carried back until a value of a
with |a| <1 is reached, whan the precise multiple
that we have of the desired solution may be deter-
mined and hence removed throughout. Compare
also 9.12, Example 1.

Example 1. Evaluate U(g, 5) for a=5, 6, 7,
. ., using 19.6.4.

(a+3)Ula+1, 2) +2U(a, z) — U(a.-— 1, z)=0

a Forward Backward Final Values
Recurrence Recurrence

3 |(—6) 5.2847%(12) 1.59035 |(—6) 5. 2847**
4 |(—=7) 9.172% |(11) 2.76028 |[(—7) 9.1724
5 |(—7) 1.5527 |(10) 4.67131 |(—7) 1.55227
6 |(—8) 2. 5609 ((9) 7.72041 |(—8) 2.5655
7 1(—9) 4.1885 [(9) 1.24785 |(—9) 4. 1466
8 [(—10) 6.2220 [(8) 1.97488 |(—10) 6. 5625
9 [(—10)+1.2676 [(7) 3.06369 |(—10) 1.01806
10 [(=11)—0. 1221 [(6) 4.66352 |[(—11) 1.5497
11 [(—11)+1. 2654 |(0) 697082 |(—12) 2.3164
12 |(—12)—5. 6079 102444 |(—13) 3.404
13 [(—12)+43. 2555 14789 |(—14) 4.91

14 2111 ((—15) 7.01

15 292 [(—16) 9.7

16 42

17 5

18 1+

19 o+

*From tables. +Starting values.

**This value was used to obtain the constant multiplier
A 0I5 a54] —(—18)3.32298 for converting the pre-
E* (12)1.59085 ' & E
vious column into this one.

The second column shows forward recurrence
starting with values at ¢=3,4 from Table 19.1.
Backward recurrence starts with values 0 and 1
at a=19 and 18, containing a multiple kU(a, 5)
and a subsequently negligible multiple of the other
solution T'(3—a)V(a,5). Rounding errors con-
vert kU(a, z) into k*U(a, z) without affecting the
values in the last column. The value of 1/k* is
identified from the known value of U(3,5), and
used to obtain the final column by multiplying
throughout by 1/k*. The improvement in U(5, 5)
is evident by comparison with Table 19.1.

Derivatives. These are not tabulated here.
Since the functions U(a,z), V(a,z) and W(a, z)
satisfy differential equations, values of derivatives
are often required.

For all these functions the equation is second
order with first derivative absent, so that second
derivatives may be readily obtained from function
values by use of the differential equation.

First derivatives can be obtained for U(a,z) and
V(a,z) by applying the appropriate recurrence

PARABOLIC CYLINDER FUNCTIONS

relations 19.6.1-2. If less accuracy is needed they
can be found by use of mean central differences of
U(a,2), V(a,) and also of W(a,x) with the formula

hu'=h j—:=u5u—%p63u—|—3ivu65u— L1k

using h=.1; this usually gives a 3- or 4-figure
value of du/dzx.

If greater accuracy is needed for dW(a, z)/dz it
may be obtained by evaluating d?W/dz* with the
help of the diffecential equation satisfied by W
and integrating this second derivative numerically.
This requires one accurate value of dW/dx to
start off the integration; we describe two methods
for obtaining this, both making use of the differ-
ence between two fairly widely separated values
of W, for example, separated by 5 or 10 tabular
intervals.

(i) Write f,, f;, fi for W(a, @-+rh) and its
first two derivatives, then f; may be found from

- 1 hA sl " "
fn'—% (fn_f_")_é—?.‘b 51‘_; ('n,—r)(f, -_f-r

hz ’n r
— o (ke '+ dides ¥ — .} (FL =)

— 12 { b — oud® + b Hhoust—. . 1

(ii) Consider a solution y of the differential
equation for W(a, z), namely y"’'=(—32’+a)y.
If we are given values y and y’ at a particular
z=z, and write T,=H"y"”/n!, T_;=T_,=0, then
we may compute 75, T3, Ty, . . . in succession by
use of the recurrence relation obtained from the
differential equation,

Tyio= ) [(—} 2t +a)Tn—3Hzo T\

H2
(n+1)(n+2
_%HeTu—z]
These are computed, to a fixed number of decimals
until they become negligible, thus giving
’y(ﬂiuﬂ:H) =To:|: T1+ Tzﬂ:Ta“i‘ AL

This may be applied, with H=rh, h being the
tabular interval, and r a small integer, say r=35,
to the solutions y=y,, y=1. having

(@) =Wi(a, o) Y1 (z) =W (a, 20
Ya (@) =0 ya(zo) =1

in which W*(a,z,) is an approximation to
W’(a, 2,), not necessarily a good one; it may be
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obtained from differences, for example. We thus

obtain y (zo+ H) and y.(xo+ H).
Now suppose

W (a, zo) =W* (a, xo) +N
then, for all z
W(a, z) =y1(z) +My2(2)
and in particular
Wi(a, zo+H)=y(xo+ H) + Ny (2o + H)

The values of W(a, z,+ H) may be read from the
tables and two independent estimates of N\ ob-
tained, whence

W'(a, 50) = W* (@, 7+

to a suitable accuracy.

Example 2. Evaluate W’(—3, 1) using r=>5.
From Table 19.2
W(—3, .5)=—.05857 W(—3, 1)=—.61113

W(—3, 1.5)=—.69502

(i) Using the first method

z W(—38,z) |W'"(—3, z) 5 82 8
0.4 +0 07298 |—0. 22186
0.5 . 05857 | +. 17937 4131
0.6 | —. 18832 . 58191
0.7 | —. 31226 . 97503
0.8 | —. 42646 1. 34761
34081
0.9 | —. 52722 1. 68842
29775 —1095
1.0 | —. 61113 1. 98617
24374 —1032
1.1 | —. 67522 2. 22991
17941
1.2 | —. 71706 2. 40932
1.3 | —. 73488 2. 515613
1.4 | —. 72761 2. 53936
1.5 | —. 69502 2. 47601 —9129
1.6 | —. 63774 2. 32137

The fifth decimal in W’/(—3, z) is only a guard
figure which is hardly needed. Only the differ-
ences needed have been computed.

Then

'llO'W,('_?’r 1)
1
—1‘5(—.69502+.05857)—m (10.38874)

1 1
~ 505 {115 (2.29664)—m (—.09260)}

1
100{ (.54149)— 1440 02127)}

=—.0636450—.0103887—.0001918—.0002272
=— 0744527

Thus W’(—3, 1)=—.74453. This might have an
error up to about 1} units in the last figure but is,
in fact, correct to 5 decimals.

(i) Using the second method, with

n(1)=W(—3, 1)=—.61113 to 5 decimals
y1(1)=—.745 to about 3 decimals

the following values result, with H=.5,

7 2 W(—3, )=yi+7ys

T, — .61113 .0000 | Atz=1.5

T, — .37250  +.5000 | z—.695223-+.4323\
=—.69502

T, + .24827 2  .0000 | A=.000203/.4323

T, + 56809 — 677 | =.000470

T, — 14074 — 26| So W'(—3,1)
=— 745+
= —.744530

T, — 27193 4+ 24| Atiz=%

Ty 134 4+ 2| —.058363—.4371\
=—.05857

T, + 54 A=.000207/.4371

T, + 5 =.000474

y(1.5) —.695223 +.4323 | So W'(—3, 1)

y(.5) —.058363  —.4371 | =—.T45 4\
=—.744526

Thus W’(—3, 1)=—.74453 which is correct to
5 decimals.

Example 3. Evaluate the positive zero of
U(—3, z).

We use 19.7.3 to obtain a first approximation,
see 19.26.3. The appropriate zero of Ai(f) is at

t=(4|a|)ir=—2.338
whence
r=—(2.338) X (12)~1=— 4461

Hence, from Table 19.3, {=.3990 and the approxi-
mate zero is x=2/[a[=1.382.

We improve this by using 19.26.10, but take, for
convenience, z=1.4 as an approximation, so that
the value of U can be read directly from the tables.
U’ can be obtained as in the section following
Example 1.

We find

U(—3, 1.4)=.02627
Then 19.26.9 gives
u=U/U'=

U’(—3, 1.4)=2.0637

.012730 I=—2.51

II=|7 III=.5

and
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¢=1.4—.0127304-,000002=1.38727
which is correct to 5 decimals, while 19.26.11 gives

PARABOLIC CYLINDER FUNCTIONS

o' () =2.0637 (14.000203) =2.0641
compared with the correct value 2.06416.
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20. Mathieu Functions

Mathematical Properties

20.1. Mathieu’s Equation
Canonical Form of the Differential Equation

dy . —
20.1.1 -a;;-}- (a—2q cos 20)y=0

Mathieu’s Modified Differential Equation

20.1.2 ﬁ;—v(a—2g cosh 2u)f=0 (v=1u, y=)

du

Relation Between Mathieu’s Equation and the Wave
Equation for the Elliptic Cylinder

The wave equation in Cartesian coordinates is

bW W bW

20.1.3

A solution W is obtainable by separation of vari-
ables in elliptical coordinates. Thus, let -
z=p cosh % cos v; y=p sinh u sin v; 2=2;
p & positive constant; 20.1.3 becomes
20.1.4

W 2 *W
* o7 +p ? (ecosh 2u—cos 2v) ( ou? + ’W)_;-PW_

Assuming a solution of the form

W=e(2)f(u)g(v) -

and substituting the above into 20.1.4 one obtains,
after dividing through by W,

1d%
sz,+G 0
where
2 @1 ALY
= o? (cosh 2u—cos 20) | du® f dv2 }+k

Since z, 4, v are independent variables, it follows
that

d*e
20.1.5 (E-,+cqo=0

where ¢ is & constant.

Again, from the fact that G=c and that u, v
are independent variables, one sets

20.1.6
d"fi
u2f
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Lt 8

p ? cosh 2u

d’g 1, (kF*—c)

dv? g 2

p? cos 20 *

where @ is a constant. The above are equivalent
to 20.1.1 and 20.1.2. The constants ¢ and a are
often referred to as separation constants, due to the
role they play in 20.1.5 and 20.1.6.

For some physically important solutions, the
function g must be periodic, of period = or 27.
It can be shown that there exists a countably
infinite set of characteristic values a,(g) which yield
even periodic solutions of 20.1.1; there is another
countably infinite sequence of characteristic values
b,(g) which yield odd periodic solutions of 20.1.1.

It is known that there exist periodic solutions of
period kx, where k is any positive integer. In
what follows, however, the term -characteristic
value will be reserved for a value associated with
solutions of period = or 2x only. These character-
istic values are of basic importance to the general
theory of the differential equation for arbitrary
parameters a and g.

An Algebraic Form of Mathieu’s Equation
20.1.7

(110 Pt Bt (o420~ 4gty=0

Relation to Spheroidal Wave Equation -

+(c—4gt")y=0

(cos v=t)

Thus, Mathieu’s equation is & special case of

20.1.8’ W‘ith b= _‘!' c=d,+2q,

20.2. Determination of Characteristic Values
A solution of 20.1.1 with » replaced by z, having

period = or 2x is of the form

20.2.1 =iﬂ (A,, cos mz+ B, sin mz)

where B, can be taken as zero. If the above is
substituted into 20.1.1 one obtains

20.2.2
> [(a—
m=-—2

+m_i_1 [(@—m?) Bn—q(Bn_2+ B, 3)] sin mz=0
A—m, B_,,‘:O m>0

ms)Am“Q(Am—z'*' Am+3)] cos Mz

*See page IL
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Equation 20.2.2 can be reduced to one of four
simpler types, given in 20.2.3 and 20.2.4 below

20.2.3 y0=io Agmip 008 (2m—+p)2, p=0or 1
m=

20.2.4 y1=zw‘, Bipyp sin (2m-4-p)z, p=0orl
m=0

If p=0, the solution is of period =; if p=1, the
solution is of period 2.

Recurrence Relations Among the Coefficients

Even solutions of period =:

20.2.5 ady—gA;=0

20.2.6 (a—4)A;—q(2A4,+A)=0

20.2.7 (@—1)An—q(ApotAn)=0  (m>3)
Even solutions of period 27

20.2.8 (6—1) A, — g(A,+A) =0;

along with 20.2.7 for m >3.
Odd solutions of period =:

20.2.9 (a—4)By— ¢B=0

20.2.10 (@—m)Bp—g(Bns+Bnss)=0 (m>3)

Odd solutions of period 2:
20.2.11 (ea—1)B,+q(B,—B;) =0,
along with 20.2.10 for m>3.

Let
20.2.12 Gepn=An/An-3, Gon=DBn/Bpn_»;

Gm=Gen or Go,, when the same operations apply
to both, and no ambiguity is likely to arise.
Further let

20.2.13 Va=(a—m?/q.
Equations 20.2.5-20.2.7 are equivalent to
2
20-2- 14 Geg= VD; 6'784: Irg’—m
20.2.15 Gn=1/(Va—Gni2) (m>3),

for even solutions of period .
Similarly

20.2.16 V,—1=_{e,; for even solutions of period
2x, along with 20.2.15

20.2.17 V,+1=G@o;, for odd solutions of period
2x, along with 20.2.15

*See page IL

20.2.18 V,=Q@o,, for odd solutions of period ,
along with 20.2.15

These three-term recurrence relations among the
coefficients indicate that every G, can be developed

into two types of continued fractions. Thus
20.2.15 is equivalent to
20.2.19
_ 1 1 1
Gm Vm_Gm+2-Vm_ Vm+3_ Vm+4-_ o (m23)
20.2.20
Gm+2=Vm_l/Gm
1 1 %o
=Vm_ e >
Vi Voo™ Ve 20
where

e=d=0; =2, if Gnia=4»A2/Az:2
er=0d=y=0, if Gpy13=DBy;/Bs;—,
a=—1; gg=d=1, if Gpnys=As,11[As
a=d=d¢y=1, if Gnia=DBss11/Bas1
The four choices of the parameters ¢, ¢o, ¢
correspond to the four types of solutions 20.2.3~
20.2.4. Hereafter, it will be convenient to sep-

arate the characteristic values @ into two major
subsets:

a=a,, associated with even periodic solutions
a=b,, associated with odd periodic solutions

If 20.2.19 is suitably combined with 20.2.13-20.2.18
there result four types of continued fractions, the
roots of which yield the required characteristic
values

20.2.21 Vo-—-.vf-—:.vi__ .V::-—_‘: ...=0 Roots: az
20.2.22

V]_'-'l‘—'—'l_‘ 1——1— R =0 ROOt;S: Aar41

Va“ 5T Y1 —
2002-23 VB V}— V:— V:—- - =0 RDOt»S: bﬂr
20.2.24
1 1 1 5
Vi+1 i ek e =0 Roots: bgri

If @ is & root of 20.2.21-20.2.24, then the corre-
sponding solution exists and is an entire function
of z, for general complex values of ¢.

If ¢ is real, then the Sturmian theory of second
order linear differential equations yields the
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following: Power Series for Characteristic Vaiuea
(a) For a fixed real g, characteristic values @, and 20.2.25
b, are real and distinet, if ¢=0; a,<b<e, ==

<b<a< . ., ¢>0 and a9, bl ap- =Ly I 2%, 63S7g ,
proach 7* as g approaches zero. &l +128 2304 T 18874368 T
(b) A solution of 20.1.1 associated with a, or b, "
has r zeros in the interval 0 <z<l, (g real). a(—g=1—g— ng; 1g36 31618%4'{_584385124
(¢) The form of 20.2.21 and 20.2.23 shows that if | 2:(9)
s, is & root of 20.2.21 and ¢ is different from __55¢ 83¢®
zero, then a,, cannot be a root of 20.2.23; 9437184 35389440 " °
similarly, no root of 20.2.22 can be & root of ¢ 5¢ 289¢°

20.2.24 if ¢>0. It may be shown from other |  b:(@=4—15+13e5: —7gese015

considerations that for a given point (g,
w (@ 9 21391¢°

there can be at most one periodic solution of HOR L S
period 7 or 2w if ¢>0. This no longer holds 458647142400
for solutions of period s, $>3; for these all 5¢° 763¢* , 1002401¢"
solutions are periodic, if one is. ay(Q)=4+75 1271 3824+ 79626240
O _1669068401q3+
':' _ 458647142400 ' "
32 ¢_ ¢, 13¢ 5¢°
0(—~0)=9+74—54+ 30480 T 16384
bs(9)
_1961¢" ,  609¢
53502060 1 104857600 7 * "
o ¢ 317¢* , 10049¢°
59 =16+35—gz54000 T5721600000 T °

., 433¢ 5701
- (@=16435+ 201000 2721600000 T °

¢ 1l¢ ¢
s(— Q=25+ o+ i 147456
bs(q)

37¢
+goisisees T

¢, 187¢ 5361633¢"
be(9)=36+75+ 13902000 9203508720000 T °

e &, 187g 6743617 4"
84(9)=36+75+ 13504000 T 92935087200000 T * * -

For r>7, and [g| not too large, a, is approxi-
mately equal to b, and the following approxima-
tion may be used

20.2.26
0} gl B0
b T2(7—1) " 32(rP—1)*(r*—4)
—24 L \ (9r*4-58r2+29) ¢°

Froure 20.1. Characteristic Values a,, b, r=0,1(1)5 T 64(r2—1)%(r*—4) (7‘2—9)+ T
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The above expansion is not limited to integral
values of r, and it is & very good approximation
for 7 of the form n-+% where n is an integer. In
case of integral values of r=n, the series holds
only up to terms not involving r—n? in the
denominator. Subsequent terms must be derived
specially (as shown by Mathieu). Mulholland
and Goldstein [20.38] have computed character-
istic values for purely imaginary ¢ and found that
a, and a, have a common real value for {g| in the
neighborhood of 1.468; Bouwkamp [20.5] has
computed this number as go=+1 1.46876852 to 8
decimals. For values of —ig>—1ig,, @, and a,
are conjugate complex numbers. From equation
20.2.25 it follows that the radius of convergence
for the series defining @, is no greater than |g|.
It is shown in [20.36], section 2.25 that the radius
of convergence for ay,(¢), n>2 is greater than 3.
Furthermore

a,—b,=0(g" /"), r>e,

Power Series in g for the Periodic Functions (for
sufficiently small |g])

cos 22 +q,(coséz %)

+.]

20.2.27
q

ceo(z, @) =2" ‘1[1—2

cos 6z 11 cos 2z
_qs(

1152 128
ce,(z, g)=cos z—-% cos 3z
cos 52z cos3z cosz
+g‘|: 192 64 128
cos 72 cos 5z cos 3z, cos 2
¢| o216 — 1152 3072 T 512 T
se;(z, ¢)=sin z-—-% sin 3z
sin 5z  sin 32 sin sin 2
+¢ 192 S92 T 61 128
g sin 73+sm 5z sin 32 gin z
0216 ' 1152 3072 512

FUNCTIONS 725

_ . sm 4z sin 6z _sin 22
ses(2, Q)=sin2z—q +(_,=( =
20.2.28
ce,(z, 9) cos [(r—}-Z)z—p %:I
88,(3, 9)—003 (?‘z—p(r/2))—g { __4(T+1) )

_cos[(r—2)z—p(x/2)]
4(r—1)

}

cos [(r+4)z—p(x/2)] | cos[(r—4)z2—p(n/2)]
2r+D)(r+2) T 32(r—1)r—2)

cos [rz—p(x/)1[2(*+1)
~—g (r*—l)*]}Jr"'

+¢

with p=0 for ce,(z, q), p=1 for se,(z, ¢), r>3.

\

-0

Fraure 20.2.

Even Periodic Mathieu Functions, Ordefs 0-5
g=1.

2z

ces(2, @) =cos 22__q(cos 4z 1)+q’ (coa 6z 19 ;;;

.
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Fioure 20.3. 0dd Periodic Mathiew Functions, Orders 1-6

p
r

g=1.

-6

40—

Fioure 20.4. Even Periodic Mathieuw Functions, Orders 0-5

g=10.

‘4:;4-21
B:+Sl

se,
16—

-8

o=

Ficure 20.5.

0dd Periodic Mathieu Functions, Orders 1-6
g=10.

For coefficients associated with above functions

20.2.29

A(0)=2"%; A7(0)=B:(0)=1, 7>0
AL =[(—1)'gls! s1 221 A+ . . ., 80

=[(—1)'r! ¢*/4*(r+9)! 8!] 7+
rs >0, Ci=A] or B
(r—s=DIg o

Ar_g or B$_2.=m rg

Asymptotic Expansion for Characterisiic Values, g>>1

Let w=2r+1, g=w'p, preal. Then
20.2.30
._l_
~ wﬂ+1 ("’ w)
b yi~—2¢+2uVG— = 2o
d;_ d‘) ds e di g
212‘0 2!7'?3!2 22ﬂ¢2 22650612
where
34 9
d1_5+w3+ &
33 410 405
P vt w
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63 . 1260 2943 , 486
w2+ wh + wb ' w?

527 15617 A 69001 41607
di—,wsT ws + 7 +

20.2.31 b,+1_&~24r+5%¢,+}6_4ﬁ/r!,

(given in [20.36] without proof.)

— @

20.3. Floquet’s Theorem and Its Consequences

Since the coefficients of Mathieu’s equation

20.3.1 y'' 4+ (a—2q cos 22)y=0

are periodic functions of z, it follows from the
known theory relating to such equations that
there exists a solution of the form

20.3.2 F,(z)=e"P(2),

where » depends on a and ¢, and P(2) is a periodic
function, of the same period as "that of the
coefficients in 20.3.1, namely . (Floquet's
theorem ; see [20.16] or [20.22] for its more general
form.) The constant v is called the characteristic
exponent. Similarly

20.3.3 F,(—z)=e "P(—2)

satisfies 20.3.1 whenever 20.3.2 does.
and F,(—z) have the property

20.3.4

Y(z+kr)=C%(2), y=F,(2) or F,(—2),
C=¢"" for F,(z), C=¢ " for F,(—z)

Solutions having the property 20.3.4 will hereafter
be termed Floquet solutions. Whenever F,(2)
and F,(—2) are linearly independent, the general
solution of 20.3.1 can be put into the form

20.3.5 y=AF,(z2)+BF,(—2)

If AB 0, the above solution will not be a Floguet
solution. Tt will be seen later, from the method
_for determining » when a and ¢ are given, that
"there is some ambiguity in the definition of »;
namely, » can be replaced by v+2k, where k is an
arbitrary integer. This is as it should be, since
the addition of the factor exp (2ikz) in 20.3.2 still
leaves a periodic function of period = for the
coefficient of exp ivz.

It turns out that when a belongs to the set of
characteristic values @, and b, of 20.2, then » is
zero or an integer. It is convenient to associate
v=r with a,(¢g), and v=—r with b,(g); see [20.36].
In the special case when » is an integer, F,(z) is

Both F,(2)
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proportional to F,(—z2); the second, independent
solution of 20.3.1 then has the form

2036 yi—206,(z, O+ dussr sin (2k42)z,
associated with ce,(z, q)

20.3.7 y.=2zse,(z, q)+éjzk+, cos (2k+p)z,

associated with se,(z, ¢)

The coefficients daz., and fors, depend on the cor-
responding coefficients A,, and B,, respectively,
of 20.2, as well as on ¢ and ¢. See [20.30], section
(7.50)—(7.51) and [20.58], section V, for details.

If » is not an integer, then the Floquet solutions
F,(2) and F,(—2) are linearly independent. It
is clear that 20.3.2 can be written in the form

F(z)— E Copet T,

From 20.3.8 it follows that if v is a proper fraction
myfma, then every solution of 20.3.1 is periodic,
and of period at most 27m,. This agrees with
results already noted in 20.2; i.e., both independent
solutions are periodic, if one is, provided the period
is different from = and 2.

20.3.8

Method of Generating the Characteristic Exponent

Define two linearly independent solutions of
20.3.1, for fixed @, g by

¥:1(0)=1; %1 (0)=0.
%(0)=0; y2(0)=1.

Then it can be shown that

20.3.10

20.3.11 cos mv—1—2y (g) ¥ (g)=o

Thus » may be obtained from a knowledge of

1, () or from a knowledge of both 7, (2) and ¥ (2)

For numerical purposes 20.3.11 may be more
desirable because of the shorter range of integra-
tion, and hence the lesser accumulation of round-
off errors. Either », —», or +»+2k (k an arbi-
trary integer) can be taken as the solution of
20.3.11. Once » has been fixed, the coefficients
of 20.3.8 can be determined, except for an arbitrary
multiplier which is independent of z.

The characteristic exponent can also be com-
puted from a continued fraction, in a manner
analogous to developments in 20.2, if a sufficiently
close first approximation to » is available. For

20.3.9

cos mp—1 (r)=0
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systematic tabulation, this method is considerably
faster than the method of numerical integration.
Thus, when 20.3.8 is substituted into 20.3.1,
there result the following recurrence relations:

20.3.12
where
20.3.13 Vis=[a— @n+9)Yq, —o <n<e.

When » is complex, the coefficients V3, may also
be complex. As in 20.2, it is possible to generate
the ratios

szcm{cm-ﬁ B.Ild H—m=c-m—2/c—m

Vznc2u= czn—n'i‘ﬂnm-:

from the continued fractions
20.3.14

1 1
_Vﬂ.— Vm+g— oL O .’

1 1
m_V—m-%_— V—m—-l_ .

From the form of 20.3.13 and the known properties
of continued fractions it is assured that for
sufficiently large values of |m| both |Gn| and
|H_,| converge. Once values of @, and H_,, are
available for some sufficiently large value of m,
then the finite number of ratios Gp_g, Gry, - . ., Gy
can be computed in turn, if they exist. Similarly
for H_py2, - . -, Hy. It is easy to show that »is
the correct characteristic exponent, appropriate
for the point (a, ¢), if and only if HyGy=1. An
“iteration technique can be used to improve the
value of », by the method suggested in [20.3].
One coefficient ¢; can be assigned arbitrarily; the
rest are then completely determined. After all
the ¢, become available, a multiplier (depending
on ¢ but not on z) can be found to satisfy a
prescribed normalization.

It is well known that continued fractions can
be converted to determinantal form. Equation
20.3.14 can in fact be written as a determinant
with an infinite number of rows—a special case of
Hill’s determinant. See [20.19], [20.36], [20.15],
or [20.30] for details. Although the determinant
has actually been used in computations where
high-speed computers were available, the direct
use of the continued fraction seems much less
laborious.

Gn

H_

Special Cases (a, g Real)

Corresponding to ¢=0, y;=co0s vaz, y,=sin yaz;
the Floquet solutions are exp (taz) and exp(—iaz).
As a, g vary continuously in the ¢g—a plane,
v describes curves; v is real when (g, a), ¢=0
lies in the region between a,(¢) and b,,,(¢) and
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Ficure 20.6. Characteristic Exponent-First Two Stable
Regions y=e"*P(z) where P(z) i3 a periodic function of
period .

Definition of v;
In first slable region, 0 <y <1,
In second stable region, 1 <y <2.

(Constructed from tabular values supplied by T. Tamir, Brookiyn
Polytechnie Institute)

Ficure 20.7.

Characteristic Exponent in First Unstable
Region. Differential equation: y'’ +{(a—2g cos 2z)y=0.
The Floguet solution y=e"=P(z), where P(z) 1s a pertodic
function of period =. In the first unstable region, v=1u;
u 18 given for a>—5. (Constructed at NBS.)
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Charts of the Characleristic Ezponent.

(From 8. J. Zaroodny, An elementary review of the Mathieu-Hill equation of real variable based on numerical solu-
tions, Ballistic Research Laboratory Memo. Rept. 878, Aberdeen Proving Ground, Md., 1955, with permission.)

s=e"r=constant; in unstable regions

— — — — p=constant; in stable regions

- .—.— Lines of constant values of —q.
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3.1 32 33 34 35

NI
=
]

—e-lL0

[
30 3l 3.2 33 34 35
— e/ Q
Frgure 20.10. Chart of the Characteristic Exponent.

(From 8. J. Zaroodny, An elementary review of the Mathieu-Hill equation
of real variable based on numerical solutions, Ballistic Research Laboratory
Memo. Rept, 878, Aberdeen Proving Ground, Md., 1955, with permission’

s=e"*=conslant; in unsiable rcgwns
- — — — y=constant; in stable regions
—.—.— Lines of constant values of —gq.

all solutions of 20.1.1 for real z are therefore
bounded (stable); » is complex in regions between
b, and a,; in these regions every solution becomes
infinite at least once; hence these regions are
termed ‘‘unstable regions’. The characteristic
curves a, b, separate the regions of stability.
For negative ¢, the stable regions are between
b2, 41 and by, 49, @z, and ag, 4y ; the unstable regions are

between as,.; and bs,.q, @2, and bs,.
In some problems solutions are required for real

values of z only. In such cases a knowledge of
the characteristic exponent » and the periodic
function P(z) is sufficient for the evaluation of
the required functions. For complex values of z,
however, the series defining P(2) converges slowly.
Other solutions will be determined in the next
section; they all have the remarkable property
that they depend on the same coefficients ¢,
developed in connection with Floquet’s theorem
(except for an arbitrary normalization factor).
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Expansions for Small q ([20.36] chapter 2)
If v, g are fixed:

20.3.15

_ ¢ (5v*+7)¢*
=V +sm TR (2 —3)

(9v*4-58»*+29) ¢°
T840 10" —2) (P —9)

For the coefficients c;; of 20.3.8
20.3.16

. (v#1,2,3).

4 +7) ¢
PRy Ve o Ty

b
(»#1,2)

C2fCy=

esleo=g*32(v+1) (v +2) + .
Casfeo=(—1)*¢'T (v-41) 22T (v+s+1)+ . . .

20.3.17
ffr+2]z “H—E}Z
{4cp+1) el R

(» not an integer)

F,(2) —cn

For small values of a

20.3.18

s
cos ;-"rr=(1 _5_5’{1_'2_'_& il )

e [ora(F) ]
o (Gt )t
20.4. Other Solutions of Mathien’s Equation
Following Erdélyi [20.14], [20.15], define
20.4.1 ¢.(2)=[e'" cos (z—b)/cos (z+b)]¥Ji(f)
where

20.4.2  f=2[g cos (2—D) cos (z+bd)}},

and J,(f) is the Bessel function of order k; b is &
fixed, arbitrary complex number. By using the
recurrence relations for Bessel functions the follow-
ing may be verified:

20.4.3

d2¢k

p =4 —2q(cos 22)ox+ g(or—2Fr ) +E20:=0.

It follows that a formal solution of 20.1.1 is given
by

20-4-4 y= i 63,;‘02,;.“

f==—a
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where the coefficients ¢,, are those associated with
Floquet’s solution. In the above, » may be
complex. Except for the special case when » is
an integer, the following holds:

—4n?

Pantr—2  P-2ndr
g[cos (z—b)]?

Contr @Y —2n+tr42

(0> )

If v and n are integers, J_s, 1, (f) =(—1)"Ja,_.(f).
[‘Pﬁu+l/¢2n+r—2] = [COS (z_b)]zq/‘lng

(@-204+/@_2n4r+2] ~—4n?/q [cOs (2—D)]®

On the other hand

Com C_on —(

P —

n—
C_zn42 407 s ( =)

Con—3

It follows that 20.4.4 converges absolutely and
uniformly in every closed region where

cos (z—b)[>d,>1.
There are two such disjoint regions:

(1) S (z—b)>d,>0; (Jcos (2—5)|>di>1)
(D) F(z—b)<—dr<0; (|cos (z—b)|>d>1)

If »is an integer 20.4.4 converges for all values of
z. Various representations are found by special-
izing b.

20.4.5
If b=0, y=e™2 3 cpu(—1)"Tanrs(2q cOs 2)

(Jeos 2|>>1, |arg 2+/g cos 2| <)
20.4.6

If b=, y=n’20_m esndinsr (214 sin 2)
(]sin 2|>1, |arg 21/5 sin z|<7)

If b—=1, y reduces to a multiple of the solution
20.3.8. The fact that 20.3.8, 20.4.5, and 20.4.6
are special cases of 20.4.4 explains why it is that
these apparently dissimilar expansions involve
the same set of coefficients ¢,,.

Since 20.4.4 results from the recurrence proper-
ties of Bessel functions, Jx(f) can be replaced by
HP (f), =1, 2, where H{” is the Hankel function,
at least formally. Thus let

yi=[e'" cos (2—b)/cos (z+b)]*H (f)

where f satisfies 20.4.2. An examination of the
Tatios Youis/Ven+r—g Shows that

y= E Cznﬂi’w

will be a solution provided
lcos (z—8)|>1; [cos (2+b8)|>1.

The above two conditions are necessary even
when » is an integer. Once b is fixed, the regions
in which the solutions converge can be readily
established.

Following [20.36] let

20.4.7

Jr@)=2Z3"(@); Y,(@)=Z;"();

HO@)=29@); H?@)=Z ()

If z is replaced by —iz in 20.4.5 and 20.4.6
solutions of 20.1.2 are obtained. Thus

20.4.8

yP(2)= 33 em(—1)"Z,,(2+/g cosh )

=
(|cosh z|>1)
20.4.9

¥ (@)= 33 cnZifs,(2vgsinh 2)
fA=—o
(lsinh 2|>>1, j=1, 2, 3, 4)
The relation between y{"(2) and % (z) can be
determined from the asymptotic properties of the

Bessel functions for large values of argument. It
can be shown that

20.4.10

U @=EO/F (3l (B0

When » is not an integer, the above solutions
do not vanish identically. See 20.6 for integral
values of ».

Solutions Invelving Products of Bessel Functions

20.4.11

Y@= 3 (D)2 (VT Jans (VR
(3=1,2,3,4)

satisfies 20.1.1, where Z% (u) is defined in 20.4.7,
the coefficients ¢;, belong to the Floquet solution,
and s is an arbitrary integer, ¢;,7 0. The solution
converges over the entire complex z-plane if ¢ 0.
Written with z replaced by —iz, one obtains
solutions of 20.1.2.
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20.4.12
1 @
Mile, =3 33 Ga(—D"Z s (VTE) oo (T™)

It can be verified from 20.4.8 and 20.4.12 that

yi’(z) _
M, g O

provided ¢, 0. If ¢;,=0, the coefficient of 1/e,,
in 20.4.11 vanishes identically. For details see
[20.43], [20.15], [20.36].

If s is chosen so that |c,| is the largest coefficient
of the set [¢;|, then rapid convergence of 20.4.12
is obtained, when Z%z>0. Even then one must
be on guard against the possible loss of significant
figures in the process of summing the series,
especially so when ¢ is large, and |z| small. (If
j =1, then the phase of the logarithmic terms
occurring in 20.4.12 must be defined, to make the
functions single-valued.)

20.4.13 (A#=>>0)

20.5. Properties of Orthogonality and
Normalization

Il a(v+2p, ¢), a(v+2s, q) are simple roots of
20.3.10 then

20.5.1 J" Frunp(2)Fyas(—2)d2=0, if ps<s.
0
Define

20.5.2 ce,(z, g)=% [F(2)+F,(—2)];

se,(z, Q)=—1 % [F,(2)—F,(—2)]

ce,(z, ), se,(2, ¢) are thus even and odd functions
of z, respectively, for all » (when not identically
Z€ero).

If v is an integer, then ce,(z, q), se, (2, ¢) are
either Floquet solutions or identically zero.
The solutions ee.(z, g) are associated with a,;
se,(z, q) are associated with b,; r an integer.

Normalization for Integral Values of » and Real g
2r ir
20.5.3 J; [ee,(z, g) ]’dz=f [se,(2, Q) Pdz=m
L]

For integral values of » the summation in
20.3.8 reduces to the simpler forms 20.2.3-20.2.4;
on account of 20.5.3, the coefficients A,, and B,
(for all orders r) have the property

MATHIEU FUNCTIONS

20.5.4

243+ A3+ . . . =ATH-43+ . ..
=B+ Bt ... =B+B+ ... =1.
20.5.5

2r ox
AE‘:EI;EJ; csa,(z,q)dz;A;=%J; ce,(2, g) cosnzdz

2
B,1,=11r f se,(z, q) sin nzdz n#0
0

For integral values of », the functions ce,(2, ¢)
and se (2, ¢) form a complete orthogonal set for
the interval 0 <z<2r. Each of the four systems
ces(2), Cesrpi(2), Se:,(2), s63,.1(2) is complete in the
smaller interval 0 <z<3w, and each of the systems
ce,(2), se,(z) is complete in 0 <z<.

If ¢ is not real, there exist multiple roots of
20.3.10; for such special values of a(g), the integrals
in 20.5.3 vanish, and the normalization is therefore
impossible. In applications, the particular nor-
malization adopted is of little importance, except
possibly for obtaining quantitative relations be-
tween solutions of various types. For this reason
the normalization of F,(z), for arbitrary complex
values of a, ¢, will not be specified here. It is
worth noting, however, that solutions

ace,(z, q),  Bse.(z, @)

defined so that
ace, (0, ¢)=1; [&% Bse, (2, q)] Fu=1

are always possible. This normalization has in
fact been used in [20.59], and also in [20.58],
where the most extensive tabular material is
available. The tabulated entries in [20.58] sup-
ply the conversion factors A=1/a, B=1/8, along
with the coefficients. Thus conversion from one
normalization to another is rather easy.

In a similar vein, no general normalization will
be imposed on the functions defined in 20.4.8.

20.6. Solutions of Mathieu’s Modified Equation
20.1.2 for Integral » (Radial Solutions)

Solutions of the first kind
20.6.1

Cesryr(2, Q) =Ce2r4,(12,Q)

=§ A3;12 (g) cosh (2k+p)z
associated with a,
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20.6.2 Searss(2, ) =—18€24(12, ¢ =ﬁ0 B3i15(g) sinh (2k+ p)z, associated with b,

writing A%[12(q)=Agy, for brevity; similarly for By.,; p=0, 1,

(5

20.6.3 Cey (2, Q)= ——F5—= ;‘4( 1)*AeJ (247 cosh 2)= “”(o Q)EAMR(W' sinh z)

ce3r+1 (2 9_’)
20.6.4 Cesr1(2, ) =—=mrr— Vg AT ( 1)**14p; 15/ x.41(2v7 cosh 2)

cegr41(0, & :
=—:/g;1(§f+1q) coth 2@ (2k+1) Az 1 J541(2v7 sinh 2)

8€s, gs q) tanh z _

20.6.5 Ses(z,9) = b7 E (—1)*2k By 1(2+/q cosh z)
“zg,ﬂ) coth 2 3 2k Byl (24 sinh 2)
8€ar 11 (%l q) .
20.6.6 Sﬁz,.H (2, g) =—m;:ﬁ-" tanh 2 k;() (— 1)*(25:*""1) B2t+lJ2k+l (2@ cosh 3)

id 0
g%—*‘%%g)" fE By 1J2¢41(2¢/7 sinh 2)
See [20.30] for still other forms, -
Solutions of the second kind, as well as solutions of the third and fourth kind (analogous to Hankel
functions) are obtainable from 20.4.12.

20.6.7 Mes? (2, =23 (= 1) A3HQSe-s () Zi, (Ue) + i s W) Zi24 () Y €43
where ¢,=2, ¢,=1, for s=1, 2, . . .; s arbitrary, associated with a,,
20.6.8 MeiPi(z, @ =25 (1) ARTHDe-s() ZEs11() +Tirorn () Z2, (ue) [ A3331

associated with ay,.,

20.6.9 Ms:?(z, @)= E( D BE(Q [ (wr) 23 () — Ty s (we) 232, (ua) |/ BE;, associated with b,

20.6.10  Msiii(z, )= E( 1M B e- () 28 1) — Ty g1 (n) Z32, () )/ BRI E

associated with bs, 4
where
ur=vqe”*, ug=vqe*, Bill}, A3l¥} #0, p=0, 1.

See 20.4.7 for definition of Z{(z).

Solutions 20.6.7-20.6.10 converge for all values of z, when ¢=0. If j=2, 3, 4 the logarithmic terms
entering into the Bessel functions Y,,(u,) must be defined, to make the functions single-valued. This
can be accomplished as follows:

Define (as in [20.58])

20.6.11 In (vge*)=In (g)+2
See [20.15] and [20.36], section 2.75 for derivation.
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Other Expressions for the Radial Functions (Valid Over More Limited Regions)

20.6.12

Me? (2, §)=[ces (0, ] ;2 (—1)¥+* A2 (q) ZD (24 cosh z)

Mef®, (2, @) =[cex+1(0, 9)]* ;3 (— )M+ A2 11 (Q) Zi,1(2g cosh 2)

20.6.13

Msfp (2, ) =563,(0, 9] tanh 2 3 (—1)*"2kBE () Z5f (2 cosh 2)

Ms?, (2, q)=[se,41(0, )]~" tanh 2z E (—=1)¥*"(2k+1)B3;11(q) Z5{4 (27 cosh 2)

Valid for #z>>0, |cosh z|>1; if j=1, valid for all z.

They agree with 20.6.7-20.6.10 if the Bessel

functions Y,,(2¢* cosh z) are made single-valued in a suitable way. For example, let
2
Ynlt)== (In w) () + (1)
where ¢(u) is single-valued for all finite values of w. With u=2¢} cosh 2z, define

20.6.14

™

In (2¢* cosh z)=In 2¢t+2z+1n 3(1+e7%) 5 <arg 3(1+e7%) Sg-

(If ¢ is not positive, the phase of In 2¢* must also be specified, although this specification will not

affect continuity with respect to z.
must be compatible with 20.6.14.)

If Y,(u) is defined from some other expression, the definition

(0]
/ %M‘o (z,9)

Ficure 20.11. Radial Mathieu Function of the First Kind.

(From J, O, Wiltse and M. J, King, Values of the Mathieu functions, The
Johns Hopkins Univ, Radlation Laboratory Tech. Rept. AF-53, 1058,
with permission)

5 R
17 G Mo (29

k13
2

0.
-l-

-2t

-3

q=2.25
Derivative of the Radial Mathieu Function

Ficure 20.12.
of the Firsi Kind.
(From J. C. Wiltse and M. J. King, Derivatives, zeros, and other data per-
talning to Mathieu functions, The Johns Hopkins Univ, Radiation Lab-
oratory Tech. Rept. AF-57, 1858, with permission)

(2)
,/g_Ms, (z,q)

L

Ficure 20.13. Radial Mathieu Funciion of the Second Kind.

(From J. C. Wiltse and M. J. King, Values of the Mathieu functions, The
Johns Hopkins Univ. Radiation Laboratory Tech. Rept. AF-53, 1968,
with permission)

3
% Ms, (z,-q)

S \!‘“"25

Bwrma. — R
2 14 16 18 20

Freure 20.14. Radial Mathieu Function of the Third Kind.

(From J. C. Wiltse and M. J. King, Values of the Mathieu functions, The
Johns Hopkins Univ. Radiation Laboratory Tech. Rept. AF-53, 1968,
with permission)
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If j=1, MefP, , and Msf?, ,, p=0, 1 are solutions
of the first kind, proportional to Ces,., and Se,,,
respectively.

Thus
20.6.15

Céor (g; g) ces (0, q)

08!’(31 g) (_l)r 3r

Me; (2, q)

GB;;.H (glg ) Céar (01 Q)
(_ 1) r+lﬁAillf+I

seir 0, el (3 a)
1y aBY

3¢5r+t(0, )3€2r+1 (g’ !I)
V7
The Mathieu-Hankel functions afe

20.6.16 _
MP(z, =M (2, Q) +1M P (2, ¢)
M®(z,9)=M"(2,9)—IMP (2,9
M9 =Me¥ or Ms®,
From 20.6.7-20.6.11 and the known properties
of Bessel functions one obtains

20.6.17
M@, ,(z+1inm, q)
=(=1)"[M3?;,(2, 9 +2niM 5P, (2, 9]
MG, (z+inT, @)
=(—1"[M{P,(2, 9 — 2nM P4, (2, 9)]
M., (z+inm, g)
=(—=1)"[M{s,(2, 9 +2nM (2, Q)

where M= Mec or Ms throughout any of the above
equations,

062,-.“ (3, q)z M63,+1(3, Q)

Sex (2, ) Ms3? (2, )

Sezria(z, 9= MsfPia(2, 9

Other Properties of Characteristic Functions, g Real

(Associated With a, and b,)
Consider

20.6.18

.

=Mc® (2, Q) +Mc® (—2, q);
X Ms® (2, @) —Ms? (—2, )

Since X is an even solution it must be proportional
to McV(z, ¢); for 20.1.2 admits of only one even
solution (aside from an arbitrary constant factor).
Similarly, X; is proportional to Ms!"(z, ¢). The
proportionality factors can be found by considering
values of the functions at z=0. Define, therefore,

20.6.19
Mci"(—z, 9=

20.6.20
Ms?(—z, =Ms(z, 9 —2f,..Ms{(z, a)

—Mcf.”’ (2, Q)_gfa, rMc:(rn (Z, Q)

where

20.6.21
fs. r= _Mc?j (O: Q)/Mcin (01 Q)

d d
fo, r=[£ Ms?’ (2, Q)IE Ms{rl) (2, Q):I =

See [20.58].

In particular the above equations can be used to
extend solutions of 20.6.12-20.6.13 when #z<0.
For although the latter converge for #2<0,
provided only |cosh z|>>1, they do not represent
the same functions as 20.6.9~20.6.10.

20.7. Representations by Integrals and Some

Integral Equations
Let

20.7.1 G(u)=95 K, )V (8)dt

[+
be defined for % in a domain U and let the contour
C belong to the region T of the complex i-plane,
with t=+v, as the starting point of the contour
and t=+, as its end-point. The kernel K(u, t)
and the function V() satisfy 20.7.3 and the
hypotheses in 20.7.2.

20.7.2 K(u,t) and its first two partial derivatives
with respect to u and ¢ are continuous for £ on (!

and % in U; V and c%' are continuous in ¢,

20.7.3
DK
a: K:I 0; dt“ +(a 2q cos 2t)V=0.
If K satisfies
0 *K
20.7.4 aif-l— 5 ~—5+2¢(cosh 2u—cos 2¢) K=0

then G(u) is a solution of Mathieu’s modified
equation 20.1.2.
If K(u, t) satisfies

PK K .
20.7.5 SET 3 +2¢(cos 2u— cos 2t) K=0

then @(u) is a solution of Mathieu’s equation
20.1.1, with u replacing v.
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Kernels K;(z, t) and Ky(z, t)

20.7.6  Ki(z, t)=ZP (u)[M(z, )], (Z#2>0)
where
20.7.7 u=1/2¢(cosh 2z-+cos 2t)
20.7.8 M(z, t)=cosh (z-+1t)/cosh (z—it)
To make M™¥ single-valued, define
20.7.9
cosh (z+ir)=e* cosh z
cosh (z—im)=¢""" cosh 2
M(z, 0)=1
[M(z, m)] =e"*"M(z, 0)
Let
20.7.10 Gz, g).—_}r J; TKiw,OF,0d, (Rz>0)

where F,(t) is defined in 20.3.8. It may be verified
that K, F, satisfies 20.7.3, K satisfies 20.7.2 and
20.7.4. Hence @ is a solution of 20.1.2 (with, z
replacing %). It can be shown that K, may be re-
placed by the more general function

20.7.11
Ki(2,8) =29 15,(u)[M(2,£)] ¥, s any integer.
See 20.4.7 for definition of Z',,(u).

From the known expansions for Z7,,,(u) when
ARz is large and positive it may be verified that

20.7.12
M (z, q)=
( 1) J‘ Z )[cosh z—Ht:I F,(t)dt

cosh z—1¢

(#2>0, Z(v+73)>0)

where M,” (z, q) is given by 20.4.12, s=0, 1, "
2,70, and F,(t) is the Floquet solution, 20.3.8.

Kernel Ki(5. tya) .
20.7.13 Ki(z, t, a)=e%aw
where

20.7.14 w=cosh z cos @ cos t-+sinh zsin ¢ sin ¢

20.7.15  @Q(z,q, a,)=3-r§ e VOO (t)dt
c
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where F,(f) is the Floquet solution 20.3.8. The
path C is chosen so that @Q(z, £, a) exists, and
20.7.2, 20.7.3 are satisfied. Then it may be
verified that K;(z, ¢, a), considered as a function
of z and {, satisfies 20.7.4; also, considered as a
function of ¢ and ¢, K; satisfies 20.7.5. Conse-
quently G(z, ¢, a)=Y(z, ¢)y(a, q), where ¥ and y
satisfy 20.1.2 and 20.1.1, respectively.

Choice of Path C. Three paths will be defined:

20.7.16
Path C;: from —d,+io to dy—i=, d,, d, real
—d,<arg [Vg{cosh (z+4ia) +1}]<r—d;
—dy<arg [Vg{cosh (z—ia) +1}]<7—d,
20.7.17
Path C;: from dy—i» to 2xr+ie —d,
(same d,, d; as in 20.7.16)
20.7.18

a-" fal

Fua)Mi(z, g)_.——.sﬁ VIR, ()t =3, 4

where Mj(z, ¢) is also given by 20.4.12.
20.7.19 Path C;: from —d;+io to 2r—d, 41

-_f,..

F (@M (2, q)=*

§ 2VTOR (1)t

See [20.36], section 2.68.

If » is an integer the paths can be simplified;
for in that case F,(t) is periodic and the integrals
exist when the path is taken from 0 to 2x. Still
further simplifications are possible, if z is also real.

The following are among the more important
integral representations for the periodic functions
ce-(z, q), se.(z, ¢) and for the associated radial
solutions.

Let r=2s+p, p=0or1

20.7.20

/2
ce.(z, g):p,f cos (2@ COS 2 CO0S t—p%) ce.(t, q)dt
0
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x/2
20.7.21 ce.(z, q)=o,f cosh (2¢7 sin z sin £)[(1—p)+p cos z cos tlee,(t, g)dt
0
/2
20.7.22 se.(z, q)=p,f sin (2-@ cos z cos t+p %) sin z sin ¢ se,(t, ¢)dt
0
x/2
20.7.23 - g)=cr,J‘ sinh (247 sin 2 sin £)[(1—p) cos 2 cos t+plse.(t, g)dt
0
where

20.7.24 p,=§ Ceay (%" q) [A2(q); p=0p,=_72 €341 (g’ q) AR+ (g) if p=1, for functions ce.(z, q)
_4 [ m 5 4 T a1 i
pr="r" 5\ 5 ¢ NaB3'(Q); pr=_ 841\ 5 ¢ |B*+(g), for functions se(2, g)
a'r=§ 6323(01 Q)/Ag'(g) 'lf P":O) Jf:é Cog41 (02 Q)/A?-H (‘I): 1f p= 1; associﬂ.ted With fl]IlC-tiOIlS ce,(z, Q)

o=t 56 0,0 INTBY(D, Hp=0; = sehuss(0, ONTBY @), i p=1; associated with ser(z, 9

Integrals Involving Bessel Function Kernels

Let
20.7.25 u=+/2g(cosh 2z+cos 2t), (Z cosh 2z>>1; if j=1, valid also when 2=0)
20.7.26
1)2 1)"8 h %Z"’u os ¢
”) (2, g)_( A)gr f Z”}('u)cezr(t Q)dt Mc{{)é-l(ZJ Q)_( )TA?::;OS £ L L ( ic cezr.}.g(t, q)dt
—1)+18¢ si AT :
20.7.27 _ Ms (z, ) (=1) WETSID]J 2z J;z Z;?(u) sin i: sesr(t, g)dt
1)78g sinh z ("7 Z{? (u) sin t sezs1(t, )t
Msi +1(z Q'J (=1)" B‘i;l ZJ; 2(u) s :g2 +t( q)

In the above the j-convention of 20.4.7 applies and the functions Me, Ms are defined in 20.5.1-
20.5.4. (These solutions are normalized so that they approach the corresponding Bessel-Hankel

functions as #z—=.)
Other Integrals for Mc!V(z, q) and Ms{"(z, q)

(=2

W e AT SRS L.

20.7.28 Mc®(z,9)= 0500, f cos (2\@ cosh z cos t—p 2) ce,(t, q)dt

20.7.29 Mce (2, q)=-r,,fE [( —p)_—i—p cosh z cos ] cos (2v/¢ sinh z sin t)ee, (¢, Q)dt
0

r=2s+p, p=0, 1; 1-,=§ (—1)'{0.92. E, g): if p=0; 1-,=g (—1)**12+/g/cet, +1 (g: Q)

20.7.30 M slé‘,’“(z, q)ﬁg _ =D f sin (24/¢ sinh z sin £)ses, 11 (¢, 9)d1
e 79

20.7.31 Msiy (2, 9= = S;i_fl (Ol)q) J sinh 2 sin t cos (2y/g cosh z cos t)ses, (2, dt

20.7.32 Msi(z, 9= -J_ s(e rtf)l ) sm (2+/g cosh z cos t) [sinh z sin ¢ se; (¢, 9)ldt

20.7.33 Ms (2, q)'—4 (=D f sin (2+/g sinh z sin t)[cosh z cos t ses (¢, @)ldt

Seg, (il g)
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Further with w=cosh z cos « cos {-+sinh 2 sin « sin ¢

1N (Y- 2
20.7.34 cer (o, DM (2, 9= f ilivge, (¢, gt
0

20.7.35 se, (e, g Ms™ (2, @) =(—_—1~)§'§_—_—E)—p f!’eﬁﬁwse,(t, q)dt.
0

The above can be differentiated with respect to «, and we obtain

1V s \—2+1 2r
20.7.36 ce,(a, Q)Me® (2, q) B o Bl (7 f Vi w o ce,(t, @)dt
m™ 0 b{!
—1\e+2( \—=2+1 o
20.7.37 ol M, =0T NG f o 2 g0 (2, )dt
T o fo ]!
Integrals With Infinite Limits
r=2s+p

In 20.7.38-20.7.41 below, z and ¢ are positive.

MciV (2, g)=7,f sin (-2 Vg cosh z cosh t+4p g) MM (¢, q)dt
0

20.7.38

vi=2een (5 0) frd, i 0=0  v=20ehoss (5 0) W wli®, if p=1
20.7.39 Ms® (2, g):-y,f sinh z sinh ¢ [cos (21@ cosh z cosh t—p % :| Ms®(t, q)dt

0
A= —438;, (g.l q) /‘J&TB%', if P_—.O ‘yr=—4582,+1 (%-) q) /TFB?'-‘-l, if p:l

20.7.40 Mc®(z, )= J; cos (2@ cosh z cosh t—p g) MV (t, q)dt

'y,=—-2c£g,(%1r, Q) f‘il'A%s, if p=0 7,220‘8;,-}.1(%17, Q)/"rﬁfﬁs-‘-la if p=1
20.7.41 Ms'® (z, @)=, f sin (21@ cosh z cosh t+p %) sinh zsinh t Ms® (¢, ¢)dt

0

vr=—4se, (37, QNG 7B, if p=0 v, =4sesua(3m, Q[nB* ", if p=1

Additional forms in [20.30], [20.36], [20.15]. 20.8.2

20.8. Other Properties

Relations Between Solutions for Parameters g and —¢g
Replacing z by 37—z in 20.1.1 one obtains
20.8.1 y"' 4+ (a+2¢ cos 22)y=0

Hence if u(z) is a solution of 20.1.1 then u(}r—2)
satisfies 20.8.1. It can be shown that

a(—v, 9)=a(y, —g)=a(v, g), v not an integer
Cm(—q)=p(—1)"csm(g), » nOt 81 integer

(¢sn defined in 20.3.8) and p depending on the
normalization;

F,(z, ~—g) =pg"‘""r2F, (Z-l‘%r: Q): pg"’""‘eF,. (3'—‘%; q)
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20.8.3
a2r(_g)=a‘2r(g); b%r(ﬂq):bh(q); fO]' intEgral 4
Gari1(— @) =b2r11(Q), b2rp1(— @) =02,11(Q)

20.8.4 |
cex(2, —q)=(—1)"ces,(3r—2, @)

cesri1(2, —@)=(—1)"sesr (37 —2, @)

seri1(2, —@)=(—1)"ces,1a(3r—2, @)

sex (2, —@)=(—1)""sex(37—2, ¢)

For the coefficients associated with the above
solutions for integral »:

20.8.5
A (—q)=(—1)""Ai(2);
Bin(—q)=(—1)""Bi5.(q)
A (—@=(—1)""B3:}\(9);
i (— ) =(—1)""Az;31(9).

For the corresponding modified equation
20.8.6 y’’ —(a+2¢q cosh 22)y=0
20.8.7
MY (2, —q)=MP (z+«s L q):
M (2, g) defined in 20.4.12.
For integral values of » let
20.8.8 .
Ten (2, /=33 (— )M Aael - (i) Lnrola)
F Lo () T (u2) | Anses
Tou (2, Q)= (—1)***Basl Ly () Fara()
— Ly s (1) 1 (w2) )/ By,

Tey1n(2, 9)‘:&2:0 (=) Byl L (1) Ity (ua)
F L1 () Lo o ()] / Basa

Torn(z, g>=§ (— 1) Ay [ Lo (n) T o (02)

—1I ksl (1) Tr—s(ua)]/. A2a+l
20.8.9

Kew (2, )= éﬂ AT ) Ko (0n)
+ Ly s (un) K (us) |/ Asses
x Ko, (2, g)=§ Bl T o) Kieas (142)
* — I s (1) Ky s (12) ]/ By,
ey (2, =2 Buwnslls-s(u) Ky ()
— Ly a1 (1) Ky (Us)]/ Bay 11

*See page II
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Koy, 11 (2, q) =§ A [Li—s (1) Ko (u2)

+ Ty (uy) Ky (12) |/ Ay

where I,(z), K,(z) are the modified Bessel func-

tions, wu,, u, are defined below 20.6.10. Super-

seripts are omitted, e,=2, if §=0, ¢,=1 if s70.
Then for functions of first kind:

20.8.10
Mef¥ (2, —@)=(—1)"Tex(z, @)

Msi? (2, —@)=(—1)"Tox(2, q)
Mcsur)q-l(% —q)=(—1)"ilez+1(z, 9
Msfii(z, —@)=(—1)"tloy (2, ¢)
For the Mathieu-Hankel function of first kind:
20.8.11

Mef2 (2, —g)=(—1)"+i2 Kea(z, @
M2 (2, —g)=(—1)+i2 Kou (2, 0)
Mef®, (2, —@)= (12 Kesoia(z, @

2
MegPs (2, '”“El)*‘:(—l)'“;KOzr-g-l(Z, q)

For MY (z, —q), j=2, 4, one may use the defini-
tions

M® =—i(M® —M"); M,=Mec, or Ms,
also

Mﬁﬁ(z’ '—Q)=2M(rn (2’ _9)'—'M£m(z! "_Q)

M=Mc or Ms; for real z, ¢, MY (2, —¢q)
are in general complex if j=2, 4.

Zeros of the Functions for Real Yalues of g. )

See [20.36], section 2.8 for further results.

Zeros of ce,(s, q) and se (s, q), Mc!(z, q), Ms!(z, q).

In 0<z<,ce(z q) and se(z, g¢) have r real
Zeros.

There are complex zeros if ¢>0.
If zo=2x0+1y, is any zero of ce,(z, q), se.(2, @) in
™ ™
—§<$o<§9 then ’CT:L' 20, k‘.l'l':‘:zo

are also zeros, k an integer.



740

In the strip —-g(:cu(g: the imaginary zeros of

ce.(2, q), se.(z, q) are the real zeros of Ce,(z, q),
Se,(z, ¢), hence also the real zeros of Mc™(z, q)
and Msi’(z, ¢), respectively.

For small g, the large zeros of Ce,(z, ¢), Se.(z, ¢)
approach the zeros of J,(2v/¢ cosh 2).

Tabulation of Zeros

Ince [20.56] tabulates the first ‘‘non-trivial”
Zero (i.e. different from 0, %, r) }or ce.(2), se.(2),

r=2(1)5 and for ses(2) to within °10™4, for ¢=0(1)
10(2)40. He also gives the ‘‘turning” points
(zeros of the derivative) and also expansions for
them for small g. Wiltse and King [20.61,2] tabulate
the first two (non-trivial) zeros of Me(V(z, ¢) and
Ms(z, q) and of their derivatives r=0, 1, 2 for
6 or 7 values of g between .25 and 10. The graphs
reproduced here indicate their location.

Between two real zeros of Me (2, ¢), Ms"(z, ¢)
there is a zero of Mc® (2, ¢), Ms®(z, q), respec-
tively. No tabulation of such zeros exists yet.

Available tables are described in the References.

The most comprehensive tabulation of the char-
acteristic values @,, b, (in a somewhat different
notation) and of the coefficients proportional to
A, and B, as defined in 20.5.4 and 20.5.5 can be
found in [20.58]. In addition, the table contains
certain important ‘‘joining factors”, with the aid
of which it is possible to obtain wvalues of
Mc? (z, ¢) and Ms¥ (2, q).as well as their deriva-
tives, at z=0. Values of the functions ce,(z, q)
and se,(z, q) for orders up to five or six can be
found in [20.56]. Tabulations of less extensive
character, but important in some aspects, are out-
lined in the other references cited. In this
chapter only representative values of the various
functions are given, along with several graphs.

Special Values for Arguments 0 snd%

20.8.12
cesr (g: q)= (= 1)’ya.zr(q)A3’(q)£
Ce2r 11 (12_r’ Q):‘ (—1)r+19s.2r+1(9)Afr+1(Q) ‘/g_q
ses (’2—5 sz)=( —1)"g0.2: (@) B3 (9) - ¢ ‘/’5

8€2r41 (g’ Q)=f““1)'9a2r+1(§l)3¥r+l(€) \/3255!
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2_1
T Ge.r(Q)

Mc,‘?’ (0, Q) b _\Ejs. r(Q)/ge. r(g)

Mce® (0, 9)=

% [MC?’ (2, Q)]s-l):ﬁ‘ Ge, V(Q)
2

p 1
c_:l_é [MSS-“(Z; Q)]z'oz ‘;’-F m

Lm0 0] _=y2rt0lonto
Ms? (2, )=—g...(¢) ‘/g

The functions fp_ ry go.r:fc.rs Je,r ATE tabulated in
(20.58] for g<25.

20.9. Asymptotic Representations

The representations given below are applicable
to the characteristic solutions, for real values of g,
unless otherwise noted. The Floquet exponent »
is defined below, as in [20.36] to be as follows:

In solutions associated with a,: v=r
In solutions associated with b,: v=—7.

For the functions defined in 20.6.7-20.6.10:

20.9.1
Me® (2, q)
(—1)MsP(z,q)
e((zﬁ cosh 322 T) = D,
~ B¢ (cosh z—a)t ™0 [—4iyg(cosh z—o) "

where D_j=D_,—0; D,=1, and the coefficients
D,, are obtainable from the following recurrence
formula :

20.9.2
(m+1)Dprt] (mt3) —(m+7) 8ivE o

+2g—a:| D,,.—}-(m—%) [16¢(1—0¢*)—8ivq am]Dpy
+4¢(@2m—3) @m—1) (1—0?) Dyp_g=0
20.9.3

Me?(z, q)
(=1)MsF (2, @)
1

e—i[2\l7 cosh l—ivr—%r] o dm

~ Hg7(cosh z—a)} 2= [4ivg(cosh z—a)]"

d_1=d_=0; dy=1, and
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20.9.4
(m+1)dm+x+[(m+%)2+(m+;1;) 8ivqo

+2g—a | dut(m—3) [164(1—0?)+8i VG ol
+4¢(@m—3)(2m—1)(1—0?d,,_,=0.
In the above

—2r<arg /¢ cosh z<n
|cosh z—a| >|ot1|, #2>0,

but ¢ is otherwise arbitrary. If ¢*=1, 20.9.2 and
20.9.4 become three-term recurrence relations.

Formulas 20.9.1 and 20.9.3 are valid for arbi-
trary a, g, provided v is also known; they give
multiples of 20.4.12, normalized so as to approach
the corresponding Hankel functions H"(+/ge?),
H® (yge*), as z—=. See [20.36], section 2.63.
The formula is especially useful if |cosh z|is large
and ¢ is not too large; thus if s=—1, the absolute
ratio of two successive terms in the expansion is
essentially '

I(g-pf@-i-z)/(cosh z-!—‘l)‘.

If a, ¢, 2, v are real, the real and imaginary
components of Me®(z, ¢) are Mc"(z ¢) and
Me® (2, q), respectively; similarly for the com-
ponents of Ms®(z ¢q). If the parameters are
complex

20.9.5 Mci(z, q)=% [Mc® (2, @) +MeP (2, )]

20.9.6 Me? (2, Q=—2 (M (2, ) —Me (2, @)

Replacing ¢ by s in the above will yield corre-
sponding relations among Ms? (z, q).

Formulas in which the parameter @ does not
enter explicitly:

Goldstein’s Expansions

20.9.7

Me® (2, g) ~iMs® (2, q)

=~ [Fy(2) —iF(2))e'*[niqt (cosh z)}
where

20.9.8
¢=2+/q sinh a—% (2r+1) arctan sinh z,
Rz>0, ¢ >>1, w=2r+1

20.9.9

Fy(z2)~14————
(@) +8x/§ cosh? z

4 1 w4-86w’+1056 w'+4-22w*+57
2048¢ cosh® z cosh? z

N [ (wP+14uP+33w)

16384 %2 cosh? z

(2wt+4124uf4-1122w) | 3w®+290w* 1627w
cosh® z cosh® 2

+ +.

20.9.10

sinh z
Fi(e)~ cosh? z

4ut+44w

cosh? z

w’-|~3
32vg 512

1 "

_ (uP—4Tw* 4 667w?+2835)
12 cosh? 2z

+ (w*+505w' 412139 4-10395) }:I +

(w‘*+3 e

12 cosh® z

See [20.18] for details and an added term in
¢~%?; a correction to the latter is noted in [20.58].

The expansions 20.9.7 are especially useful when
g is large and z is bounded away from zero. The
order of magnitude of Me?(0, ¢) cannot be obtained
from the expansion. The expansion can also be
used, with some success, for z=1x, when ¢ is large,

if [cos z|>>>0; they fail at z=% x. Thus, if ¢, z are
real, one obtains
20.9-11

ce.(0, @)27*

ce,(z, q) “'W {W1[Po(2)—Pi(z)]

+W[Py(z)+Py(2)]}
20.9.12
8er41(2, @) ~se;4.1(0, @ 7Tr41 {Wi[Py(z)—Py(z)]
—W[Py(2)+Py(2) ]}

In the above, Py(z) and P,(z) are obtainable
from Fy(z), Fi(z) in 20.9.9-20,9.10 by replacing
cosh z with cos z and sinh z with sin z. Thus
Py(z)="Fy(ix) ; Pi(z)=—1F\(iz):

20.9.13
Wi=e2V02% [cog (Jz+3m)P* /(cos z)7+!

Wa=e~2V1%92 [in (z+3m)]+Y/ (cos )+
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20.9.14

e / 27— (2u?+3) (w+47w)_m]

647 1024g

See 20.9.23-20.9.24 for expressions relating to

ce, (0, q) and se;(0, q). When |cos z|>+/4r+2/gt,
20.9.11-20.9.12 are useful. The approximations

become poorer as r increases.

Expansions in Terms of Parabolic Cylinder Functions

(Good for angles close to 4, for large values of
g, especially when |cos z|<2/¢t.) Due to Sips
[20.44-20.46].

20.9.15 ce.(z, @)~ Cy[Zo(e) +Z, ()]

20.9.16
ser41(2, @)~ 8,[Zy(a) —Z,(a)] sin z,

IJetu Dk=Dk(a)=(_1)kei“2 % 8_1“2.

a=2g cos r.

20.9.17
Dr+4

w1 (2) Dv—*]

D, s ("+2)Dr+4 —1) (4)D "

+1_(15q [ 512
4315 (8) D _8] L.
20.9.18

Z, (a)"“zlé; ["i‘ Dr+z““.r(r_ D Dr—z]

D,+5_|_(T2 —25r—36)
' lﬁg 64

+r(r—1)(—r2—27r+10) D,_z—-i—s (6) Db ]

Zy() ~Dr 41—

Dr+2

64
20.9.19
; V4 2r41
a~(3) 2| 1455

r*4-2r°4-263r2-262r 108
2048¢

16334g%+ :l
Fr=6r8+ 157412807 +190572+1778r+572

*See page I,

20.9.20
5‘ 2
s,~(3) e[ 1-%5

| 428 —1217°—122r—84 4o + ]“%
+ 2048¢ 16384 ¢%

f2r=2r"4-5r'—416°—629r?—1162r—476

It should be noted that 20.9.15 is also valid as an
approximation for se,+,(z, ¢), but 20.9.16 may give
slightly better results. See [20.4.]

Explicit Expansions for Orders 0, 1, to Terms in g~¥2
(q Large)

20.9.21 For r=0:

Zo~Do— 64r+16q (__+512

41 (_99D, 3_1),, Dy ) +
47\ " 256 1256 24576)T -
—Lhp, 1 9D2
% 16@+16q 16+64
i _61.1)2 25D, 5Dw) "
Teag? 32 1256 10240/ -
20.9.22 For r=1:
_ Dy , 1 [ 3D,
Zo~D, 64{ﬁ+16g 16 +512
1 207D5 Dg Dla)
toagn\ 256 o4 24576)T
‘—Da 15Da
Zir~ 161/“+16g ~ 16 +54
1 153D, , 35D, Du)
+64q3”( 32 T 256 2048)7
Formulas Involving ce,(0, &) and se (0, q)
20.9.23
ceq(0, ¢) i «_zr( 1 , 9 )
ceo(5m, Q) 2v2 e7e 1+16{Q+256g+ B
ces(0, g)

= -2+t
ces(3m, g) 32gV2 ¢~ (1 16»,/"+1289+ )



081(0: Q)
cei3m, 9

ces(0, @)
ces(3m, q)

20.9.24

se1(0,9)
ses(3m, q)

ses(0, @)
ses(3m, Q)

sex(0, @)
ses(dm, @)
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— 427 (1+16f+256g )

64

e (i T
3 9V2¢ (1 Tovg T128¢T "

~4gy2e 2W(l_leh/‘ 2;{15{" )
~—6t 0B (1t )

802 (1~ ggggst )

8e,(0,9) 128 gyBe-1e

e, O uw- 128g+ )

For higher orders, these ratios are increasingly
more difficult to obtain. One method of estimat-
ing values at the origin is to evaluate both 20.9.11
and 20.9.15 for some ¢ where both expansions are
satisfactory, and so to use 20.9.11 as a means to
golve for ce,(0, g); similarly for se; (0, ¢).

Other asymptotic expansions, valid over various
regions of the complex z-plane, for real values of
a, ¢, have been given by Langer [20.25]. It is not
always easy, however, to determine the linear
combinations of Langer’s solutions which coincide
with those defined here.



20.10. Comparative Notations

This Volume [20. 58] [20. 59] [20. 38} [20. 30 [20. 15] Comments
NBS Stratton-Morse, ete. Meixner and Schiifice MeLachlan Bateman Manuseript
Parameters (n 20.1.1.....__..| a b=a+42g b _ A a h
' £=4g e=2v/q h2 q [}
a-r ber=a.+2g b:nn.+2q ar ar ar
br bo,=b+2¢ b, =b+2¢ b be b
Perlodie Solutions, of 20.1.1:
Even.. ... celz, 9) Ar Se.(8, 1) Ar 8™, cosz) * ce(z, b1) * cer(2, @) ce(z, 6) Sea Note 1.
[ 1 SO I "2 ¢ ") Br So(s, z) Ar8oM (¢, cosz) * 1, (2, A * 1e:(2, 9) s2,(z, 6)
Coefficients in Perlodic Solu-
tions:
Bven.. ... |AL@ ArDer® Arpr, * Af AT AT,
(5, [ SN BL(g) B Do’ (s) BFT, * B, B B,
.l , Vidz,yisthe Standard | 1 (Ar)-1 or (Br) (A2 or (Br) 1 1 1 See Note 1.
Solutlon of 20.1.1.
Floquet's Solutions 20.3.8.___.| F.(z) me.(z, b) #(2)
Characteristic Exponent._._... » =i ’ p=iv =i
N ooty of Xiouoer's | nspedned 1 f. (mes(z, M)me—r(z, M)=1
Scillgﬂom of Modified Equa- | Ce,(z, @) Age, (8 Jec (s, @) Ag,, v(3)Jer(c, cosh x) Ceclz, Q) Ce.(z, q) Cer(z, 8)
Sed(2,q) Bga. ((8)J0,(3, ) Bp..X)Jo.(c, coshz) | Se(z, q) Sei(2, 9) Ser(z, 6)
[1}] E E n -,_._i _E
Me (2, ) Vi “f 2 Jete, cosh 2 Mef® (z, b) \/ 2 Certe, 0/ Ao @ { 2 Ce (2, 0/49..)
3 2 2 2
M (2,0) LR ) /2 o, cost 2 M (2, B) V2 e, 0/Boe @ | 42 S0, 0/Bgur@)
2 Pl 2 2
P, VEiNew s /2 Nedte, cosh 2 M (2 W) V2 Ferte, 01490 > | +[7 Pevete, 0/dgu. @
. I P ’_ o
Mz, 0 VEiNow o ViMoo | M@, v 2 Gz, 01800 @ | 4/2 Gentz, 0/B0.. @)
Jolning Factors_.________.__._ V= Mc " (0, 9) Pore(®) VIr 10 2w/ Me M (0, B) (—1)«p.‘/;2m Bame as [20. 30] See Note 2.
VAL IM® (2, 0)]s guur®) VE® VAT S (2, W]e (/2B
—Me 0, 0/ Me 0, 0) fur® 2K ~MD O WMO 0,0 | o) Same as [20.30] Seo Note3.
w Iy sl
d
Ei: M P (z, 0 o Gev(z @ Same as [20.30]
& K d . .
i [§}] s
&MY (= 0 Jo.e(®) ;2 f: Bame as this volume dz Ser(2, ) =0

Nore: 1. The conversion factors A" and Br are tabulated in [20.58) along with the coefficients.
2. The multipliers p, and s, are defined in [20.30], Appendix 1, section 3, equations 3, 4, 5, 6.

3. See [20.59], sections (5.3) and (5.5).

*See page II.

In eq. (316) of (5.5), the first term should have a minus sign.
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21. Spheroidal Wave Functions

Mathematical Properties

21.1. Definition of Elliptical Coordinates

7+
E— 12_)‘ 2.

21.1.1 =" _"”

r, and 7, are the distances to the foci of a family
of confocal ellipses and hyperbolas; 2f is the dis-
tance between foci.

a=fe, b=fVE—T, o=l

b=semi-minor axis; e=ec-

21.1.2

g=semi-major axis;
centricity.

Equation of Family of Confocal Ellipses
£u+52 fl (1 <E < m)

Equation of Family of Confocal Hyperbolas

z? y"

7 (—1<n<1)

Relations Between Cartesian and Elliptical Coordinates

AL5  z=fin; y=/VE-DA—1)

21.2. Definition of Prolate Sphemidal_
Coordinates

21‘1'3

21.1.4

If the system of confocal ellipses and hyberbolas
referred to in 21.1.3 and 21.1.4 revolves around
the major axis, then

2. . A i
atp—=/" A

21.2.1
7° l—n

y=rcos ¢; z=rsin ¢; 0<p <27
where £, nand ¢ are prolate spheroidal coordinates.

Relations Between Cartesian and Prolate Spheroidal
Coordinates
21.2.2
e=ftn; y=Ffv(E—1)(1—7") cos ¢;
z=f+/(#—1)(1—n?) sin ¢

21.3. Definition of Oblate Spheroidal
Coordinates

If the system of confocal ellipses and hyperbolas
referred to in 21.1.3 and 21.1.4 revolves around
the minor axis, then

752

P y’ o
21.3.1 E’ =i S

z=r cos ¢; z=rsin ¢; 05 $<2r

where £, 7and ¢ are oblate spheroidal coordinates.
Relations Between Cartesian and Oblate Spheroidal
Coordinates
21.3.2
z=ftn sin ¢; y=f V(E—1)(1—1?); z2=ftn cos ¢

21.4. Laplacian in Spheroidal Coordinates

w503

21.4.1
hshe ©
hy 511

"=y Lot Cae 52) o
i=(58) +(5D +(3)
= bn) ( ( )

)
Metric Coefficients for Prolate Spheroidal Coordinates

21.4.2
f‘JEgﬁlrb‘v f\/E 2:h¢—fv(52 1)(1—n%)

Metric Coefficients for Oblate Spheroidal Coordinates

21.4.3

3.2 22
= =

21.5. Wave Equation in Prolate and Oblate
Spheroidal Coordinates
Wave Equation in Prolate Spheroidal Coordinates

21.5.1
vetie=2 | @) 55]4% [a-m &

52_ 0 2(£2— p2)b=()
+E—D0= 02 e —me=
1
(e=27%)

17°) 0

*See page 1L
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Wave Equation in Oblate Spheroidal Coordinates
21.5.2

2 —Y | (2 2
votie=2 @) |42 [ a-m 3

T(ezflﬁf n‘)b¢"+°’(?+”2)q’ =
1
(e=37%)

21.5.2 may be obtained from 21.5.1 by the

transformations _ )
E—>daf, c—>TFre.

21.6. Differential Equations for Radial and
Angular Prolate Spheroidal Wave Functions

If in 21.5.1 we put
cO8
@=Rmn(c; E)Snm(cr ﬂ) sin me

then the ‘‘radial solution” Rn.(c, ) and the
“angular solution” Sy.(c, n) satisfy the differential
equations

21.6.1

die [(9—1) % R,,.,.(c,.f)]

m2
'”(?‘mu_czéz"'ngl) Bon(c, £)=0
21.6.2

[ a=m 4 Sunten |

+(hmn— 6, )=0

where the separation constants (or eigenvalues)
Amn are to be determined so that R,.(c, ) and
Snslc, n) are finite at £=4+1 and #=+1
respectively.

(21.6.1 and 21.6.2 are identical. Radial and
angular prolate spheroidal functions satisfy the
same differential equation over different ranges of
the variable.)

Differential Equations for Radial and Angular Oblate
Spheroidal Functions

21.6.3
2] @+) & Rued) |

m? .
-y "'()‘mn_cgfz_ez_i_ 1) Rm(G:E)—O

2 a—m 5 Suterm]
+(hmat et

ms(c; 17) =0

753

(21.6.3 may be obtained from 21.6.1 by the
transformations ¢—-+it, e—=>Fi¢; 21.6.4 may be
obtained from 21.6.2 by the transformation ¢—Fic.)

21.7. Prolate Angular Functions
21.7.1

Siiern) =2 & Paa ()
=Prolate angular function of the first kind
21.7.2

SBle, =3 dr() Qs (n)

F=—m

=Prolate angular function of the second kind

(P7(n) and @®(y) are associated Legendre
functions of the first and second kinds respectively.
However, for —1<2<1, Pr(2)=(1—2)™d™P,(2)/
dz™ (see 8.6.6). The summation is extended over
even values or odd values of r.)

Recurrence Relations Between the Coefficients

21.7.3
[ e (ﬂx—Mn)dx+7kdx—z= 0
@m+k+2)@m+k+1)e?
W= mt2k+3) @m+2k+5)
Bi=(m k) (m-+k+1)
 2(m k) (mAE+D) —2m—1 ,
T @m+2k—1) @m+2k+3)
_ k(e—1)c?
"= @2m+2k—3)2m+2k—1)

Transcendental Equation for hna

21.7.4
U(hmu) =U,(Ama) +U> O‘mn) =0

B BTz
Ul(hm)—'}'r—hﬂm_,y’_g llu'ul r—{_hrml__ T
UB()'mn)= ﬁ?«u ﬁ?-‘+i

Yrra— Ama— YPra— Ao — o

gr k(k—1)@m-+k)(2m-+ik—1)c!
¥ = @m+2k—1)°(@m+2k+1)(2m+2k—3)

(k=2)

vp=(m+k) (m+k+1)

" 4m2—
+“{1 (2m+2k-1)(2m+2k+3):| (k20)

(The choice of » in 21.7.4 is arbitrary.)
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Power Series Expansion for Ana

21.7.5
Alm: =i lEkc”
k=0

le=n(n+1)
(2m 1)(2m+1)
12“*[ —1)(2n+3)
=== m+1)(n-m+2)(n+m+1)(ﬂ+m+2)+(n-—m—1)(ﬂ—m)(n+m 1) (n+m)
= 2(2n+1) (2n+3)°(n+5) 2(2n—3) @n—1)°(2n+1)

li== (S —1) [(ﬂ“m+1)(ﬂ—m+2)(ﬂ+m+1)(ﬂ+m+2) (n—m—1) (n—m) (n+m—1)(n+m)
b= @n—1)@n11)@2n+3)°@n+5)@n+7)  (@n—5)(@2n—3) (2n—1)*2n+1)(2n+3)

=2(4m’— 1)”A+ B+ C’-I- D

(n—m—1)(a—m)(n+m—1)(n+m) (—m+1)(n—m+2)@n+m+1)@n+m+2)
@n—5)2(2n—3) @n—1)"(2n+1)(2n+3)*  (@n—1)*(2n+1)(2n+3)"(2n+5)(2n+7)*
pg_n—m— 3) (n—m—2) (n—m—1) (n—m) (n+m—3) (n+m—2) (n+m—1) (n+m)
@n—7) (2n—5)"(@n—3)° @n—1)*(@n+1)
_(— m+1) (n—m—+2) (n—m—+3) (n— m—+4) (n+m-+1) n+m+2) (n+m+3) (n+m-+4)
(@n+1) (2n+3)*(2n+5)*(2n+7)*(2n+9)

(n—m+1)’(n—m+2)’(n+m+1)’(ﬂ+m+2)’ (n—m—1)*(a—m)*(n+m—1)*(n+m)*
(2n+1)*(2n+3)"(2n+5)* (2n—3)*(2n—1)"(2n+1)*

D— (n—m—1)(n—m)n—m+1) m—m+2) (n+m—1)n+m)(n+m+1) (n+m+2)
@n—3) (2n—1)*(2n+1)?(@n+3)*(2n+5)

A=

Asymptotic Expansion for Ann o Refinement of Approximate Values of Amn
21.7.6 L1 q . If A\ is an approximation to An, obtained either
%m(c)=cq+m —5 (@+5)—gy; (@ +11—32m7) from 21.7.5 or 21.7.6 then
LT (33q‘-!—1594q5-|—5621g) gl
¢ _128’ w7 | o _Ui0) +TU ()
128 (37g’+167q)+ i As+4;
1F3 BT BTB7-2 B7BT-287-4
—7i | 3 (83¢" +4940¢" +43327¢*+-22470) A=1+ st e St NN T
m? 3m! ¥ )2 2
— 22 (115¢*+1310¢+735) + 2~ (¢*+1) _ (N7 (NPuNTLD? | (NPNTNTe)
512 - Be= BT+2 B T BY 4287+ : BTy aBr+ BT xe

g [ -
(527q’+51529g=+1043961g8
10242 N — @m+r)2m+r—1)e* d. r>2)

(5739¢°+127550¢° T 2m42r—1)(2m+2r+1) d. 2 =

- r(r—1)(@m+r) @m+r—1)¢*
+2989519:)+512 (35552’4—1505;1)——"- +0(c™") B =@m+2r—1)?@m+2r+1)@m+2r—3)

g=2(n—m)+1 (r22)

+22415999) — 35024 1024
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Evaluation of Coefficients

Step 1. Calculate N7's from
21.7.8

N™ =" A B"; (r>2)

N7=v3—Mnj NT=1""—Dnn
yr=(m-~+r)(m+r-+1)
+5¢[1

Step 2. Calculate ratios & and 2~ from
dﬂr d‘Bﬁ+1

4m2—1

_(2m+2r—1)(2m-{—2r—i—3)] 20

nre =D& (%)
21.7.10 f:l— d") :;) g:::)

and the formula for N7 in 21.7.7.

The coefficients d™ are determined to within
the arbitrary factor d, for r even and d, for r odd.
The choice of these factors depends on the normal-
ization scheme adopted.

Normalization of Angular Functions
Meixner-Schifke Scheme
1 2 (ndm)!
.

21-7-1]. J'_.l [Smu(c, T})] d'l] 27Z+1 (n_m)!
Stratton-Morse-Chu-Little-Corbaté Scheme

2 ! !
> (r—i- m)! , etm)

r=0,1 o (ﬂ'_ m)‘

21.7.12

(This normslization has the effect that Sna(c, 7)—
P7(n) as 2—>1.)

Flammer Scheme [21.4]
21.7.13

(—1)'7 (n4-m)!
on (ﬂ—zm)!(n—;m !

(n—m) even

Snalc, 0)=Pr(0)=

21.7.14
n—m—1

(=1 * @tm+1)!
on (n—r;z—l) I (n-l—f;t+1)1

(n—m) odd

Smale, 0)=P7'(0)=

The above lead to the following conditions for
dr:m

21.7.15
(1) 7 (at+m)!

gen TR

(n—m) even

ir (_ )ffB(r+2m) dmu

O

21.7.16
= (=1)'F (r+2m+1)! dmn

ey

(=) (-t m41)!

“‘2,,_m (n-- rzn—l) | ('n-’r ”-;L-I—l) |

(The normalization scheme 21.7.13 and 21.7.14 is
also used in [21.10].) g

(n—m) odd

Asymptotic Expansions for Sna(c, n)
21.7.17
Smale, 1)=Q1—1)Unalc, 1)

(c—=)

l=n—m

Una(@)= 3> hDiy,(2)

f=—2co

where the D, (z)’s are the parabolic cylinder fune-
tions (see chapter 19).

D,@)=(— 1yt L, o=np-ring-i, (ﬁ)

and the H,(z) are the Hermite polynomials (see
chapter 22). (For tables of ki, [k} see [21.4].)

Expansion of Saa(c, n) in Powers of 7

21.7.18
Smn(c: "?) = (1 B .qa)m,‘z é '1 P‘:“(G)‘q'
(r+1) (r4-2)p72e(c) — [r(r+2m~+-1) +m(m+1)

— Amal0) 127" () —*p722(€) =0

(The derivation of the transcendental equation
fOr Mg is similar to the derivation of 21.7.4 from
21.7.3.)

Expansion of Sna(¢, 7) in Powers of (1—n%
21.7.19

Snale, n)=1—2")™ 22@:(1-&)* (n—m) even
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21.7.20
S (e, n)=n(1—2%)""* ?:_0 g (1—n")*

. 1 (2m+2r) 1\ e
C2k 2”‘&1(m+k)'§ (2n)! & r)k(m-l—r+2)kd’£‘,

(n—m) odd

(n—m) even

Cz2x =

2 (2m-+2r+1)!
2“kf(m+k)! = (2r+1)!

(= (et rb ) dst
(n—m) odd
(@)r=ala+1)(@+2) . .. (a+k+1)
(The dr™'s are the coefficients in 21.7.1.)

Prolate Angular Functions—Second Kind
Expansion 21.7.2 ultimately leads to

21.7.21 :

S, =23
r==2m, —2m+1

dv:m Qg+ T (73)

> A Prna(n)

r=2m-+-2, 2m--1

(The coefficients d7* are the same as in 2L.7.1;
the coefficients d7 are tabulated in [21.4])

21.8. Oblate Angular Functions

Power Series Expansio;x for Eigenvalues

21.8.1 Apn =3 (—1) "y
k=0

where the {,’s are the same as in 21.7.5.

Asymptotic Expansion for Eigenvalues [21.4]
21.8.2

Amn=—02+2¢(2v+m—+1)—2v(p+m-+1)
_(m"i" 1) +Amn

r=% (n—m) for (n—m) even;
y=5 (n—m—1) for (n—m) odd
Am=:f__l)ﬁk"”c“
prr=—2"q(¢"+1—m?)
gpn=—2-95¢"+10¢*+1—2m*(3¢>+1) +m']

SPHEROIDAL WAVE FUNCTIONS

fmn— —2-9(33¢"+ 1142+ 37— 2m*(23¢°+25)
+13m']
prn= —2"1(63¢%+ 340¢* +239¢*+ 14
—10m2(10q‘+23q2+3)+m‘(39g2—18)-—2m°]
prr=v(v+m)az'+(+1)(p+m+1)a!
g=n+1 for (n—m) even; g=n for (n—m) odd

(For the definition of " see 21.8.3.)

Asymptotic Expansion for Oblate Angular Functions

21.8.3

Spunl—ic, Mn(l—n?)™? 33 AP (e~ i [2¢(1—n)]

A=—p

+(—=1)r Mt LT, [2c(1+n)]}

where the L{™ (z) are Laguerre polynomials (see
chapter 22) and

Amu @
A§;=§ afr(m:ﬂ)c“k

(Expressions of &,‘*’ are given in [21.4].)

21.9. Radial Spheroidal Wave Functions

21.9.1
] . 7 (2m+r)‘ m}—l P21 \™?
RoCH=4 3 & (5F)

- *
'Z’ ,ir+m—l'- Lz%'j—_?')_ d’;.“‘Z,f.plr(GE)

r=0, 1

ZP(2)=4/5; Jane) (=1

SWES AW0

(J,1+3(2) and Y,44(2) are Bessel functions, order
n+3, of the first and second kind respectively
(see chapter 10).)

(p=2)

21.9.2 R®(c,&)=RX(c, &) +iRmle, &)
21.9.3 R¥(c,t)=RM(c,&)—iRm(c, )

Asymptotic Behavior of RW.(c, &) and Bp(c, &)

21.9.4 R®(e,£)— ~ cos [ct—3{+1)n]
[ ] C£

21.9.5 R (e t)— — sin [ct—3m+1)7]
e €

*See page IL.
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21.10. Joining Factors for Prolate Spheroidal Wave Functions

21.10.1
Sle, )=xm() Ba(e, £)
_ @ntytm)! z"' & (2m+-r)lfr! 2m+3) (a+m+1)! é dmm(2m 7)1
Km(c)—2"“""‘(1”"‘(c)c"‘m'( m) (n-l-m 2o (o) o™i (n_fgﬁl)!(ﬂﬁﬂ?;_kl)l
(n—m) even (n—m) odd
21.10.2

Sile,£) =xm) Eiale, §)

2-mem)! (57N (52 0 - oty

nn ) @2m—1)m!(n+m)le™! § a4 (n—m) even
s n— m 1 n+m-+41
! ) ( )'dmm“(c) ’ (2m+?‘) dm d
- (2m—3)(2m—-1)m?(n+m+])rcm— Zal‘ (c) (n—m) odd

(The expression for joining factors appropriate to
the oblate case may be obtained from the above
formulas by the transformation c——1ec.)



21.11. Notation a‘,]r
Notation for Prolate Spheroidal Wave Funclions (53]
Ang. Inde- Ang. wave Rad. wave Normalization of angular Remarks
eoord Rad. coord. | pendent function funection Eigenvalue functions
variable
\ 4
Stratton, Morse, | n £ h Swilh, 7) Jemi(h, £) Ani(h) Smilk, 1)=Ppr(1) I=Flammer’s n
Chu, Little and nemi(h, n1=Amn
Corbaté ml
Flammer and this | » £ ¢ Smalc, 1) R& (e, &) Amn(C) Sma(c, 00=Pr(0) (n—m) even
chapter Sunlc, 0)=P2'(0) (n—m) odd
Chu and Stratton | 5 £ e S¥e, ) R, & At S (e, 0)=P=1(0) (I even) I=Flammer's n—m
" 8 (e, 0)=P24(0) (I odd) Apt=—Am, n=m
i PSy S, N, ! AR (%) =Amale) —
Mglcxﬁ:;fli‘:nd n £ Y Sn (m, ) (& v (7’) f_l [PS:'(I',', T’)Pd’? (’Yz) (e)—¢ "
2 (ntm! o
) T 2n+1 (n—m)! E
=
Morse and Fesh- | y=cos & | ¢=cosh u h Sai(h, ) jea(h, £) A [(Q =) =28 (R, 7))p=1 {=Flammer’s n =
bach nemi(h, & =[P (Dot | A=A g
hc‘f(h: 9 e
Page £ L] € Un(8) Vim(n) Qlm [(A—=8)"m1U 1 (£)]=1 {=Flammer’s n 4
p{h(ﬂ) == Atm=An— 2;'
Gim(n) =
Notation for Oblate Spheroidal Wave Funciions a
Stratton, Morse, ) £ g Smilig, ) jemi(ig, —ib) At Smilig, 1)=Pr(1) l=Flammer’s n s
Chu, Little and m1=Amn =
Corbaté 2
w
Fl&mmer and th.iﬂ n 'E c S,“(—‘ic, ’?) Rﬁl( _iG, ':i) Aﬂll(_'ic) Sﬂu(_icio) — P:(O)
chapter (n—m) even
Sun(—ic, 0)=FPr'(0)
(n—m)odd
Chu and Stratton | 5 I3 ¢ SW(—1e, n) R (—ie, 10 B, (—-:c, 0)=Pz(0) (I even)| I=Flammer’s n—m
3‘ —ic, 0)=P2.(0) (I odd) n=—Am, n=m
Mei d = N(—4¢, 1 m(— ol 1 (=9 =Ama(—1 e
g’:ﬁlae;k:n n £ Y ‘PS:(’F: 7’) ‘s: ( 7§, "7’) )'n( Y ) Ll [,ps: (‘h _T’) Pd"? ( b 4 ) ( ‘:c) -+
2 (n4+m)!
T 2n+1 (n—m)!
Morse and Fesh- | y=cos 9 | f=sinh u g Snilig, 7 jemi(tg, —1ib) P [1— n’)""“"S..a(tg, ) Ja=1 I=Flammer's n
bach némi(ig, — i) =[P (1)1 | Ami=Armn
emi(ig, —1if)
. (9
Leitner and n ¢ € Ut () vim(£) alm [(1 =920 1 (n) 1= I{=Flammer’s n
Spence & lm=— Amu"i_c’

The notation in this chapter closely follows the notation in [21.4].
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22. Orthogonal Polynomials

Mathematical Properties

22.1. Definition of Orthogonal Polynomials

A system of polynomials f,(z), degree [f(z)]=n,
is called orthogonal on the interval ¢<z<¥,
with respect to the weight function w(z), if

22.1.1
Jw w(x) fn(2) fru(2)d2=0
’ (n#m;n,m=0,1,2,...)

The weight function w(z)[w(z)>0] determines
the system f,(z) up to a constant factor in each
polynomial. The specification of these factors is
referred to as standardization. “For suitably
standardized orthogonal polynomials we set

22.1.2

f b w(2) fa(@)dz=hn, fa(@)=knz"+hpz" "'+ . ..
(n=0,1,2,....)

These polynomials satisfy a number of relation-
ships of the same general form. The most
important ones are:

Differential Equation
9:(2) fr' +91(2) fut-anfn=0

where g;(z), ¢:(z) are independent of n and @, a
constant depending only on 7.

22.1.3

Recurrence Relation

22.1.4 f,,,+1=(a,.+a:b.)f,.—c,\f,._1
where
22.1.5
___kn+1 _ :s+l ) ri-lku lh
=g SRS T My
Rodrigues’ Formula
1 n
22.1.6 Ja= e dx {w(a:)[g(z)] }

where g(z) is a polynomial in z independent of n.
The system {%i—"} consists again of orthogonal
polynomials.

(1.5:.5)
Py ()

,‘tr.s,-,ﬂ

(15,81
/

Ficure 22.1.
a=1.5, f=—.5, n=1(1)5.

Jacobi Polynomaials PP (z),

773



22.2. Orthogonality Relations

VLL

Talz) Name of Polynomial| a b w(z) Standardization h, Remarks
2. (o, B) . i N 8 (o, B) = ﬂ+ﬂ) PetA+ Tinta+1)P(n+8+1) _ _
2221 | PO (z) Jacobi 1 1| G=z)e(1+2)¢ | Pe»() ( ) | T e | 2> L1
; = _ alf(n+q)T(n+p)T(nt+p—g+l) p—g¢>—1,¢>0
22.2.2 G.a(p, ¢, 7) Jacobi 0 1! (1—z)e-aget ka=1 (2n+p) T (2n+p)
2223 | C9(z) Ultraspherical =1 1] (1—zt)et co() sF o Diatda) g a>—1}
1 ]
(Gegenbauer) 4+ 2a—1 nl(n+a)[T(a)]
")
ta;éﬂ)
com=2, 2r a=0
cP(M=1
= n#0
22.2.4 To(x) Chebyshev of the | —1 (1—zn-4 T.(1)=1 2
first kind —0
w n=
Chebyshev of the — — 7 — *
22.2.5 Un(z) D 1 (1—xt) U.()=n+1 :
Chebyshev of the _ e L 4w n>=0
22.2.6 Co(z) first kind 2 (1 : Ca(2)=2 SO
Chebyshev of the M\ 4 _
2227 | Su@) wbyshey of —2 (1—;) 8.(2)=n+1 .
C ' ' L7 n =0
Shifted Chebyshev 1 1y 2
22.2.8 T*(x) S8 tho Bt e 0 (z—2z%)} T*(1)=1 {2
p : x =0
Shifted Chebyshev . *
22.2.9 U*(z) of the second 0 (z—2%} U*()=n+1 I
kind 8
Legendre - _ 2
22,210 | P.(z) (Spherical) 1 1 P (1)=1 ot
22.2.11 P*(z) Shifted Legendre 0 1 ﬁ

*See page Il

TVYNODOHIHO
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22.2. Orthogonality Relations—Continued

22212 | LE(2) Gef‘;;ﬁi:fg 0 e=uze k=t Hetadl) a>—1
22.2103 | L) Laguerre 0 e ko= {_RP 2 1
22.214 | Ha(z) Hermite — = e ea=(—1)" Vr2nn!
22.2.15 | He,(z) Hermite — e"$ ea=(—1)" V2mn!
it 22.3. Explicit Expressions
[alz)=d, i Emfm(2)
m=(

Jal(z) N dy i gm(z) ka Remarks
2231 | P&A(2) n -2'; (’”‘“) ("'H’ @—1)rm(z4+1)m —21 (2"""“""’) as=1, g>—1
2233 | Gup, g 1) n ‘%ﬂ__%% i (m) l‘[‘(z;-il-_in ”r:;) P p—g>—1, ¢>0
2234 | C@(2) :’-2‘ ?'(]:) (=)= :j‘;‘TJF_”;?”? (22) n-2m % P(l‘j‘(j}“) s —%, arkD
2235 | C0() [% 1 (—1)= f,:’,(',;’_”_~—;3—: (2z)n-2m % n=0 a0, CO(1)=1
22.3.6 | Ta(2) :g —g | (—1)m i:i'(_n—?f;nlr;_: (2) n—1m 9n-1
2237 | U@ :’-;] 1 (—1)m ;f("n:—% (22) n-tm 2n
2238 | Pa() [g] - (— 1) (:‘) (2";2”‘) H 2(_‘2%31_;;
2239 | Lo(x) 1 (—1)m (:_“'_':; L 2= =1k &=
22.3.10 | H.(x) [g] n! (—1)m mrl‘m (2g)n-tm 2n see 22.11
22.3.11 | Hen(z) [Ez] - (—1)m m e .

STIVINONATOd TYNODOHLHO

GLL
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{a,=.5)

1

(x)

1.5

Fioure 22.2. Jacobi Polynomials Pl=#(z),

Fieure 22.3. Jacobi Polynomials Pl (),
a=1.5, f=—.8(.2)0, n=5.

= =1.5

a=1(.2)2, f=—.5, n=>5.

PB"‘" F}m

A

Explicit Expressions Involving Trigonometric Functions

n
fa(cos s)=Z)u Gm €08 (n—2m)8
m =l

falcos ) Gm Remarks
@ T(a+m)I(a-+n—m)
22.3.12 | C¥'(cos 9) ml(n—m) [T (@) a#(
1 /2m 2n—2m
22.3.13 | Pa(cos 6) = ( m) ( n—m
2
22.3.14 O (cos &)= cos né
22.3.15 T(cos 6)=cos nd
_sin (n1+1)6
22.3.16 Un(cos O)=—_—
¥

3

F1Gure 22.4. Gegenbauer (Ultraspherical) Polyno-
mials C{*(z), a=.5, n=2(1)5.
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22.4, Special Values

fa(z) fa(—2) fa(1) fa(0) folz) filz)
224.1 | P&P(a) (—1)"PE(z) ("’I“) ¥ 1 %Ia“3+(a+ﬁ+2)3]
oy 0, n=2m+1
242 | 0@ 100 | (TR ey 1| e
b @ "=
2 (1= n=2m#0
2243 | C() (—)CP(z) 5 n#0 m 1 2
0, n=2m+1
244 | T,@ (—1)*T o (2) 1 T 1 |2
2245 | U (—1)"U () n+l ("‘)" n=m 1 2
- s 8 0 n=2m+1
(=1)= 1}"' 2m -
224.6 | Pa@) (—1)"Pa(2) 1 ) i 1 |z
0, n=2m-+1
2247 | L9®) "+“ 1 —gdedtl
(2m)
1)m 3 2
2248 | Ho() (—1)Ho(2) =1 St 1|2
=2m+1
C;m:xl .
y 22.5. Interrelations
1.5 Interrelations Between Orthogonal Polynomials of the
- A Same Family
_ c o Jacobi Polynomials

L6l
Cs

Ficure 22.5.

-5

Gegenbauer (Ultraspherical) Polyno-

mials C{®(z), a=.2(.2)1, n=35.

*See page II.

22.5.1

(@, 8 I'Cn+a+p+1) z+1
P (1,81, 5)
22.5.2

T
6u(p, 0, 2) ="t B Py-e e 2—1)

(see [22.21]).
22.5.3

Fulp, 2)=(=1)"n! s Po=ee-0@z—1)

(see [22.13]).

Ultraspherical Polynomials

22.5.4 O (@)=lim 2 0(@)
Chebyshev Polynomials

255  T@)=10.00=T1(*%)

22.5.6 T (@) =Un(z) —2U, -1 (x)
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22.5.7 To(@)=2U -1 (2)—U,_o(z)
22.5.8 Tn(x)=% [U,,(Z)—U,,_.g(t)]
2259  U.(2)=S,(2z)=U* (%‘)
22510 Ups(2)=p—; [270(®) —To41(2)]
22511 C,(c)=2T, (-g)»:z T* (%2)
22.5.12 Cr(z)=87(2)—Sn2(z)
22513  S,(z)=U, (g)zU: (”?)
22.5.14

T3 (@) =Ta(2s—1)=% C,(42—2)
(see [22.22]). '
Uk(z)=8,42—2)=U,(2z—1)
(see [22.22])-.

22.5.15

Generalized Laguerre Polynomials

22.5.16 LO(2)=L.(z)
22517 L& (@) =(—1)" L [Lon(@)]
st n d:c”' n<m

Hermite Polynomials
22.5.18

Hen(z)=2""*H, (%)

H,(z)=2"*He,(2/2)

(see [22.20]).
22.5.19

(see [22.13], [22.20]).

Interrelations Between Orthogonal Polynomials of
Different Families

Jacobi Polynomials
22.5.20
a-tab (L (2O T(atn+d) .
Pf! )(z)_‘r(za_l_n)r(a_i_%) O,i)(Z)
22.5.21
Pi(v;“' ”(I) = _{%)uﬂ. (,;;igl) ( ;!:Zi)

21 (@t D
B g (/5

22.5.22 P& ‘“(:r)—( P

POLYNOMIALS
22523  Plhb(g -(2”' T, ()
22.5.24 PO (5)=P,(z)
29,595 Ultraspherical Polynomials
i r O it e
O3 @) =TS Pie-icoh 22 1)
(a50)
22.5.26
Ci2(2) = P“;*(;’;'E;mﬁ,* 2P (222 1)
(2#0)
22.5.27
(o _P(a+i)r(2a+n) a8, a—-4)
O (=T s ot P b= )
(a50)
22.5.28
0P @=2Tu)=2 LB VAP D)
Chebyshey Polynomials
22529 Tisa(o) = ‘_[1) ZPCH (227 1)
_ T pahgpr
22530 Usn(@) =g T PA 0 @2*—1)
nlyw 4
2531 T,@)=5 +=})P b (2)
(1)
22532 Us@ =310, 1 P¢b(2)

Tnfl}

Ficure 22.6. Chebyshev Polynomials Th(z),

n=1(1)5.

*See page II
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Legendre Polynomials
22.5.35 P,(2)=P9%(z)
22.5.36 P, (2)=C{'?(z)

22.5.37

L P@I=13...em—1)0"PE)  (m<n)

Generalized Laguerre Polynomials

22.5.38 LV (g) =570 22?. H,(vz)

22,539 Lum@)=—U" g (6

.3
Ficure 22.7. Chebyshev Polynomials U,(z),

LG
n=1(1)5.
% Hermite Polynomials
22.5.33 T,(2)=% 09 (2) |
92.5.40  H,\(2)= (—1)"2mm! LSV (57)
22.5.34 U.(z)= cw (z)

22.5.41 Hypyy(2)=(—1)"2m+1m a LY/ (2?)
Orthogonal Polynomials as Hypergeometric Functions (see chapter 15)
Ja(@)=dF(a, b; c; g(z))

For each of the listed polynomials there are numerous other representations in terms of hyper-
geometric functions.

Ial@) I d a b c g(z)

nEG | 200 "3 —n ntatstl | atl L
22.543 | PP (z) (21;4—:-}-,3)(%1)-‘ —n - —f—a —2n—a—p I_E:c
e P (G5 C - N I P U
e | PR (Y —n —n B+1 =
22546 | C9@) ) —n nt2a at 3-e
22547 | To(2) 1 iy n 3 L;_x_
22548 | Ua(») n41 —n nt2 ¥ 3 1;:
22.5.49 | P,(2) 1 i _— " 1;:
22.5.50 | P,(z) (2:')(%%_1,)" . o By 1_35
22.5.51 | P,(z) (Qn) (g)n _% l%n P %

22.5.52 | P,.(2) (=1ynEmE -5 Atd 3 o

A (nl)?

22,553 | Prani(@) = 1)"(22::?;11)113 —n nt+3 3 a
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Orthogonal Polynomials as Confluent Hypergeometric
Functions (see chapter 13)

22.5.54 L& (z)= ”‘I"‘ (i1, 2)

Orthogonal Polynomials as Parabolic Cylinder
Functions (see chapter 19)

n 2
22.5.55 H,(z)=2"U (2 g™ ; T

92.5.56 Hiym(z)=(—1)" %l' M (—m, : f)

22.5.57
2
+ Himn@=(1m E o0y —m, 3, o)

Prix)

=X

=-.5

Ficure 22.8. Legendre Polynomials P,.(z),

ﬂ.:?(l)f).

*See page IL

POLYNOMIALS
22.5.58
H,(x) =2"161D, (/32) =220 (—n—1 2 )

22.5.59 He, (%)= ¢*D,(z)=e™1U (_n_%, z)

Orthogonal Polynomials as Legendre Functions
(see chapter 8)

22.5.60
0 (e =
Tlat+HT@atm)[1,, T3
PR [¢ 0] pi 0
(@70)
Ln(x)
3t k2
2_
L
°& AL 74 A R w S S
-l
Lg Ly

-2L

Ficure 22.9. Laguerre Polynomials La(z),
n=2(1)5.

Hpix)
I'I‘

ﬁ(x)

Hermate Polynomials —=—

Ficure 22.10.

n=2(1)5.
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22.6. Differential Equations

@y +a @)y +g@y=0

781

¥ () gi(x) go(2)
22.6.1 | P& (z) 1—-22 | B—a—(a+B+2)2 nn+a+64+1)
22.6.2 (1—z)=(1+x)8P%-# (x) 1—22 | a—B+(a+8—2)2 (n+1)(n+a+8)

adl ﬂj
22.6.3 (1—2)7 (142) 7 P9 () 1 0
a a
22.6.4 (sin 1;) M(coa % " P‘:"" (cos z) 1 0
22.6.5 C™ (z) 1—z? —(2a+1)z

2266 | (1—)" 9 (@)
22.6.7 (l—z’)%+'l' ) (z)
22.6.8 (sin z)*C'®(cos z)
22.6.9 TW(x)

22.6.10 T n(cos z)

22.6.11 WTI—:; Tw(z); Un-a(z)

22.6.12 Un(2)
22.6.13 | P.(2)

V1—2z'P,.(z)

22.6.14

22.6.15 | L (2)

22.6.16 Fim x“"’L,‘,“’(m)
22.6.17 e = aglatD/aL (@ (x)
22.6.18 ez f2p®ty L (@)

22.6.19 | Ha(z)

el

¢ 2Hn(z)
22.6.21 | Hen(2)

22.6.20

1=z (2a—3)x

1 0
1 0
1—z2 —Zz
1 0
* 1—x —3z
1—z2 —3z
1—2z2 — 23
1 0
z at+l—z
* T 241
1 0
1 0
1 —2z
1 0
1 —T

1 1—at 1 1—52

;(l-—:)‘ fi(l+.z)“
+2ﬂ(“+a+ﬁ+l)+(a_—}'ll§j‘_l_)

2(1—12%)

— 45?7 | —482
14a+ 8

i % g
16 sin 3 16 cos 3

Wttty
n(n+2a)

(n+1)(n+2a—1)
(n+a)? 2+40—4da’+2?
1—z2 4(1—z%)?

al(l—a)
sin? z

(n+e)?+

n?

nt
nt—1

n(n+2)

n(n+1)

n(n+1) 1
-z -2

n

2
a &

2nta+tl 1—a® 1

2x +4.:‘ 4

1— 4ot
dn+2a+2—2t4 5
2n

2n+1—z2

n

*See page 11,
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22.7.

Recurrence Relations

Recurrence Relations With Respect to the Degree n
@1nfui1(Z) = (@3t 03a%)fa(2) —G4nf a—1(2)

In Gin Gan aan Gun
22.7.1 Pl (z) 2(n+1)(n+a+B+1) (2n+a+p+1)(a®—BY (2n+a-+B)s 2(n+a)(n+p)
(2n+a+8) @2n+a+8+2)

22.7.2 Ga(p, ¢, 7) (2n+p—2)(2n+p—1) | —[2n(n+p) +{ % E;p;pl_)—] 2, (21%{ 3;‘ zf{_ —102141) ﬂ(n(j;i ;}_) gi&-n?_l_-;i 9
22.7.3 Ci®(z) n+1 0 2(n+a) n+2a—1
22.7.4 T n(z) 1 0 2 1
22.7.5 U, (z) 1 0 2 1
22.7.6 Salz) 1 0 1 1
22.1.7 Calx) 1 0 1 1
22.7.8 Th(x) 1 —2 4 1
22.7.9 Ui (z) 1 —2 4 1
22.7.10 | Pa(@) n+1 0 2n+1 n
22,711 | Pi(=) n+1 —2n—1 dn+2 n
22.7.12 | L%(z) n+1 2nta+1l —1 n+a
22.7.13 H.(z) 1 0 2 2n
22.7.14 | Hea(z) 1 0 1 n

Miscellaneous Recurrence Relations Ultraspherical Polynomials
pp.7gE Jacobi Polynomials 22.7.21

(nt+g+5+1) a—a)Pero@)

22.7.16

= (et 1)P,@P (@) —(1+ )P SR @)

(n+g+§+ 1) (14+2) P A+ ()

22.7.17

(1—2)P{+2 @)+ (1+2)Pr+t (2) =2P42 (2)

22.7.18

= (n+HB+1)PEP @) + (0t P (2)

@n+a+HPEP @)= (n+a+HPE @)

22.7.19

—(n+B)P2f (z)

(2n-+ at-B)PEH-D (@)= (n+a+B)PEP (2)

+(n+a) PSP (z)

22.7.20 Pp-3(g)—Pr-18(g)=P%p (z)

22.7.22

m.?.%

22.7.25

22.7.26

22.7.27

22.7.28

*Hee page II

2a(1—2%) 0P (2) = (2a+n—1) 0, (@) —n2Ci® (z)

=(n+2a)zC (z)

—(n+1)C%(z)

22.7.23 (n+a)0%P (z)=(a—1)[CR\ (z)— O ()]

Chebyshev Polynomials

2(32— 1) Um—l (3) Un-l(x) — Tu-l-m(z) = Tn—m(x) (
n
2T (@)U n—1(2) =Unsm-1(2) +Us-n-1(2)

2Tn (3)Um—! (3) =Un+m—l(3) —Up—m-1 (z)

sz(z) T.(.?.‘) —= Tﬁm(z) + Tu—n(z) (ﬂ.Z m) *

>m)

(n>m)

(n>m)

2T (@)U ny (@) =Usn-1(2)
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Generalized Laguerre Polynomials

22.7.29

Lt (:.c)=£ [(@—n) L& (@) +(@+n) L2 ()

22.7.30

LY (@)=L (z)— La2i(2)

22.7.31

783

L,F:*“(z)=% [(nta+1) L (z)— (n+1) L1 ()]

22.7.32
@0 () =L (@)
L (2) = [(n+ 1) L,

22.8. Differential Relations
1) 12 (2) =01 @) 0) +0o(2) a1 )

(x)— (n+1—2) L (z)]

fn g g g
22.8.1 P8 (z) 2n+a+p)(1—2Y) nla—B— (2n+a+8)z] 2(n+a)(n+p8)
22.8.2 Cle (z) 1—at —nz n+42a—1
22.8.3 T .(z) 1—zt —nz n
22.8.4 U alz) 1—az2 —nz n41
22.8.5 P(z) 1—z2 —nz n
22.8.6 Li®(x) z n —(n+a)
2287 | Ha@) 1 0 2n
22.8.8 He.(2) 1 0 n
22.9. Generating Functions
ﬂ(z,z)=i anfn(z)2" R=+1—2zz42
n=0
fa(2) Gn g(z,2) Remarks
2291 | Pe2(z) 2-o-8 R-1(1—z+R)-2(1+ 2+ R)~* 2 <1
24-eT(a+3+n)'(2a) i -
22.9.2 C (x) T3 Tt R-(1—zz+ R)} lz|<1, a0
2293 | C(z) 1 R-% |2/<1, a0
2294 | CO(@) 1 —In B2 lz|<1
j—o
=) _.E(.zg_.)._—— & oo f i 3 f— Y
22.9.5 € (z) eI @atn) gt cou ¢ (2 sin 8) Jay(2 5in 6) z=cos @
22.9.6 | T.(@) 2 i=st, 1) —1<al]
" K l2]<1
J2(2n —1(]— 14 —1 1
2297 | T.(@) £ R-(1—z2+R) <<l |
1
9. a ~ 1—%In R* =]
22.9.8 T o(z) = $In au#1<:<l
jz|<1
1—zz
9. -1 1
22.9.9 Talz) 1 7 <z<[z|<l
9. . -1 =1 1
22.9.10 Unlz) 1 R <z<[z]<l
V2 (2n+2 L . A3 * -
22.9.11 U.(x) Z;ﬁ- at1l 23 I:] xz-f-R) if 1<$<]1z|<1

*See page 0.
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0@ ) =3 aaha(@) 2 R=yI=2z: 77
n=0
Ja(@) Gn g(z, 2) Remarks
229.12 | P.(2) 1 R —1<2<]
l2]<1
22903 | P.(2) % er con 8],z sin 6) 5=008 0
22.9.14 Sa(z) 1 (1—zz+ 29! —2L2L2
|z|<1
22915 | L () 1 (1—2)~=1 exp (zﬂ . l2]<1
229.06 | L) m (z2)~aerJ [2(z2) 2]
22917 | H.@) % et
22.9.18 | Hiu(z) ((-;;)) 1' e cos (2xVz) *
22.9.19 | Hypni(z) 'é:"'—l'l:)ﬁ"!” 2% sin (22Vz)

22.10. Integral Representations
Contour Integral Representations

f.(z):%“—i?— J; [g1(z, z)I"ga(2, z)dz where C is a closed contour taken around z=a in the positive sense

fal(z) go(z) g:(2,7) 91(2,7) Remarks
1 g2—1 (1—z)2(14-2)# s
{a, B g o B S, T, i 5K
22.10.1 | Pi=#(z) T=a(Fap 2G—2) — +1 outside C
22.10.2 Clei(z) 1 1/2 (1—2zz+ 22)—=z1 Both zeros of
1—2zz+ z?outside C,
a >0
1-—22 Both zeros of
22.10.3 T .2 1/2 1/z 0—Zzz o) 1— 92zz+ z2 outside €
1 Both zeros of
22.10.4 Ualz) 1 1/z m 1—2z2z+ z? outside ¢
1 " Both zeros of
22.10.5 P,‘(x) 1 1!8 ; (1—228+ B‘) 12 . 1'-232+510Ut3idec
1 -1 1
22.10.6 P,. (:L‘) 5 % ;:?E
22107 | L) e L et Zero outside C
22.10.8 | L@ (z) 1 1 +§ et (1 +;:-)¢ 1/z z= —g outside C
gl=s— 22
22.10.9 H.(z) n! 1/z =

22.10.10 C{ (z)

2421 (4 2)

Miscellaneous Integral Representations

22.10.11 C{(cos )=

*See page IL

[T () ]?
21=aT (n+2a)
nl[T () J?

(sin )!~%=

J; " e+va—1 cos J*(sin §)2dp  (a>0)
cos (n+ﬂ)¢ d¢

o (cos ¢—cos 6)'—=
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1= ey . tnl . @ .
22.10.12 P,(cos 6) =-}J; (cos 8-+1 sin 6 cos ¢)"dp 92.10.14 L@ (z)=e :t 2 J’ et J.(2vIR)dt
oJo

1/ 22.10.15 i
2 (* sin (n+3)¢dé _ a2 J' ® =t (2 N de
22.10.13 P,(cos )= f (5os P—oos )b H.(z)=e 7= Js e~ "t" cos | 2xt 5™

22.11. Rodrigues’ Formula

fn( ) a p(x) dﬂ:"{p(z)(g(x)) }

The polynomials given in the following table are the only orthogonal polynomials which satisfy
this formula.

falz) L2 p(z) gl(z)
22.11.1 P}.‘-ﬂi (z) (—1)n2rn! (2a)Tatnid) (1—z)=(141)P 1—2z2
& ” I'(Za)(a+n et — 2
2112 | C® () (—1)n2npt ) FE I’i}r(ﬂﬂ") (1—2%) 1—z
n * i =
22.11.3 | T.(2) (—1)m2» 7 (1—29)-4 1—z2
r(n+%) (1—22)} 1—z2
.11.4 U, 1)n2n+1
22.11 (z) (-1 PR
22.11.5 P.(z) (—1)n2=n! 1 1—2?
22.11.6 | L (z) n! e o z
22.11.7 | H,(z) (—1)n % 1
22.11.8 Heu(z) (—1)n e==11 1
22.12. Sum Formulas 22.13. Integrals Involving Orthogonal Poly-
Christoffel-Darboux Formula nomials
22.12.1

22.13.1

S | . kn jn l(x)fn(y)_fu(m)fn+l(y) *
R e R R e

Miscellaneous Sum Formulas (Only a Limited Selection =Pttt (0)— (1 —z)e+ti(1+x)pHPEM A1 (2)

Is Given Here.)

22.12.2 :2_,:0 Tom(2) =H14+-Usa (2)] e
-~ nn) [ a—yyiow iy
22.12.3 2 Tant1 (#) =4Usn-1(z) =0tV (0)— (1—2) M0tV (z)
22.12.4 ioU,,.(z)=l—"2_g—’f§z§E) 22.13.3 jl‘ LWy, @)
—— -1 (y—2)V1—9
22.12.5 §0U=m+l(x)=%_"_—§%@ o 58 & j("‘/l——(iﬁU:;W)dy =—rTo(@) *
2126 33 106 LEG)=LEH ) 22.13.5 f, (1—z2) VP, @dr=r  *
L " Int1
22.12.7 m_o(”"L“) (=) "Ly () =L (uz) . T (202
22.13.6 J; P;q(cos 8)5‘9:'1_"91(”)

22.12.8

2n+2
22.13.7 fP2u+1(C°59)f°56d 42n+1(2ﬂ) n?ﬁ_l

H,(z+7) =2%,, g (}:) H.(y2z)H,-«(y2y)

*See page IL
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22.13.8

s
w (D

J;' PPoa)dr=

22.13.9
) (—=1)*T n—l— ) (1_;.1)
f 933P2n+1(2)dx = X -
‘ or n+2-|——) (5__
(>—2)
22.13.10
: P,(t)dt 1
::—)~t n+3Y1+z (Ta(2) +Ta1(2)]
22.13.11
1P, (t)dt 1 _
L et

22.13.12 J' ) e L (t)dt=e*[ L (z) — L@ (2))

22.13.13
_ P(a+ﬂ+n+1)f (a— )P~ ML () dt
=T (atn+1)T(B)2<+LE+0 (2)
(Aa>—1, FB>0)
22.13.14

f " L) La(z—t)dt
- ﬁ " Lsa(@)dt=Lnya(2) = Lugas1(2)

22.13.15 f C e~ PH () dt=H,_,(0)—e~*H,_,()
0

22.13.16 f H,,(t)dt=2m1—+l) [Hasr(z)—H 1 11(0)]

22.13.17 f i e~ Hp(ta)dt=+7 (2"") (z*—1)™

22.13.18
f " e tH eyt =7 EPED gy

92.13.19 J" e~ H  (28)dt = y7nlP, (2)

22.13.20
f " e~ H, (1) cos (zt)dt=yr2r-mle—+L, (g)
(v}

22.14. Inequalities

22.14.1
(n:g) ~n!, if g=max (a, f)=—1/2
[P (2)| < (@>—1,>—1)
[Pi0 @)~y if 0<—
z’ maximum point nearest to ﬁ%
22.14.2
(n+%:—1) (@>0)
IO @<

em@n]  (—3<a<o)

z'=0 if n=2m; 2’=maximum point nearest zero
if n=2m-+1

22.14.3

a—
|04 (cos )| <21~

W (0<a<1 0<8<’.ﬂ')

22.144 |T.@)|<1  (—1<2<1)
22.14.5 ’%ﬂ|gn’ (—1<z<1) -
22146 |U,@)|<n+1  (—1<z<1)
22.14.7_ |Pa(z)| <1 (—1<z<1)
22.14.8 ’d—%@|_<_én(n+1) (—1<z<1)

92.14.9 IP,‘(z)|S\/% —11\/_’—?-2 (—1<z<)®

22.14.10

PA&)~Prs@Prs @<y (152S1)
22.14.11
_p2
Pie)—Par@Paa(@)2 oty
(—1<2<1)

22.14.12 |La(z) [ < e (z2>0)

22.14.13 |L® (z)|< %e’” (@>0, 2>0)
22.14.14

20| <[ 2-Tetmt D o (—1<a<0,220)

*See page II.
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415 |Hop(z)| < /222 ![2_L 2m
22 |Hin(2)| < e020ml | 2 m)] 22.15.2 ]Jm[ Ly (2 ):l—o: /], (24)
e
(2m+-2)|
22.4.16  |Hypp ()| Sze? 1200 (=)™ 4 (j_):l_ 1
(m+n1r  (220) 22,15.3 ”_m e am) |= 7 o8 @
2417 |H@I<e" 20 kx10gp4zs | 22054 lim [0 H( )]‘ i
e 4" 2Vn
22.15. Limit Relati
22.15.1 et 22.15.5  lim P® (1—-2—"’)=L£,“J(x)
B » B
RG]
lm | 008 22.15.6 hmTBG‘“’( )_ H.(@)
f
_lun P(a 8 (1__.__) () Jo(z) For asymptotic expansions, see [22.5] and
[22.17].

22.16. Zeros

d weight factors necessary for the Gaussian-type quadrature
08 of the orthogonal polynomiels are real, simple and located
orthogon&hhy

Expli
: plicit and Aﬁymptotlc Formulas and Inequalities

For tables of the zeros and associgte
formulas see chapter 25. All the zep
in the interior of the interval of

Notations:

(n) n) (n
it zeo AL flA) <AL . <zP) Ju.m, mth positive zero of the Bessel function Ja(z)

0<ju. 1<ja, 2< LI

6,&:":8.1'(:{:08 m;’ﬂm+1(0<ﬂ{m<géﬂ)< e & <6,(;r)<1r)

il Relation

—_—

22.16.1 | P%#(cos 6 a
= ALY o (@>—1, £>—1)

mi2 0w =1-";3= [+ G

22.16.3 | C(cos 6) (mta—1y,
Tate ST (0<agl)

22.16.4 | T,.(z) 2= gog ZM—1
i~
22.16.5 | U.(2) T — g M

22.16.6 | P,(cos 6) | B P
4m—1 1, 4m—1

g— m r+0 (R_aj

.'Gg“:l 30 JO,m v
22.16.7 | P,(2) ) I [1'*—-I-O(n 7)]

Hm—y_ 48 J8.m HBom2 1
\ 1T & ~dnte [‘+12(2n+n=]+0 (=)

zfn] jn m
' 4k,

22.16.8 LE:‘\ (z) < _r,'nl< m a+1
® @kt VIR FI— ) b=t 23

so=en (1) 211 4
\ (1+ e )+O(n 3)

For error estimates see [22.6].
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22.17. Orthogonal Polynomials of a Discrete
Variable

In this section some polynomials f,(z) are listed
which are orthogonal with respect to the scalar
product

22.17.1  (fa, f,,,)=2i w* (@) fa(2)fm(z).

The z, are the integers in the interval e<z,<b
and w*(z;) is a positive function such that

ORTHOGONAL POLYNOMIALS

> w*(x,) is finite. The constant factor which is
i

still free in each polynomial when only the orthogo-
nality condition is given is defined here by the
explicit representation (which corresponds to the
Rodrigues’ formula)

22.17.2 f.(z)= AMw*(z)g(z, n)]

raw*(z)

where g(z, n)=g(z)g(z—1) . . . g(z—n-+1) and
g(z) is a polynomial in z independent of x.

Name a b w*(z) Ta g(z, n) Remarks
Chebyshev 0o | N-1 |1 1/n! 2 (z‘ﬂ“’)
Krawtchouk 0 N pEgV-—= (2’) (—1)mnl! Tg;%! - P q>0;’+Q= 1
Charlier _ 0 @ e:la ) ‘ (—1)~yarn! (??;ﬂ a>0
Meixner 0 |e °'1;Eg)"'z' e e &—f;ﬂ b0, 0<e<1
Has L T!?éf—i}?(l;gﬁd? ! (z—i;]:qﬁ: = i—ﬂ)

For a more complete list of the properties of these polynomials see [22.5] and [22.17].

Numerical Methods
22.18. Use and Extension of the Tables

Evaluation of an orthogonal polynomial for which the coefficients are given numerically.

Example 1. Evaluate L,(1.5) and its first and second derivative using Table 22.10 and the
Horner scheme.
1| —36 450 — 2400 5400 —4320 : 720
z=1.5 1.5 —51.75 |  597.375 | —2703 9375 4044. 09375 —413. 859375
1| —34.5 398.25 | —1802. 625 2696. 0625 —275. 90625 306. 140625
6. 140625
1.5 1.5 —49.5 523.125 | —1919.25 1165. 21875 Lo=§]““?§0'_"“
=. 42519 53
1| —33.0 348 75 | —1279. 500 776. 8125 889. 3125
1.5 15 —47.25 452. 250 | —1240. 875 L;=88?7'230125
=1.23515 625
1| —31.5 301.50 | —827.250 | —464.0625 L, =2 [—_4*%42'0—062—5]
=—1.28906 25
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Evaluation of an orthogonal polynomial using the explicit representation when the coefficients are not
given numerically.
If an isolated value of the orthogonal polynomial f,(z) is to be computed, use the proper explicit
expression rewritten in the form

and generate a,(x) recursively, where

s @) = 1= f(2)n(2)
The dx(z), bm, ¢m, f(x) for the polynomials of this chapter are listed in the following table:

f n(z) =d, (:B) Qg (2:)

(m=n,n—1, . . ., 2, 1, a;(@)=1).

fn(®) da(z) bn m f(z)
Ps:.a) (“1’“) (n—m+1)(a+E+n+m) 2m(a+m) 11—z
ci (—1)"% 2(a—m+1)(at+n+m—1) m(2m—1) z?
& o (=Dn “'?,—l“ 2 2(n—m+1) (a+n+m) m@m+1) 2t
Tin (—1)~ 2(n—m+1)(n+m—1) m(2m—1) zt
Tant1 (=) (2n+1)z . 2(n—m-+1) (n+m) m(2m-+1) z?
Usn (—1)=» 2(n—m+1)(n+m) m(2m—1) x?
Ui (—1Dr2(n+ 1)z 2(n—m+1)(n+m+1) m(2m—+1) z?
P, (';})" (2:‘) (n—m+1)@nt2m—1) m(2m—1) 2
Pi4 -tqj—}:l (2":' 1) (n4+1)z - (n—m-+1)(2n+2m-+1) m(Zm-+1) z?
L® (“i"‘) n—m-1 m(a—+m) z
H;, (—1)"{%:-?-I 2(n—m+1) _ m(2m—1) 72
B (—1y» Ent Dy, 2(n—m-+1) m@m-+1) 2

Example 2. Compute P{V/*%%(2). Here ds=(8é5)=3.33847, f@2)=-1.

m 8 7 6 5 4 3 2 1 0

Om 1 | 1.132353 | 1. 366667 | 1. 841026 | 3. 008392 | 6. 849651 | 26. 44156 | 223. 1091 6545. 533

bm 18 34 48 60 70 78 84 88 90

Cm 136 105 78 55 36 21 10 3 0
P23 (2) = dya,(2) =(3.33847)(6545.533)=21852.07

Evaluation of orthogonal polynomials by means of their recurrence relations

Example3. Compute C¥(2.5)for n=2,3,4,5,6.

From Table 22.2 C¥=1, C®=1.25 and from 22.7 the recurrence relation is

0,25 =15(n+H0P 2.5)— (r—HOY,@.5) —
n 2 | 3 | 4 5 6
cP(2.5) 3.65625 | 13.08504 | 50.87648 |  207. 0649 867. 7516

Check: Compute CY(2.5) by the method of Example 2.
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Change of Interval of Orthogonality

In some applications it is more convenient to use polynomials orthogonal on the interval [0, 1].
One can obtain the new polynomials from the ones given in this chapter by the substitution z=2Z—1.
The coefficients of the new polynomial can be computed from the old by the following recursive scheme,

provided the standardization is not changed. If

j,.(z)=mZ’::0 anz™, fr(@)=f.(22—1) =mZT_)0 arz™

then the a¥ are given recursively by the a. through the relations

ag,=2ar‘rf_l)'_a‘![n’-)l-l; m=n—1, n—2, . . 3: .?:0: 1, 2.
asV=an/2, m=0,1,2, ... n
e =2%, 3=0,1,2,.. . ,nand ¢’ =an; m=0,1,2, . . , n

Example 4. Given Ty(z)=52z—202°+162°, find T3(z).
N m
5 4 3 2 1 0
j
—1 8=af™ 0 —10=a{™ 0 2.5=a™ 0
0 16 —16 —4 4 1 —1=ap
1 32 —64 56° —48 50=a;
2 64 —192 304 —400=aq;
3 128 —512 1120=a;
4 256 —1280=
5 512=a; -

Hence, T(z) =512z°— 12802+ 11202 —4002*+ 50z— 1.

22.19. Least Square Approximations

Problem: Given a function f(z) (analytically or
in form of a table) in & domain D (which may be
a continuous interval or a set of discrete points).?
Approximate f(z) by a polynomial Fy(z) of given
degree n such that a weighted sum of the squares
of the errors in 1) is least.

Solution: Let w(z)>0 be the weight function
chosen according to the relative importance of
the errors in different parts of D. Let fa(z) be
orthogonal polynomials in D relative to w(z), i.e.
(fm, f2)=0 for m>n, where

[ wrs @@

if D is a continuous interval

Fio=4 .
2 W(zn) ] (2m) 9 (Zm)
if D is a set of NV discrete points z ,,.
Then
Fo@)= 33 anfn(@)
where
% an=f, fm)|(fm) fm)-

* f(z) has to be square integrable, see e.g. [22.17].

*See page II

D a Continuous Interval
Example 5. Find a least square polynomial of
degree 5 for j(z)——: in the interval 2<z<35,

using the weight funct.lon

1

R e o

which stresses the importance of the errors at the
ends of the interval.

Reduction to interval [—1, 1], t=2z3_7
2 1
w(z(t))=§¢——~r_4
FI'OI]] 22-29 fm(ft) =] Tm(t) a.nd
4 M 1

an=3_ —1\/1—t? t+3 Tw(t)dt (m #0)

_2 (1 1 dt

“Zr ) Ji—eth3
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Example 7. Economize f(z)=1+2/242/3
+2/4+2*/5-+2°/6 with B=.05.
From Table 22.3

@) =35 (1497, (2) +32T(2) + 3T, )]

+5 76T @) +11T@) + T4(@)]

ORTHOGONAL POLYNOMIALS

80
F@) =135 [149T4(0) + 82T, (2) g [76T(2)+ 11 T(o)]

- 1.1
|F@) @] < gota5 < 05

since
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23. Bernoulli and Euler Polynomials—Riemann Zeta
Function

te © i
23.1.1 m—nzno B,‘(x) a

23.1.2 B,=B,(0)

23.1.3 Bo=1, Bl=—‘%7 Bn=%1 B4.="'"‘

Mathematical Properties
23.1. Bernoulli and Euler Polynomials and the Euler-Maclaurin Formula

Generating Functions

[t| <2

AL <

Bernoulli and Euler Numbers

n=0,1, ..

>3
30

E,=2"E, (%)= integer n=0,1,...

Eo=1, Eg=_1, E4=5

(For occurrence of B, and E, in series expansions of circular functions, see chapter 4.)

UL Bn+1(m+1)""Bn+1
23.1.4 E k= S

23.1.5 B.(x)=nB,_i(x)
23.1.6 B,(z+1)—B,(z)=nz!

23.1.7 _
B.(z-+h) =§"_3 (“,j) Bu(z)h*

23.1.8 B,(1—z)=(—1)"B,(z)
2319 (—1)*By(—2)=B(z)+nz"""

23.1.10

804

Sums of Powers

é (—1)m—tfn =-En(m+1) +2("' 1)"E,(0)

m,n=1,2,... m,n=1,2,..
Derivatives and Differences
n=1,2, .. E (z)=nE,.1(z) ) n=1,2,.
n=0,1,... | E.(z+1)+E.(z)=22" n=0,1,...
Expansions
7=0,1, . .. E,,(z+h)=g (";) E(z)h»—* =01,
n—k
E,@)=3 (k) t(—3) =0, T, o105
Symmetry
n=0,1,.. E,(1—z)=(—1)"E,(z) n=0,1,..
n=0,1,... | (—1)"HME,(—2)=E,(z)—2z" n=0,1,.

Multiplication Theorem

n=0,1,...

m=1, 2, .

E,(mz)=m" :‘Z}_: (—1)*E, (z—l—%) =0, Ly o
) m=1,3,...
B, (mo)=——2= m* 3 (=1)*Ba +L)

n=0,1,...
m=2,4, .



BERNOULLI AND EULER POLYNOMIALS, RIEMANN ZETA FUNCTION

805

Integrals
23.1.11 f B.(t)dt= ““(z)-l-l n41(2) J: Eﬂ(t)dt=Eu+l(I;I'lE,n+l(a)
8102 [ B BaOd= (-1 s B | [ BB

I/
m,n=1,2,... =(—1)ra@m+=1) Tt Batass
m,n=0,1,...
(The polynomials are orthogonal for m+n odd.)
Inequalities
23.1.13 |Bo|>|Buw@)| n=1,2,..., 15230 | 4 Eu/>(—1)"En@>0 n=1,2,..., 3>z>0
23.1.14
4(2n 1) ( )
! 1 1 —1)"E,, 0
2((22:-;1)‘ (1—2-3u)>(_1)”+132n+1(3)>0 +22" 2 >(=OE 21(3)> .
n=1,2,..., 3+>z>0 n=l, R 2
23.1.15
2(2n)! 2(2n)! 47t1(2n)! 4r+1(2p)! 1
gk (1) > 0 B> T T > EnST LT ()
n=1,2,.. n=0,1,...
Fourier .Expanmons
23.1.16
! 2rka— 2k+1) re—

B, (z)=—2 (21: - ; cos ( rkf 3mn) E,(z)=4 ,,.u+1 E sin (( (2,::+)17)rf+1 irn)
n>1,1>22>0 n>0,1>z>0
n=1,1>z>0 n=0,1>z>0

23.1.17
—1)"2(2n—1)! &, sin 2
Bpuos(2)=" ()zwggffl 1 ES’E,,,,’ET” - (—1)"4(2n—1)! =, cos (2k+1)rz
I n>1,1>2>0 110 L b2 V=RV
e =1,2,..., 1>z>0
n=1,1>z>0 ¢
23.1.18
_(=Dr122n)! &, cos 2krz (—1)"4(2n)! &, sin (2k+1) 72
an(w)_ (2?'_)3,; = kg,, EEn( )_' ,ﬁ.zn+1 § (2k+1)2"+1
n=1,2,..., 122>0 n>0,12220
n=0,1>z>0
Special Values
23-].:19 BQ,;+]=0 ﬂrzl,Q, . Eg,‘+1=0 n'-:O, 1, % B
23.1.20 B,(0)=(—1)"B.(1) E,(0)=—E,(Q)
=B, n=0,1,. =—2(n+1)"1(2"*"'—1) B,y n=1,2,...
23.1.21 B,(})=—(1—2'""B, n=0,1,... | E,(3)=2""E, n=0,1,...
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23.1.22 B,(})=(—1)"B,(d
=—2"%(1—2""B,—n4"E, ..,

n=1,2,. ..

23.1.23 B.;.(3)=B..?
=—-2_1(1——3"_h)32“
23.1.24 B.,()=B..()
:2"'1(1—21_”) (1_31-2-)3211
n=0,1, ..

n=0,1,...

BERNOULLI AND EULER POLYNOMIALS, RIEMANN ZETA FUNCTION

Ezu-—l(’})= _Ezn—t(g‘)
— (2’&) —1(1 _31—3n) (23»_,_, 1) BM

n=1,2,...

Symbolic Operations

23.1.25
23.1.26

2(B(@)+1)—p(B@@)=p'(x)
Ba(@+h)=(B(z)+h)"

n=0,1, ...

P(E(z)+1)+p(E(x)) =2p(z)
E,(z+h)=E@+KH* n=0,1, ...

Here p(z) denotes a polynomial in z and after expanding we set { B(z) }"=B.(z) and {E(z) }"=E,(z).

Relations Between the Polynomials
23.1.27

En-l(x)=i—”{3» (%55 @)}
s )
23.1.28

Ey_o(x)=2 ("’2‘)" gz ("D (@"*—1)B,_,By(%)
n=2,3,...
23.1.29
B.(z)=2-" ké (}c‘) B E:(22) n=0,1,...

Euler-Maclaurin Formulas

Let F(z) have its first 2n derivatives continuous
on an interval (@, b). Divide the interval into
m equal parts and let hA=(b—a)/m. Then for
some 8, 1>6>0, depending on F®"(z) on (a, b),
we have

23.1.30

3 Fla+kh)=L J' " FOdt+5(F®)+F(a))
k=0

n—=1 hzt—

"I'E 2](,)! Bﬁk{F{ﬁnu(b) F(?x~1)(a)}

hz:: m=—1
+W B, ;2__‘,_0 F©m (g4 kh+60h)

Equivalent to this is
23.1.31
1 z+h 1
i [ Fou=; (Feth+F@)

;(%),Bu{ F®=0 (z+h)—F =" (z)}

(2 ), B, F'* (z-1-6h) b—h>z>a
Let ﬁ.‘(x)=B,.(z-—[m]). The Euler Summation
Formula is
23.1.32

3 Fatkhton)=1 [ F)d
= Fatihtan—; [ Pt

+35 B By (Fe-0(5)—F*- (@)

=1
hﬁ 1 A m—1

. f B,(w—t){Z F"’(a—i—kh-}-th)}dt
P Jo k=0

p<2n,1>0>0
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23.2. Riemann Zeta Function and Other Sums
of Reciprocal Powers

23.2.1 f(s)=§ k= As>1
23.2.2 =I1 (1—p~*) ! As>1
P
(product over all primes p).
Bn,t 8+2k —2
23.2.3 -I—E 2%—1
S+2n J. Bﬁn.‘.l(z [3]) de
%+1 s+2n+1
s#1,n=1,2,..., HAs>—2n
_T(—s) (=2
23.2.4 o & B dz
2325 =4+, -1
— n=0 7
where
(In fc)" (In m)**!
m—)m ; n+1
Rs>0
23.2.6 =27~ sin (3mws) T (1 —s){(1—s)
1 g 1:‘_1
B21 = [ Rs>1
1 *® gal
B28 =@ ), eF1 %
23.2.9 =%ﬂ_}1k"+(s—1)“‘n“’—sf z:!:fld
n=1,2,..., #s>0
__exp (In 2r—1—3%v)s AY
23.2.10 S L (1=2)e

product over all zeros p of {(s) with Zp>0.

The contour C in the fourth formula starts at
infinity on the positive real axis, circles the origin
once in the positive direction excluding the points
+2n4r for n=1, 2, . .. and returns to the
starting point. Therefore {(s) is regular for all
values of s except for a simple pole at s=1 with
residue 1.

Special Values
$0)=—3
{()=e

23.2.11
23.2.12

*See page 1L

807

23.2.13 ¢(0)=—31n2rx
23.2.14 t(—2n)=0 n=1, 2,
n=1,2,
(2m)*" _
23216 {(2n)=;7 ),}Bg,.| n=1,2,.
23.2.17
_(—1)"+1(21T)2“+1 J'l
§(2n+1)"" 2(2?’-‘.-"’"1)! 6 BEa-H(z) cot (n)dx
n=1,2,...
Sums of Reciprocal Powers
The sums referred to are
23.2.18 {(n)=?j ko n=2,3,...
. =1
23.2.19
A= (1= (12 n=12,
23.2.20
m(n)=ﬁ @k+1)"=(1—2-M¢m)  n=2,3,...
=0

23.2.21

B(n)=:2u (—1)¥(@k+1) " #=1,2,...

These sums can be calculated from the Bernoulli
and Euler polynomials by means of the last two
formulas for special values of the zeta function
(note that (1) =In 2), and

(7!']2 n+1

23.222 pEntD=Tmr Bul  n=01,..
23.2.23
(=D [
Bom =l [ s @) sectra)in .
n=1,2,...

B(2) is known as Catalan’s constant. Some

other special values are

23.224  [@=l4gtamt . —f
4
23.2.25  {(W=14gtzt - =g
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1,1 _r Ll L
23-2-26 1](2)—1 22+32 o ouw —12 23-2.29 A(4)‘—-1+§;+§+ = iha =9_6
L1 _ N T
23.2.27 7(4)=1 2;}-34 co =g 23.2.30 ﬁ(l)Alo—g—{—g— cee=g
1.1 iad 1.1 e
23.2.28 ?\(2)=1+§5+§+ =g 23.2.31 B(3)=1 33—5—53 =35
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24. Combinatorial Analysis

Mathematical Properties

In each sub-section of this chapter we use
a fixed format which emphasizes the use and
methods of extending the accompanying tables.
The format follows this form:

1. Definitions

A. Combinatorial

B. Generating functions

C. Closed form
I1. Relations

A. Recurrences

B. Checks in computing

C. Basic use in numerical analysis
ITI. Asymptotic and Special Yalues

In general the notations used are standard.
This includes the difference operator A defined on
functions of z by Af(z)=f(z+1)—f(z), A™'f(z)

A*f(z)), the Kronecker delta 4,;, the Riemann
zeta funetion {(s) and the greatest common
divisorsymbol (m,n). Therange of thesummands
for a summation sign without limits is explained
to the right of the formula.

The notations which are not standard are those
for the multinomials which are arbitrary short-
hand for use in this chapter, and those for the
Stirling numbers which have never been stand-
ardized. A short table of various notations for
these numbers follows:

Notations for the Stirling Numbers

Reference First Kind Second Kind

This chapter Stm Si=
[24.2) Fort Stm Koo
[24.7] Jordan Se C,, »

[24.10] Moser and Wyman
[24.9] Milne-Thomson

3
Croi)es (- )B;:-.'

[24.15] Riordan s(n, m) S(n, m)
24,1] Carlit
43 Ganta ] (CDTmS=Ln—m)  Sitm, n—m)
Miksa Sn—m-+1,n) mSn
(Unpublished
tables)
[24.17) Gupta u(n, m)

We feel that a capital S is natural for Stirling
numbers of the first kind; it is infrequently used
for other notation in this context. But once it
is used we have difficulty finding a suitable
symbol for Stirling numbers of the second kind.
The numbers are sufficiently important to warrant

822 *Sep page II.

a special and easily recognizable symbol, and
vet that symbol must be easy to write. We have
settled on a script capital & without any certainty
that we have settled this question permanently.

We feel that the subseript-superscript notation
emphasizes the generating functions (which are
powers of mutually inverse functions) from which
most of the important relations flow.

24.1. Basic Numbers

24.1.1 Binomial Coeflicients

I. Definitions
A, (;) is the number of ways of choosing m

objects from a collection of n distinet objects
without regard to order.
B. Generating functions

* (H—z)“—Z m) ™ n=0,1,...

(1—g)~m—1=3) (;:) zn=m 2} <1

n=7m

C. Closed form

() === )

_n(n—l) g

n=m
. (n—m+1)

m!

II. Relations
A. Recurrences

(o = Hals)
(i ")

B. Checks

(m) loconf o )
Z 0 (a)=(%)
(2.)5(21) (m)-~

n=>2m>1

r+s=n
r>n—+1

(mod p) pa prime



COMBINATORIAL ANALYSIS 823

where £ al®
,, ,, > (-1 (1) fe—m)
o — k = 3 T X
n——kz_:,'nk?“, m Elmkp P>My, N 20 _sh =1y (n fkl) Mfa—d) i
k=0 s
C. Numerical analysis I1I. Special Values
n s - __1\n-m n n\_(n\__
anf@)=23 (—1) (m)f(z+m) (0)—(n)—1
AN 2 W 2n\_2"(22—1)(2n—3) ... 31
=2 (1) 7t (o) -

24.1.2 Multinomial Coeflicients

I. Definitions
A. (n; my, ng, . . ., Ny is the number of ways of putting n=mn,+ny+ .. .+n, different objects
into m different boxes with n, in the k-th box, k=1,2, ... m.

(n; @, @z . . . @y)* is the number of permutations of n=a,;+2a,4 ... -+na, symbols composed
of a; cycles of length k for k=1,2,. . ., n.

(n; @y, @s, . . ., @,) is the number of ways of partitioning a set of n=aq,+2a,+ . . . +na, dif-
ferent objects into a, subsets containing k objects for k=1,2,. . ., n.

B. Generating functions

(m+z+ . . . +To)"=2(n; ny, g, . . ., NW)TPTFE . . . Tpm summed over oy +na+ . . . FA=n

@ m [--] tﬂ
(Zze)=m 3 H2eie,0,. .00 . ot
=1 a=m N summed over a,+2a,+ . . . +na,=n
and a;+a,+ ... +a,=m
] m - tll
kz%; t*) =m! 2 g,?E(*n; Ay, Qg - . .y Ga) TPZP . .. ZE
=] .

na=m e

C. Closed forms

;N . . o ) =nl/mying! . . ! m+nt. . Fna=n
(n;a, @, . . ., @) *=n!/1%g,!12%,! . . . n%a,! a+2a,+ . . .Fna,=n
(n; @y, @, . . ., @) =nl/(1)%ag!(2)%a,! . . . (n!)%a,! a+2a:+ . . . fna.=n

II. Relations
A. Recurrence

(n+m; n+1,n,+1, . . .,n,,.+1)=kzm; (n+m—1;n+1, . . . 1 +1, 0 M+l . . Amt1)
B. Checks

E(n;ﬂ'hnd: .. -rnm)—_‘{

mn" alln;=1
summed over n,--na+ . . . +a="n

m)
m! &Y
E(n;aha‘}: sy an)*= (—1)“_“35.”"
E(n; Qy,y Qg - . oy a’n)"‘__‘ Sv{lm)

summed over a,+2a;,+ . . . +ne,=n and ¢, +a+ . . . +a,=m

C. Numerical analysis (Faa di Bruno’s formula)

TSN =3 1™ (@205, - 0) (@) @) (V)

=0

summed over a;+2a;+ . . . +na,=n and ai+a,+ ... +a,=m.

*See page 11,



824 COMBINATORIAL ANALYSIS

P, 1 0 oo 0
P, P 2
P, P, P
0
n—1
P, Py Pagy A

summed over a;+}2a,+ . .
sum equal n!Zzz; . .

24.1.3 Stirling Numbers of the First Kind
I. Definitions

A. (—1)* ™8™ is the number of permutations
of » symbols which have exactly m cycles.
B. Generating functions

(@—nt1)=3" Simym

me=0

z(z—1)..

{In (14+3) }"=m! ;,if:,n SPE g

C. Closed form (see closed form for &™)

n=m n—1+k 2n m
{m) — — 1\ (k)
S‘ﬂ ""% ( 1) (n—m-Hc ) 5n—m+k
II. Relations

A. Recurrences

S, = Sim-1 _p, Gim) n>m>1
MmN qm— () Qlm—r)
(T)S, k:m—r(ic S Sy n>m>r
B. Checks
Zﬂ Sf""’: %>1
me=1

";ZD(_ 1) s—mS&m} :ﬂ'

ki S’(‘k_ﬁl!n.t"m=8;m)

=m

C. Numerical analysis
(isz(z) Hmt Z

if convergent.

=E(_1)u—m‘(n; @y, g, - -

. +na,=n; e.g. if P,=2]_,a} for k=1, 2, . .
. T, the latter sum denoting the n-th elementary symmetric function of z;, 2y, . . ., Z;.

.+ @)*P8iPgs . . . Pa

.,  then the determinant and

III. Asymptotics and Special Values
| S5 | ~ (n—1)!(y+In n)™Y/(m—1)!

for m=o(ln n)

1i fnﬂrm__ (_ 1) "
m—= m in 2%!

IlIII. Su+1

s .nS(m}
S,(f’=ao,,
S =(=1)""(n—1)!

OO N L
53 (2)

SP=1
24.1.4 Stirling Numbers of the Second Kind

1. Definitions

A. 8%is the number of ways of partitioning a
set of n elements into m non-empty subsets.

B. Generating functions

=—1

z~=z":n (@—m+1)

BMz(z—1) ...

(eF—1)"=m! Z} 5"’“

n=1mn

(1—mez)~'=2, BMz"™"

n=m
lz|<m™*

Q—2)"'0—22)""...

C. Closed form

(m}_..._ 2 (—1)m-* (m) ja
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1I. Relations
A. Recurrences

Spi=m S+ S

B. Checks

n>m>1

iﬂ (—1)*™m! Sm—=1
3 SEmet= g

5’(:!5) =§(_ 1).& (;"__ 1 ”‘I"k

) (i) S

ES(M} SEIJ_ZSH.} 5(m)*§

k=m k=m

C. Numerical analysis

@ 5(!!:)
Anf(z)=m! ﬂZ_;n A )

Sk Gh)

n kmzl‘ 45t 1 zn+1
g ESzW{lz}

III. Asymptotics and Special Values

if convergent

lim m—* M =m))~
n—e

2n
(m) m

ntm ™~ oy for n=o0(m?)

Bp= =1

—

24.2. Partitions

24.2.1 Unrestricted Partitions
1. Definitions

A. p(n) is the number of decompositions of =
into integer summands without regard to order.
Eg., 5=14+4=243=1+143=1424+2=1+1+
1+2=1+141+41++1 so that p(5)=7.

*See page 1I.

825

S}

C. Closed form |z]<1
EJI?A,,( ) & smh{k\[\/_}
n—t

24

B. Generating function

> pw)z*= 1 (1—27)'=

pn)=—x 1/_

where
2xihn

Ayln)= % e ® Tk

0<h<k
(A, k)=1

w-51(®)

((x))=z—[2] —3% if z is not an integer
=0 if z is an integer

I1. Relations
A. Recurrence

p= > (—1yp (v

15—; <n

3tk
2* p(0)=1

l n
= gl', a1 (k)p(n—k)
B. Check
i)+ >

Ssk':l:k <

=1

3+ k 3+ k
zi P(ﬂ 2:|: )=ax(n)
III. Asymptotics

n)~ €
P oy

24.2.2 Partitions Into Distinct Parts

I. Definitions
A. g(n) is the number of decompositions of n

into distinct integer summands without regard to

order. E.g.,5=1+4=2-3 so that ¢(5)=3.
B. Generating function

g Q(ﬂ)x"=nlzjf1 (1 -|-xu)=mf:{1 (1—z2n-1)-1

C. Closed form

gln *‘T-Z‘Aﬂ -1(n) dﬂ,J” 2k — 1\/_\/ +24)

where J,(z) is the Bessel function of order 0 and
Az_1(n) was defined in part I.C. of the previous
subsection.

|2 <1
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II. Relations

A. Recurrences

2 (—1)*4( —3""%2*3 =(—1)" if n=3r+r

Wi 40)=1
=0 otherwise
o=, Z{ 0201 (§) }ar-b
B. Check
; r—r
— 1Y% (r— o -
ussékg( 1)*¢(n— 3K+ k))=1if n 5
=0 otherwise.

III. Asymptotics
1
-g(n)~ 4.3Vh. 00 e™ViA
24.3. Number Theoretic Functions

24.3.1 The Mobius Funetion

I. Definitions

A. uln)=1 if n=1
=(—1)* ifnis the product of k distinct
primes

=0 if » is divisible by a square >1.
B. Generating functions

> wn=r=1/¢() Rs>1
S o<1
II. Relations

A. Recurrence
p(mn)=p(m)u(n) if (m,n)=1
=0 if (m,n)>1

% P'(d) =bp

C. Numerical analysis
g(n)z-g‘_,f(d) for all # if and only if

fn) =2 k(d)g(n/d) for all n

y(ﬂ)hﬂ f(d) for all n if and only if
f (ﬂ)—l'l g(n/d)=® for all n

B. Check

g(z)= {,;]‘ f(z/n) for all z>>0 if and only if
f(=) =n£:-l u@)g(z/n) for all 2>>0

9() =§; f(na) for all >0 if and only if
f<z>=;; u(n)g(na) for all z>0

and if :;1 g_; | f(m'm:)|=—-“E:l oo(n)| f(nx)| converges.

The cyclotomic polynomial of order n is
II (2 —1)sne
din

II1. Asymptotics

§z pm)=0(ze—cVinz)

24.3.2 The Euler Totient Function
I. Definitions

A. ¢(n) is the number of integers not exceeding
and relatively prime to n.

B. Generating functions

= eon=E3

= pm)z"_  z

a=1 1—z" (1—2)*
C. Closed form

¢(n) —ng:ll’[‘ 1——)

K s>2

|21<1

over distinct primes p dividing n.

I1I. Relations
A. Recurrence

e(mn)=ep(m)p(n)

%; ¢(d)=n
e(n) =§ i (g) d

a*™ =1 (mod n)

(m,n)=1

B. Checks

(@,n)=1
III. Asymptotics

52 e=2+0 (")
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24.3.3 Divisor Functions
1. Definitions
A. a(n) is the sum of the k-th powers of the
divisors of n. Often oy(n) is denoted by d(n), and

a1(n) by a(n).
B. Generating functions

S lmn— =)t (s—k)  BsSk+1

n=1
> amar=33 j2<1
C. Closed form
s pharth_1 o .
crx(n)=d|2n 03*=i1=1l e a4 SRR
II. Relations

A. Recurrences

ar(mn)=ar(m)er(n) (m, n)=1

ar(np)=o0r(n)ox(p)—p*or(n/p)  p prime

III. Asymptotics
n
L35 a(m)=ln nt2y—1+00:7)
m=1
(y=Euler’s constant)

Refer

Texts

[24.1] L. Carlitz, Note on Nérlunds polynomial B,
Proc. Amer. Math. Soc. 11, 452-455 (1960).

[24.2] T. Fort, Finite differences (Clarendon Press,
Oxford, England, 1948).

[24.3] H. W. Gould, Stirling number representation
problems, Proc. Amer. Math. Soc. 11, 447-451
(1960).

[24.4] G. H. Hardy, Ramanujan (Chelsea Publishing Co.,
New York, N.Y., 1959).

[24.5] G. H. Hardy and E. M. Wright, An introduction
to the theory of numbers, 4th ed. (Clarendon
Press, Oxford, England, 1960).

[24.6] L. K. Hua, On the number of partitions of a num-
ber into unequal parts, Trans. Amer. Math. Soc.
51, 194-201 (1942).

[24.7] C. Jordan, Calculus of finite differences, 2d ed.
(Chelsea Publishing Co.,, New York, N.Y,,
1960).

[24.8] K. Knopp, Theory and application of infinite
series (Blackie and Son, Ltd., London, England,
1951).

[24.9] L. M. Milne-Thomson, The calculus of finite
differences (Macmillan and Co., Ltd., London,
England, 1951).

(24.10] L.. Moser and M. Wyman, Stirling numbers of the
second kind, Duke Math. J. 25, 20-43 (1958).

(24.11] L. Moser and M. Wyman, Asymptotic develop-
ment of the Stirling numbers of the first kind,
J. London Math. Soc. 33, 133-146 (1958).

(24.12] H. H. Ostmann, Additive Zahlentheorie, vol. I
(Springer-Verlag, Berlin, Germany, 1956).

827
132 w? Inn
E §1al(m)=ﬁ+0 (T)

24,3.4 Primitive Roots
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is a primitive root of p* for all k.

If g is a primitive root of p* then either g or
g+ p*, whichever is odd, is & primitive root of 2p*.

B. Checks. If g is a primitive root of n then g*
is a primitive root of = if and only if (k, ¢(n))=1,
and each primitive root of n is of this form.
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PERZOY o 5 55005 b Bow s e e w En g w N E 920
n=2(1)7, 9, 10D - '

Table 25.6. Abscissas and Weight Factors for Lobatto Integration
BEREI0 o s 50w w0 m w5 55 b . i %) 50 9 (61 50 5 i s 920

n=3(1)10, 8-10D

Table 25.7. Abscissas and Weight Factors for Gaussian Integratiop
for Integrands with a Logarithmic Singularity (2<n<4) . . . . . 920
n=2(1)4, 6D

1 National Bureau of Standards. i
2 National Bureau of Standards. (Presently, Bell Tel. Labs., Whippany, N.J.)
|
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25. Numerical Interpolation, Differentiation, and Integration

Numerical ansalysts have a tendency to ac-
cumulate & multiplicity of tools each designed for
highly specialized operations and each requiring
special knowledge to use properly. From the
vast stock of formulas available we have culled
the present selection. We hope that it will be
useful. As with all such compendia, the reader
may miss his favorites and find others whose
utility he thinks is marginal.

We would have liked to give examples to
illuminate the formulas, but this has not been
feasible. Numerical analysis is partially a science
and partially an art, and short of writing a text-
book on the subject it has been impossible to
indicate where and under what circumstances the
various formulas are useful or accurate, or to
elucidate the numerical difficulties to which one
might be led by uncritical use. The formulas are
therefore issued together with a caveat against
their blind application.

Formulas

Notation: Abscissas: zy<l#;<{ . . .; functions:

o Values F@)=fy, f @) =S j" ¥
indicate 1%, 2% .. enva.twas If abscissas
are equally spa.ced Lo —z=h and f,=f(z+ph)
(p not necessarily mtegral) R, R, indicate re-

mainders.
25.1. Differences
Forward Differences
25.1.1
A(fn) =An:Av1t=fn+1_fn

Ad=AL,\ — A =fpis—2f ns1HSn

An An+l“Ai=fu+3_3fﬂ+a+3jn+l_‘jn

k
Br=aki— A =3 (—1)'(‘?)!1-“»:

Central Differences
25.1.2

5(fn+l)=5a+i=6;+i=fu+l'—fn
o= G}t+!_5;—§:fu+l_2fu+fn—l

5‘:+i= 5?;4-1”‘* 5§=fu+s'—3fn+1+3fn—fa -1

5ik=;§ (—1)’(2_;))'-;%—:

21 2k+1
=2 (— 1)’( k-i_ )fn+k+1—.f
=0 J
8n=A}(z—p if n and k are of same parity.

Forward Differences Central Differences

Zo Jo 2.1 fa
Au 5—‘
i A 2 fo 5
A A 8 &
 fi A} n S &
A, 032
2 fi T2 _fx

Mean Differences

25.1.3 A=k i)
Divided Differences
25«1.4 [%,x I_..fl] _f[ [ l,mo]
(2o, wuzz}=[““'”;1:_~%%]

[0, - - .,a:k]=[%’ o Tema] =2, . Tl

To— Tk

Divided Differences in Terms of Functional Values

25.1.5 o Bal= g n(%)

%!xl'." '
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25.1.6 where m,(2)=(z—%) (@—z) . . .
and w,(z) is its derivative:

25.1.7

(z—x,)

Zy—1) (Zr—Tes1)
B )

Ta(Z)=@—2) . . . ([@&—

Let D be a simply connected domain with a
piecewise smooth boundary C and contain the
points 2, . . ., 2, in its interior. Let f(2) be
analytic in D and continuous in D+C. Then,

L (1@,

2 c H(Z"—Zg)
k=0

25.1.8 [20,2), .. .,2:]=5—=

25.1.9 AZ=R"f" (§) (2elE<20)

25.1.10
AF @)

[xﬂs Ty » « ':zn] Ih" n! (%<E<xn)

25.1.11
53"

[x—n:x-u—i—l: o eeydpy . Izﬂ]=m

Reciprocal Differences
25.1.12

P(xﬂs xl)‘_f '_fl

To—Tp
(T, 21) — p (21,22

p2(Tg, Ty, T3) =

)+f1

To— Ty
PS(IO) Iy, 32) — P2 (zlr T3, T3

Fa(zOJQ:l:x?:xS‘]-_ )+p(271,za)

— Zo—Zn
Pn(mn, iy« + +s%a) Pa—1(Zoy - - 'rmn—l)_pn—l(zls .« 0 Tp)
+p!|»2(zl’ bl -rzﬂ—l)
25.2. Interpolation
Lagrange Interpolation Formulas
n
25.2.1 b (x)=§ l(2)f+Ba(2)
25.2.2
— ﬂ'n(m)
)= 2w
o (T—%) . . . (T—24_) (T—Tyy) . . . (2—2,)
(®—2) . .. (@e—Zecr) (@—2eq1) - . . (2—2a)

NUMERICAL ANALYSIS

Remainder in Lagrange Interpolation Formula

25.2.3
Rn(x)=ru(3:) '[wﬂrzls .. .,z,.,a:]
—n@ Ty @<t<a)
25.2.4
Ba(@)| < S B max 17+ (0]
25.2.5
‘ﬂ',‘(Z) (t)
Bu(2)= f (t—2)(t—29) ... (b—2n) i

The conditions of 25.1.8 are assumed here.
Lagrange Interpolation, Equally Spaced Abscissas

n Point Formula

25.2.6 f(:°+ph)=$ AXD) i+ Raa

For n even, (—%— (n—2)<k< %n

For n odd, (—% n—1)<k< % (n—l))-
25.2.7
A (p)=7— (=1)ir+* o (p+in—1)
("F+E) Gn—B) 2
™ even.
(—1)m—D+*
A:(P)_"
+k) ("'—l—k):(p—lc)
I +—-—-t) n 0dd.
25.2.8
Rai=57 I (2—HR/ @)
~A Ay (@<e<e)

k has the same range as in 25.2.6.

Lagrange Two Point Interpolation Formula
(Linear Interpolation)

S(@o+ph)=(1—p)fo+pfi+EB:
R.(p) ~.125R2f® (§) ~.125A?

25.2.9
25.2.10
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Lagrange Three Point Interpolation Formula
25.2.11
fotoh)=A_1f 1 +AsfotAifitRa
”ﬂgz__l)f-l'}‘(l—ﬁ)fu“{'p—(%:l—)‘fx
25.2.12
Ry(p) =065k @ (§) ~.0658°  (|p|<1)

Lagrange Four Point Interpolation Formula
25.2.13

floot+ph)=A_f 1+ A fot A i+ As fot+-Bs
= '—P(?—é) (p—2) e (p’—l)z(p—2) %

_p(p+1 % (p—2) i p(p’ﬁ- 1) 4

25.2.14 Ry(p) =
024R44 (£) = 0244 (0<p<1) °
D42k (5) = .0424¢ (—1<p<0, 1<p<2)

(2, <t<2))

Lagrange Five Point Interpolation Formula
25.2.15

fartoh)= 2 AdctR,
(p*—1)p(p—2) (p—Dp(p*—4)
= 24 f-s 6 I

-1

+(P’—1)4(P’—4) % (?+1):;(p’—43 #

—1 2
i (p* )zz(er ) %

25.2.16 Ru(p) =~
O012R® () ~.01245  (|p|<1)
031R®(f) =~.0314° (1<|p[<2) (22<<t<)

Lagrange Six Point Interpolation Formula
25.2.17

| flak =33 AJctRs

(1) (p—2)(p—3) #
120 =3

p(p—1) (P —4) (p—3)
+ %4 £or

PV @ =4 (p—3)
12 ?

L p(p+1) (2*—4) (p—3) , _p(p*—1) (p+2) (p—3)
v 12 S 24 Ja

p(p*—1)(p*—4)
ik 120 s

879

25.2.18

.0049R%f® (£) ~ 004941
0071R8f®(£) ~.0071A8
024R5® () ~ 02448

Ry(p) =
0<p<1)
(—1<p<0, 1<p<2)
(—2<p<—1, 2<p<3)
(@2 <E<m)

Lagrange Seven Point Interpolation Formula

25.2.19 j(xa+ph)=‘i}sAJ¢+Ru
25.2.20
0025R7fD (¢) £.002507  (|p|<1)
By(p) =< .0046K77 (§) ~.004647  (1<|p|<2)
O19A7f (£) =~.01947 2<|p|<3)
(z_yE< )

Lagrange Eight Point Interpolation Formula

28221 fatph)= 3 AdctEr
25.2.22
(.0011R57® (2) =~.00114%  (0<p<1)
~ (—1<p<0)
0014A%f® (£) =~.0014A° )
Bilp)= (—2<p<—1)
.0033REf® (£) ~.0033A° )
8£(8 s ('_3<p<_'2)
j 016R5f® (£) ~.0164° (8< pd)
(z_aE<2)
Aitken’s Iteration Method
Let f(x|zo, 21, . . ., %) denote the unique poly-

nomial of k* degree which coincides in value with

f@) at zo, . . o T
25.2.23
_ 1 fu zo—zl
S (]2, xl)_zl-—xo fi n—=z
_ fo @—2
f(ftlxm xﬂ)_xa_,xu f, T—T
- f(z|z0,2)) @—2
f(:i:l:!‘:n,$1, 3;9)_3-,2-—:81 f(xlxm 33) T—%
o S (zlzg, 1, 20) T2
S (2|, 9-'1:“'4?33)"3:3-—:62 f(mlzuswllxa) Ty
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Taylor Expansion
25.2.24
f@=fot(@—z)fo+ Pl x") S o+
+(3';!zu)ujé,‘)+Rn
25.2.95 R,— f "o ) E g,
=G e (@<i<a)

Newton’s Divided Difference Interpolation Formula
25.2.26

f(x)=fu+g me1(2) (20,21, - - ) +Ba
Tg fo

[xmx:]
A [0, X1, %3]

[21,22] [%0, %1, X2, X3]
2 f [y, 22, 23]

(25, 7]
I fa

25.2.27
b aiind €9

Rn(m) =‘ﬂ'n(x) [501 v ,,m,‘,z]=m'..(3) (n-|—l)[

(20t 7n)
(For , see 25.1.6.)
Newton’s Forward Difference Formula

25.2.28

St o =fotpaoct(D) a8+ . .. +(2) a5+,
z, fo
A
I f1 A3
A A}
z fi A?
I3 fs ’
25,2.29
e (2 e =(, )
(2o<E<20)

Relation Between Newton and Lagrange Coefficients
25.2.30

Gem (=2 (§)-a0-»
(&)=2e-»

NUMERICAL ANALYSIS

Everett’s Formula

25.2.31
f($u+1’h)=(1—P)fo+Pf1—?—""‘—"""‘(p_1)(p_z) 5
4+2+)p(p—1) 4 (M-ﬂ 1) 5
3! 2n41 ) °
P
+ Zn_l_l 5{ +R2s|
=1—p) fot+-pf i+ E:85+ Fobi+Ed
+FSi+ . .. +Bon
2, f, & &
3 5
7 fi & &
25.2.32

Ry, —h2t? ( 21; ':_";) feanta (g)

[ A2 L aznﬂ] (2 <t<2p41)

Relation Between Everett and Lagrange Coefficients
25.2.33

E,=4*, E=A4% E=A4%

F,=A3 F=A} Fy=A3

Evereit’s Formula With Throwback
(Modified Central Difference)

n+2

25.2.34
F @+ ph)=Q1—p) fot-pfit+Esbn o+ Fadpa+R

25.2.35 82 =5"— 1845

25.2.36 R =~.00045|u8}|+.00061|55|

25.2.37

S(@o+ph)=(1—p)fot pfi+Edi+ Fdl
+Ebnot+Fidm+RB

25.2.38 Sh=5'—2078%+ . ..

25.2.39 R ~.000032|u|+.0000523]]

25.2.40

f(zo+ph)=(1—p)fo+pfi+E:85+ F2b1
+ Eg4+ Fisi+ Eody 0+ Fodo 1 B

25.2.41 88, =08"—.2184°+.0496"+ . . .

25.2.42 R ~.0000037|u8}| + . .
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Simultaneous Throwback
25.2.43

f(zo+ph)= (L—p)fotpS i+ Eabp, o Fad1
+E8 ot Fudni+B

8%,=14"—.0131254.00435°*—.0015"
84 =04—.278275°4.06856°—.0165'"

R ~.00000083|#3}| +.00000944

Bessel’s Formula With Throwback
25.2.47

f(2o+ph) = (1—p)fo+pf 1+ Ba(85, 01831
+B5+R, B,J(PT—U, BSJJP_—%M

25.2.44
25.2.45
25.2.46

25.2.48
25.2.49

52 =5"— 18454
R ~ 00045} 400087 |5}

Thiele’s Interpolation Formula
25.2.50

f@=f(=)+
T—2
p(Z1,%2)+2—2,
po(Zy, 2o, 23) —f(21) +2—125
Pﬁ(zh%;zﬂ}zi) )
— p(2y,25) +. .

(For reciprocal differences, p, see 25.1.12.)

Trigonometric Interpolation

Gauss’ Formula

25.2.51 j(z) #ﬁé fzﬁ(m)=tn(3)

25.2.52

tu(@)= sin $(z—a,) . ..sin 3 (2—2—,)

W sin J(a—1x0) - . . sin F(@—2)
sin }(2—2p1) . . . 80 F(@—22)
Sin §(2x—Za41) - - - 810 F(Ti—23p)

t.(z) is a trigonometric polynomial of degree n
such that ¢,(z:) =/ (k=0,1, . . .,2n)
Harmonic Analysis
Equally spaced abscissas
2,=0, Ty oo Py Ba=27
25.2.53

f(z) ns% au+§ (ax cos kz-+b; sin kx)

25.2.54 m=2n+1

Gp= 2n+1 E)’, cos kay;

r=0

b= 2n+1 z;f, sin kz,

(k=0,1, . . .,n)
25.2.55 m=2n
1 2n-1
ax=— 2 fr cos kzy; Zﬂ Jr sin kz,
re=i

k=0,1,...,m)  (k=0,1,...n—1)
b, is arbitrary.

Subtabulation

Let f(z) be tabulated initially in intervals of
width A. It is desired to subtabulate f(z) in
intervals of width A/m. Let A and A designate
differences with respect to the original and the

final intervals respectively. Thus A,=f (20+%)

—f(z,). Assuming that the original 5% order
differences are zero,

25.2.56

- 1 1—m 1—m)(1—2
Ay An—rz ) E‘Jl"( é;fr;,‘* m)do

L(l--m){’1—2*::':,)(1—31%)Aa

! 24m?*

o, (1—m)(7—11m)
12m*

- 1 1—m
Ag mgﬁﬁ-!- o A3 AS

1 313(1—-1?&) .
m"A‘“ 2m? A

Bl

A4 14

m-l
From this information we may construct the final
tabulation by addition. For m=10,

25.2.57

By=.1A,—.045A2+.028543—.02066A5
A2=.01A2—.009A3+-.007725A%
Ad=.001A3— 0013544
Aé=.0001A%
Linear Inverse Interpolation
Find p, given f,(=f(z+ph)).
Tineer

25.2.58 p= 3'1&17;
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Quadratic Fiterse Interpolation
25.2.59 ¥

(fi=2foHf-0) P+ (i—F-)p+2(fo—f,) =0
Inverse Interpolatién by Reversion of Series
25.2.60 Given f(zy+ph) =f,,=§ ap*

25.2.61
¥
p=Nte N ., ., A=(fr—a0)/ay
25.2.62 -
: C="—0s/0;
._a3+2(
oy 502t 5a3
a6
2
¢ a; E_ﬁ&galiJl_gCL 21@2@3_1_14“-3

ay &  af

Inversion of Néwton’s Forward Difference Formula

-25.2.63
a=1fo

a,= Aﬂ“'%?"“%“%"‘ .

88 4 LA
ay 2 +24+--‘

(Used in conjunection with 95.2.62.)

Inversion of hEvere‘:tt’s Formula

25.2.64
a=fo i
s BB 8 8
% 3 6'20730 " -
% 8
ag=§°—'2—°~+ o
— 5282
= 6%+ = 5‘+6=+
G= 24+
_ —&+6%
as= 120 + Vue

(Used in conjunctioh Wwith 25.2.62.)

NUMERICAL ANALYSIS

Bivariate Interpolation

Three Point Formula (Linear)

.

25.2.65

J(@o+ph, Yo+ gk) = (1—p—q) fo.0
+2f1, 0+ ¢fo1+OR)

Four Point Formula
S

I (@0t phy Yot @) =(1— D) 1 — @) fo.o+ 21— 1,0
+q¢(1—2) fo 1+ pef1.1+0R)
Six Point Formula

25.2.“

25.2.67

faotphyota)=LL D g, 42OV
+(1+2¢—2—¢) foo
Rl
+La2HD 5y pf, 40

25.3. Differentiation

Lagrange’s Formula

25.3.1 f (:c)=§) L (@) fr+Ri(@)
(See 25.2.1.)
25.3.2  l(z2)=3 7a(2)

j’---n (2— zp) (2—24) 70 (T2)
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25.3.3
R:u(x) éf_|_1)| E)‘ll"n( )+(;i?)!é%jln+l>(s)
=) (2<<an)

Equally Spaced Abscissas

Three Points
25.3.4

fy=1" (oo
=L {(p—Df 20t (DA} + s

Four Points

25.3.5
bz 1f 3p*—6p+2
fi=t ot =3 { ~Z=2+ s,
3pt—dp—1, 3p'—2p—2
2;_._1 .
Five Points
25.3.6

fo= f(zo+Ph)—'h{2P —ip ﬁp+1f-—2

4p*—3p*—8p+4 2p*—5

49°+3p*—8p—4
- 6 fi

2 343pt—p—1 .
s f=}+R‘

For numerical values of differentiation coeffi-
cients see Table 25.2.

Markoff’s Formulas

(Newton’s Forward Difference Formula Differentiated)

25.3.7
1@t oh=| st 22 g
R A

2p—1 ,,

+ +15 (D) as [ +B,
25.3.8

h!:ffn-i—l) (E) dp (ﬂ+1)+hn+l (n+1) dm f(n-fnl) (f)
(@0<t<ay)

25.39  Mi=ti—yAlti M- ALt ...

833
(2) — A2 3 11 4 5 5
25-3010 h% 0 —AD—A9+‘1'§ ﬂﬁ'—gAn-i_ e
25.3.11
WP =33 T2 at
25.3.12
4(4) 4 5 17 ] 7 7
W0 = 03— 208+ 5 A8~ AT+ .
25.3.13
hﬁfﬂ)

An- Ao-’r A’ —A5+--

Everett’s Formula

25’3.14
—6p42 ,, 3p*—1
W o) =i — g B

5p*—20p%+15p*+10p— 654 _I_5p 15p2+4
120 0 120 o

A CRE e @)

1 1 1
9~ a2 ) L sa) = 54
&3 65‘+20 60-|-30 b

25.3.15
" 1
hfo '“’—fn+f1“§

Differences in Terms of Derivatives
25.3.16
A‘D hf + f(9}+ jl8}+}_!‘ffu}+h_5fﬂﬂ
o a1 3! 417¢ T51/°
25.3.17
B3RP WO+ RO

25.3.18  Al=KY® +g R +g 5@
25.3.19 Ad =R 4-2R5
25.3.20 A%~ B

Partial Derivatives
25.3.21

Yoo L (f,.4—71.0+00)
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25.3.22
@ ]
® [ ]
bg;o — (fra—f-1.1+f1, -1—Ff -1, —-0) +O(R?)
25.3.23
———
0L (7,0 Yot u)-HO)
25.3.24
o —$——9
()

bzﬁo=1_21h7 (—f2,0+16f1,0—30fs,0
+16f_1,0—f-2,0) +O(R*)

25.3.25

ab{:lo hﬂ (fl 1— Qjﬂ 1+f—l 1+f1 0_2f0 D+f-1 ]

+f1. 1= 2o -1+ f-1, 1) +HOR)

NUMERICAL ANALYSIS

25.3.26

« | ®

® o

g.{:fgyo g = a—faatfa ) +00)
25.3.27
®

@

Qoo Gt st ko
~2faofuaT-1.-)+0)

25.3.28

b;-:;-'l=% (fo.0—4f1.0H6f0.0—4f 1.0t f 2.0+ O(R)

25'3 I29

bax%;z i hatfaatsh, 1t f-1

_2f1. u’"zf—:.o—zfc. 1—2fu. —1+4fu. u) + 0(}?'3)
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Laplacian
25.3.30
asu %y
2 —_
Vo =\2z Tor s
=E§ (%, 040, 1 U1, 0 g, ~1—41g,0)+O(R?)
25.3.31

1
Vg, o= {oF2 [—60uq, o+16(2uy, o+ %o, 1 +%—1, 0+ U0, —1)

— (Ua,0 %0, 2% 2,0 %0, -2)]’{“0(]?-4)

Biharmonic Operator

25.3.32

+b‘u
ozt ' “ 22yt 0yt oo

"U»u 0= i u+2

= 12000 o8t ot 1-H 1,0 U, 1)

+2(u1.1-|—u1' -1 Uy, H"Hf—a. -1)
—+ (o, 2+, 0+ U2, 0+, —2) | +O(R?)

25.3.33

V"“n.o—ﬁh. [— (o, 3o, -3+ s, oFU-3,0)

+14(ug, s t+o, 2+, 0+ % _2,0)
— 77 (o, o, -1+, 0+%-1,0)
+184ug,0+20 (2, 1+, 1+ %g 1 H U1, —1)
— (1, 0+, 1 F %, —2 s, -1 U1, 2t U
F%-y, —3tU—g,-1) ]+ O(RY)
25.4, Integration

Trapezoidal Rule
25.4.1

Ty . h
J: " fa)de=

Uu+f1) “‘% J:l (t— o) (m—2t)f"’ (t)dt

LUt -Ere  @m<i<a
Extended Trapezoidal Rule
25.4.2
I s@de=h st . +fm,1+f"']
2 @)

Error Term in Trapezoidal Formula for Periodic
Functions

If f(z) is periodic and has a continuous k™
derivative, and if the integral is taken over a
period, then

25.4.3 [Brror| < 200Stant
Modified Trapezoidal Rule
25.4.4
f " f(@)de=h [%Jrfnt - +fm-1+‘%’":|
]

—Ferrtfitmer—Fml g BFOQ)
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Simpson’s Rule
25.4.5

Jvzaf(x)‘ﬁ:g [fot+4fi+1il
g
3 [ @ tre—tpo e
+% zp (32—'t)2($g_"t)f“)(t)dt
%1

P e AR

Extended Simpson’s Rule
25.4.6

. +fzn—l)
—';i{;f‘“(a

[ s@de= ot athit it .
+2(fot-fit .. . Hwm-2) S om

Euler-Maclaurin Summation Formula

25.4.7

[t Bttt . 4pt ]

B e B h* = .

i OB g LTS RS e
2K+

Ra=T O DAk [f @), (<6<

(For By, Bernoulli numbers, see chapter 23.)

If f®+9(z) and f®** (z) do not change sign for
z, <2<z, then |Ry| is less than the first neglected
term. If f®**(z) does not change sign for
2o <2< Zn, | Rae is less than twice the first neglected
term.

Lagrange Formula
25.4.8

L 'fla)dz=33 (L ()~ Li" @)+ R

(See 25.2.1.)
25.4.9

L™ (z)=—

"""“) it f " L()dt

25410 R=rLr f 7o @) ¢ (@) dz

u(zt)

Equally Spaced Absci
25.4.11 selesas

S @ 51 2 [ 2@ o,

tl(n— T—ay

NUMERICAL ANALYSIS

Tmtt [%]
25.4.12 f f@de=h 3 A(m)f+B, =
& =
(See Table 25.3 for A,(m).)
Newton-Cotes Formulas (Closed Type)
(For Trapezoidal and Simpson’s Rules see 25.4.1~
25.4.6.)
25.4.13

(Simpson’s g rule)

J‘: J-(q:)d."::% U°+3f1+3fz+fs}—-3ft:((f)ha

25.4.14 (Bode’s rule)

[ t@da=2 afot 321,410,

32,4749 2L N

25.4.15

[ faddam g 19,+751,+50f5505,

275f (()] (E)h‘f

25.4.16
[ s@to=ilgs 1sot2iefi 217542121,

9f® (£)A?
1400

+27f,+216f5+41f0) —
25.4.17

f;f (”)dm=“‘"1;2hso (751 fo+ 3577 f1+1323f>

+2989f,+29897,+1323 5+ 3577 f

! 8 h’
+751f:)—8——18;{84{f§)

25.4.18

L:f (x)dx=% (9897, 58887, — 928/,

+10496f,—4540f,+10496fs—928f,1-5888f;

2368
467775

+989fs) — SO E)R!

25.4.19
[ terde=gas 128857 ot

15741 (f1-+f2) +1080(fo+f7) +19344 (fo-+f)

+5TI8(fuH)) — 1557 OB

*See page II.
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25.4.20

" ¢ (@) dr=seon— {16067 (fo+fi0)

299376
+106300(f,+75) —48525(f+fs) +272400(fs+f7)
—260550(fs+fs) +427368f5}

1346350 1) 01 r1s
— 326018502 &h

Newton-Cotes Formulas (Open Type)

25-4.21

@) (e) he

f ? f@)dz= (fr‘l‘fa) R il )L

25.4.22
[ orae=t ahi—poat+ BN
25.4.23 )

f ¥ (”)d”— <11fl+f=+fa+11f4) +95f“’(ew

25.4.24
f F@)da=38 (11, 14f,+ 26— 14/,+11f)
4]f(5)(£)h7
T 140
25.4.25

J' * f(::)da:=% (611f,—453f,1-562f;-562.

— 453+ L)+ o O ("

25.4.26
J' ’ f(x)dz-gT (460f, —954f,+2196f,—2459f,
% 5

+2196f,—954fs-+460f,) + 13;915755 10 ()R

Five Point Rule for Analytic Functions
25.4.27
Zo+ ih
®

(]
Z,-h @& e z,+h

Z,— ih

887

f J(e)de=1t (24f(z0)+41 1t W)+ o= P)

—[f(zot1h) +f(2—h)]} +B

(Al
1Bl <7550

with vert.lces zn+ 1*h(k=0,1,2,3); hcan be complex.

Max |f®(2)|, S designates the square

Chebyshev’s Equal Weight Integration Formula

1 2 L]
95.4.28 f H(2)de=2 32 f(2)+Ba
-1 n =1

Abscissas: z; is the 1** zero of the polynomial part
of

- |'_' —n N n ]
P23 a5 67
(See Table 25.5 for z;.)

For n=8 and n>10 some of the zeros are
complex.
Remainder:

Re= [ I 0l
® -1 (n+1)!
Z Iﬂ‘[*l‘-f(ﬂ‘i-ll (E)

2
n(n+ 1)1 i=1

where £=£(2) satisfies 0<¢<z and 0<§, <z

(t=1,...,n)
Integration Formulas of Gaussian 'i‘ype
(For Orthogonal Polynomials see chapter 22)

Gauss’ Formula
25.4.29 J" f(a:)dz=;”; w.f(2)+R.
= =1

Related orthogonal polynomials: Legendre poly-
nomials P,(z), P.(1)=1

Abscissas:  is the ™ zero of P,(z)

Weights: w,=2/(1—a}) [P,(z)]*
(See Table 25.4 for z; and w;.)

92n+1 {'ﬁ,‘)
(@n+1) [(2n)!

Gauss’ Formula, Arbitrary Interval

b | n
25430 [ ja)ay="30 3 wiwo+R,

$t+(b_2l_—a

R, (—1<¢<1)

]8 f(ﬁn! (E

b—a
Uhi=\——

2

*See page IL
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Related orthogonal polynomials: P,(z), P,(1)=1
Abscissas: z, is the i* zero of P,(z)
Weights: w=2/(1—2}) [Pa(z)F

(=) @)

B=tnruianr’ @

Radau’s Integration Formula

25.4.31
[ s@da=51-+5; ws @)+E,

Related polynomials:

Pn—l(z) +Pn(x)
z+1

Abscissas: z, is the 1™ zero of

P,_.(2)+Pa(2)

x+1
Weights:
w‘_lg 1—z, — 1 ' 1
n? [Puci(@) P 1=, [Proy(z) P
Remainder:
o1, ¢
R":[(le)l]s [(a—1)If2=0() (—1<E<D)

Lobatto’s Integration Formula

25.4.32
[ s@de=r 2 (f 0 +5- 1)
+’§ wf(z)+R,

Related polynomials: P,_,(z)

Abscissas: z, is the (2—1)* zero of P,_,(2)

Weights:
2
YR DP@r  SHED
(See Table 25.6 for z, and w,.)
Remainder:
=12 (=2 .
B=—lGhiom—yp @
(—1<¢<1)

*See page IL
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BAB [ #fe=33 wis@)+R,
Related orthogonal polynomials:
L@ =VETIFIPFO0—-22)
(For the Jacobi polynomials P*® see chapter 22.)
Abscissas:
z is the i* zero of ¢, ()

Weightas:

w= {;’3’ [q,tzm*} B .

(See Table 25.8 for z, and w,.)

Remainder:
—_ J*2® ! (ke+n)!
R"_(k+2n+1)(2n)! &+2n)! (0<<1)
25.4.34

1
[ f@ VT2 d:=3; ws(z)+ B
Related orthogonal polynomials:

—"‘1‘—‘ P2u+1 (1/'1:5), Popya(l)=1

iz

Abscissas: z,=1—#? where £, is the 1'® positive-
zero of Py, ().

Weights: w,=2¢w{®**? where w{***" are the
Gaussian weights of order 2n+1.

Remainder:

s (2 S0
" (2n)!(4n+3)[(4n+2)1

25.4.35

R femE)  (0<E<)

[ rov=yay=-a 5 wiw

yi=a+(b—a)z,

Related orthogonal polynomials:

;Pnuq-z (‘\/i-:-?’v'): P'm+l(1)=1

Ji—z
Abscissas: 2,=1—¢ where £, is the i positive
zero of Pg.‘.H (3).

Weights: w,=28w"*? where w{*? are the
Gaussian weights of order 2n+-1.
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25.4.36 f /@) dx—-z o) B,

=]
Related orthogonal polynomials:
Py, (J1=3), Pa())=1

Abscissas: z,=1—¢ where £, is the i® positive
zero of P (z).

Weights: w,=2w{*, w{® are the Gaussian weights
of order 2n.

Remainder:

_24u+1 [(21‘1}1]3 .
n"‘4n—_}_1 [(471)”2f(2 }(9

(0<£<1)

25.437 -J;(A dy=b—a 3 w ) +EBe
a =1

—
ye=a+(b—a)z,

Related orthogonal polynomials:
Pﬂn(\'l_x};Pﬂn(l)zl

Abscissas:
z,=1—¢% where £, is the ¢*® positive zero of Py, ().

Weights: w,=
of order 2n.

95.4.38 f @)

Related orthogonal polynomials: Chebyshev Poly-
nomials of First Kind

2w w are the Gaussian weights

dx—“E w f(z)+R.

Tw(x),Ta(1)= 2,‘ =i
Abscissas:
;=008 @il
! 2n
Weights:
o
T
Remainder:

Bi= e/ ™ ®)  (—1<¢<1)

25.4.39
* flydy %
=l )+E.
a+/(y—a)(b—y) *23le@)+
{_{)ia._i_b-a

Related orthogonal polynomia.ls

To@), T =g

889

Abscissas:
Z,=c08s (24— Lix
: 2n
Weights:
_11'
w;—;;
25.4.40

f:l]’(m) \il—z’dx:;é w,f(z) +R,

Related orthogonal polynomials: Chebyshev Poly-
nomials of Second Kind
__sin [(n+1) arccos z] *
Unle)= sin (arccos z)
Abscissas:

Z,=c0s 3

i
n+1
Weights:

Sk

1 sin

W= !
J n+1
Remainder:
Ra=(—2n)%,m To(E) (—1<E<1)

25.4.41

f Vy—a)(b—y)f (y)dz/=(b;‘.;"')2 :El wif (y) +RBa
b+a b— a.

Related ort-hogona.l polynomials:

U (I)_sin [(n+1) arccos z]
T sin (arecos x)

Abscissas:

2
;=C08 — T
i n+1

- Weights:

T g %
wy=—o0 sin® ———7x

n+1 n+1
1 = ki
25.4.42 .J: 1@ \/ﬁ}dzz%; wif () +Ra

Related orthogonal polynomials:

1
:/—5 TRn-{-l(ﬁ)
Abscissas:
gz 21 T
B=C08 1 2
Weights:

2r

w;=2n—+l Ty
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Remainder:

Bi=mgen/* @) (0<e<)
25.4.43

f f@) \E=2 da= (b o 2 wf @) +E,

yi=a+(b—a)x,

Related orthogonal polynomials:

1

7 Tons1 (V)
Abscissas:

_ 21,—1 T

z;=cos? 212
Weights:
_ 2r
w‘_%—-[-l Iy

25.4.44 J: In xj(z)d;,;:é wJ(:v;)-}‘an

Related orthogonal polynomials: polynomials or-
thogonal with respect to the weight function —In z
Abscissas: See Table 25.7

Weights: See Table 25.7

25.4.45
[ e @as=33 wte)+ R

Related orthogonal polynomials: Laguerre poly-
nomisals L,(z).
Abscissas: z,is the 1™ zero of L,(z)

Weights:
* ur T
: n~+1)*[Lasi(z) ]
(See Table 25.9 for z; and w;.)
Remainder:
R—gmfon®  (0<t<=)
25.4.46

f_ﬂ e"af(z)dz=§2 wf(z)+ R,

Related orthogonal polynomials: Hermite poly-
nomials H,(z).
Abscissas: zis the 1™ zero of H,(x)

Weights:
2n=n)
nAH () ]?
(See Table 25.10 for z, and w,.)

*See page IL

ANALYSIS
Remainder:
R’l 2‘2‘(;/?5 Ifmm(f) ("' °°<E<°°)

Filon’s Integration Formula 3
25.4.47

f ™ Sy oourta deh [ GER 1y diri vy,
To
'_.fl:l SiIl 330) +|6(th) g Cﬁn""?(tk) “ 03n~l

+;£2g th‘Sé,_,:I—R,‘
25.4.48

02,,=§ Jas €08 (t25) —§[fon CO8 L5+ f, cOS t2]

25.4.49

Czn—1=§nl fae-1 €08 t2p
25.4.50

Sinﬂ“‘;ﬂl fiy sin tayey
25.4.51 '

Ry nhif' (¢ +O(th)
25.4.52

1, sin 28 2 sin? #
@)=t g —¢

B(6) =2 (1+cos’ f sin 29)

sin 8 cos f

O=4"F

For small ¢ we have

25.4.53
- T
=45 3154725
2 26 4¢*  26°
B=3T15 105 567
4 20 0 6
=315 210 11340

. M.
25.4.54

J'z“f(v"?) sin tz de=h| a(th) (f, cos tzg—fa, cOS t2ay)

2 "
+ﬁSZu+"}'Szn—1 +g th‘(}zn—x]—' Rn
25.4.55

S1a=33 fac sin (t220 5 fon Sin (t23:) 4o sin (t20)

8 For certain difficulties associated with this formula,
see the article by J. W. Tukey, p. 400, “On Numerical
Approximation,” Ed. R. E. Langer, Madison, 1959.
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n
25.4.56 Szn—1=§ Sai— sin (tz-,)
95.4.57 ogn_l=§1: 1.1 cos (t2a—y)

(See Table 25.11 for a, 8, v.)

Iterated Integrals
25.4.58

z ‘fl ls ‘2
f dt, f dc,.ﬁl...f dts f F(t)dt
0 0 0 0
1

=(m Lr (x— f—)“*"ff(t)dt
25.4.59

z by fx iy
f dt, f dtoy ... f dts f F(t)dt,

(&=t fl t"f (z—(z—a)t)dt

~ (n—1)!
Multidimensional Integration

Circumference of Circle I': 2*4y’=h*.
25.4.60

1 1 2= -
37 Lf(x,y)ds=§-ﬂ; Ef(h cos -%n,’ h sin g’)

+O(h#m2)
Circle C: 2*+9y°<h%
25.4.61

7 [ [ f@dny=3 ws@,u+R

(@yyy) wy
(0,0) 1/2
(+4,0), (0,4h) 1/8

R=0(*)

(3'};, y!) Wy

(:l:g::i:g) 14 R=0()

(x4,Y9) Wy
(0,0) 12
(£h,0) 1/12 R=0(hY)

(:l:g::i:g’ﬁ) 1/12

891
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(z4,94) Wy
(0,0) 1/6
(Zh,0) 1/24 R=0(%
(0,4h) 1/24
h A
(iérié) 1/6
(xbyi) Wy
(0,0) 1/4
(:I:-Jg h, 0) 1/8 R=0(n%
(:t‘/-g h,i%ﬁ) 1/8
(z4,y4) wy
(0,0) 1/9
m Z-n-k 8—6, . 2k 16
(‘JT’?’ 0 ‘/_mi_h sin ﬁ) ;&8@
(k=1,...,10)
(‘Jﬁ"i"\/_h oos =28 ‘J6+-J_h 21rk) 16—+/6
10 360
R=0(h")

ANALYSIS
Square* 8 [z]<h,|y|<h
25.4.62
1 n
[ [fevii=3 s, +r
]
(zoy) W
(0,0) 4/9
(£h, +h) 1/36  R=0(Y
(£h,0) 1/9
(0, +1) 1/9
!
e | o
|
PSS! (R
i
e | o
1.
(mtr yt)
(:l:ﬂ = ih-\[) R=0(Y
@ f T e
|
D
i
o ® ®
(24, 94) Wy
(0,0) 16/81
¢« For regions, such as the square, cube, cylinder, etc.,

which are the Cartesian products of lower dimensional
regions, one may always develop integration rules by

“multiplying together” the lower dimensional rules.

_["f(z)dwi wef (z:)
0 =]

is a one dimensional rule, then

[ 162 dady~ 3 wanif(znzi)
0Jo iaj"l

becomes a two dimensional rule.

necessarily the most ‘‘economical.

Sueh rules are not
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3 3 25/324
(:I:\/; h,:l:‘/; h) 3
R=0(®
3
(0,5:‘/% h) 10/81
s l'g 5 S e
(:I: \/ = h,O) 10/81
Equilateral Triangle T
Radius of Circumseribed Circle=h
25- 4-63 (mt ; y‘) w‘
R ff f(z, y)dzdy—-Z wif(zoy)+B (0,0) 270/1200
o (B2)0)
i 155—+/15
—yI5+1 71200
(( ‘/1_45+ h, R=0()
o e s VI5+1
(o )ﬁh)
! —1
| - h,0
| (( ) ) e
(@oyd wy ),/Eh) 71200
(0,0) 3/4
R=0(1*
(#,0) 1/12 Regular Hexagon H
/ h .k Radius of Circumscribed Circle=4A
(—f’if‘/g) 1/12 - -
25.4.64
|
! f f(z,y)dzdy‘"z wef(zy, y) +R
o ﬁhz
i -=- |
I
]
I
’ —— - -
(%,y:) Wy
(0,0) 27/60 '
(k,0) 3/60 :
(—g;:l:g -\/3) 3/60 R=0(hY (@0, %0) b
(0,0) 21/36
h
—=0 8/60
( ¥°) (:}:g'::i:g V8) M2 R=0(Y
h ok
(Z’ii ‘/3) 860 (£4,0) 5/72
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(zﬁyt) Wy

(0,0 258/1008

(:tl—h('] Vi3, :l:% m) 125/1008 R=0(k%
(:I:h % o) 125/1008

Surface of Sphere 2: o*4y°+42°=A*
25.4.65

41_}_-."!? Lff(x’y’z)dazé wif (24,y4,20) +R

(24,Y1,24) Wy

(£h,0,0) 1/6
R=0(%
(0,+£A4,00 1/6

(0,0, +h) 1/6

(24,Y1,240) wy

(+4/In2yn0)
(i‘/% h,O,iJg h) 1/15

R=0("
(+4,0,0)
(0, £4,0) 1/30
(0,0, +h)

(209029 w,
NN h,i‘/gh) 27/840

(£4,0,0)

32/840 R=0(k%)

(0, +k,0)
(0,0, £4)
Sphere S: #*+42+2'<A?

- 40/840

25.4.66

1
% wh?

[[[r@v,natae=3 witeipasa+®
]

S
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(T4, ¥1,24) wy

(0,0,0) 2/5
(4 h,0,0) 1/10
R=0(hY
(0, +4,0) 1/10
(0,0,44)  1/10
Cube® C: |z[<h
ly|<h
2| <A

25.4.67

g J [ [1erauivie=F5 wd v+

|
Ji -
T e
== ","::’{"‘""'_—'
,//',fLi-r-----

(¢, Y1, 24) wy

(£k,0,00 1/6

R=0(hY)
(0,+h,0) 1/6
(0,0, +h) 1/6

25.4.63
o | [ 7t 2)datyaz
[#

=;"Eﬁ [—496fn+12830f,+83 f,+ 53 :1+0(h?)
25.4.69
=55 (915~ 401+ 1+ 00
where f,=£(0,0,0).

b See footnote to 25.4.62.

895

2 Jr=sum of values of f at the 8 points midway
from the center of C to the 6 faces.

2 fy=sum of values of f at the 6 centers of the
faces of O.

> fo=sum of values of f at the 8 vertices of C.

> f,=sum of values of f at the 12 midpoints of
edges of C.

2 fs=sum of values of f at the 4 points on the
diagonals of each face at a distance of

—;—Jgh from the center of the face.

Tetrahedron: 9~

25.4.70

%,fffj(z,y,z)dmdydz=4—]b Efu‘l‘;% 221
g

+terms of 4 order
32 1 4
=@fm+@ Efu-l-@ A

+terms of 4* order

where
V: Volume of I

Sum of values of the function at the vertices
of 7.

>°f.: Sum of values of the function at midpoints
of the edges of 7.

S_f;: Sum of values of the function at the center
of gravity of the faces of .7

F: Value of function at center of gravity of J .

20
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25.5. Ordinary Differential Equations®
First Order: y'=f(z, y)

Point Slope Formula

25.5.1 Ynt1=YnThyn+ O
25.5.2 Yn1=Yn-112hyn+O(R’)
Trapezoidal Formula
k.., '
25,53 Yan=yuts Grsi-+70) +OR)
Adams’ Extrapolation Formula
25.5.4

Yot =T+ (55Us— 591875 a—9Ya—s) +O(K)

Adame’ Interpolation Fotmulq

25.5.5

U=Vt WassH 19— 50ar ¥ +O(HY)

Runge-Kutta Methods
Second Order

25.5.6
Ynsr=utg (ki) +OR)
by =1 @a,90) ha=hf a by gt )
25.5.7
Yn-r1=Yn ko +OR®)
= an, 1) =1 (a5 5 1)
nydnty n 2 rdn 2 1

Third Order
25.5.8
=Ytk a2 et ket O(R)
Yn+1=Yn 6 1 3 2 E 3

i=Hf ) =1 (2t B a5 o)
kazhf(zu+hsyn_kl+2k2)
¢The reader is cautioned against possible instabilities

especially in formulas 25.5.2 and 25.5.13. See, e.g.
[25.11], [25.12].

25.5.9
Unir=ttg bt bk ORY)
= (o 90) o=t (2t Bt 1)
be=tf (ot 3 htat3 1)

Fourth Order
25.5.10

ya+1=yu+% krF% Ifﬁ-% ka’l% kEAORY)
Be=hf @,y ki=h (2t hatg )
1 1
ko=t (et byt o ) o= b, a9
25.5.11
Unsi=tartg bt S bt bk L kOB
b= @) = (b3 bz )

bo=tf (b ity bitba )
kee=hf (zy+h, Y+l —ks+ks)

Gill’s Method
25.5.12

vty (b2 (1=y/D) by
+2(1 +‘/§) kb )+ 0GR
= (2, 90)
b=t (kb vut 3 )
b=t/ (mt b vt (545
+Hi=y3)k)
k=hf | 2a+h, yn —‘/; k=+(1+£) ’Ca)

Predictor-Corrector Methods

Milne’s Methods
25.5.13

P: Ypi=t-st g CUi—vaort24-) + O

C: y.+1=y._1+% (y.i—1+4y;+y£+:)+0(ﬁ°)
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25.5.14

3h ' '
P: ’yn+z=yn—5+i6 (113!-" 14%1—1
+26Yn-2—14Y5-3+11y5-0)+O(R")

2h ’ '
C: Yn+1 :yn—3+4_5 (7yn+l +32yn

+12yn-1+32y 2+ TYn-a)+O(R") .

Formulas Using Higher Derivatives

25.5.15
Pi y,,+1=yn-z+3(%”yn-1)“1"’2'2('!"::’“‘?!::—1)+0(hﬁ)
2
Ct Yarr=ta b Wanr+ ) — b @fir—4)+O(
25.5.16 |
3
P: Yot =Ynoa B Yo+ (5" HUi0) +OR)

g h » ’ h’ r r
C- yu+1=yn+§ (yn+l+yn)—m (yn-i-l_yn :l
hﬂ pre e
+120 (yn+1+yn )+0(h7)

Systems of Differential Equations
First Order: y'=f(z,y,2), 2'=g(z,9,2).

Second Order Runge-Kutta
25.5.17 )

UiVt (bl +-O(89),

Zi=2aty () +O(H)
ki=hf(@n,Yns2n)y  L=hg(Ta,Yn 2a)
ba=hf@at b Yut-br, 20 1),

b=hg(za+h, Yotk 2, 4+1)

Fourth Order Runge-Kutta
25.5.18

Ynri=Uit (nt-2bs+ 2Kk 0089,
2usr=2ntg (L2l 20+ L) +0(K)
ky=hf(Tn,Yns2s)  L=hg(2n,Yn,2n)
bi=hf (b btk 2ty 1)

L=hg (xn-i-%v %-1-%: z,.-{-%

1
k3=hj (xu+§ h:yn+% kh 2,,+% Z:)

lszhg (Zn +g’ y:f"‘%’ zn‘l‘%
ki=hf($n+h:yn+k3; 3::'{"33)

'l4=hy(3'-'u +h,% +kl,- Z+ 1)
Second Order: y''=f(z,y,y")

Milne’s Method
25.5.19

! r 4 rr rr r
P: yn+1:yu-~3+_3é (2yn—2"_yﬂ—‘l+2yn)+0(hu)
C: Yarr=vhrFe W4y o) +O0)

Runge-Kutta Method
25.5.20

Vo=t [ vk (et [+0)
Yor=Ystg (it b+ by k)
by =hf(a,yn )
1 R.golg sk
kﬂ:kf (xn +rz) b, yn +§ yn“i_ﬁ klayn+§l

Bi=hf (ot bk vk o o2

b=t (2ath, gkt b ke )

Second Order: y''=f(z,y)

Milne’s Method
25.5.21

P: Yn+1=Yn +yn»‘2_yn-8

2
2 oy 2y 5+ O0)

' Yam=ar— Yot i 1010 +OCR)

Runge-Kutta Method
25,522 yuu=yuth (vt (bt 260 ) +O)
2. 1
yi.+:=y;+—é k;“’f"g k2+6 ks
kl=hf(xmyu)
h ., h
bi=hf (zat vty Vet )

b=t (zuth byt g o).
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26. Probability Functions

Mathematical Properties?®

26.1. Probability Functions: Definitions and
Properties

Univariate Cumulative Distribution Functions

A real-valued function F(z) is termed a (uni-
variate) cumulative distribution function (c.d.f.)
or simply distribution funetion if

1) F(z) is non-decreasing, i.e., F'(2,) < F(ap) for
7, <1z,

i) F(x) is everywhere continuous from the
right, i.e., F(z) :.l_imn}r F(z+e)

iil) F(—®)=0, F(w)=1.

The function F(z) signifies the probability of
the event “X <z"" where X is a random variable,
ie., Pr{X<z}=F(z), and thus describes the
c.d.f. of X. The two principal types of distribu-
tion functions are termed discrete and continuous.

Discrete Distributions: Discrete distributions are
characterized by the random variable X taking
on an enumerable number of values . . ., z_,,
T, %, - . . with point probabilities

pr=Pr{X=z,}20
which need only be subject to the restriction

Epn_—“l . =
n

The corresponding distribution function can
then be written

InSZ

} Commenl on nolalion and conveniions.

a. We follow the customary convention of denoting a
random variable by a capital letter, i.e., X, and using the
corresponding lower case letter, i.e., z, for a particular
value that the random variable assumes.

b. For statistica] applications it is often convenient to
have tabulated the ‘‘upper tail area,” 1—F(z), or the
c.d.f. for |X|, F(z)— F(—z), instead of simply the c¢.d.f.
F(x). We use the notation P to indieate the c.d.f. of
X, @=1—=P to indicate the ‘‘upper tail area’” and A=
P—=Q to denote the c.d.f. of |X|. In particular we use
P(z), Q(z), and A(z) to denote the corresponding functions
for the normal or Gaussian probability function, see
26.2.2-26.2.4. When these distributions depend on other
parameters, say 6 and 6;, we indicate this by writing
P(z|0y, 65), Q(z|6:, 6;), or A(z|8), ). For example the chi-
square distribution 26.4 depends on the parameter » and
the tabulated function is written Q(x?|»).

*Ree page 1L

where the summation is over all values of z for
which 2,<z. The set {z,} of values for which
P»>01s termed the domain of the random variable
X. A discrete distribution of & random variable
is called a lattice distribution if therc exist numbers
a and b0 such that every possible value of X
can be represented in the form a-bn where n
takes on only integral values. A summary of
some properties of certain discrete distributions
is presented in 26.1.19-26.1.24.

Continuous Distributions. Continuous distri-
butions are characterized by F(z) being absolutely
continuous, Hence F(z) possesses a derivative
F'(z)=f(z) and the c.d.f. can be written

26,12 Fo)=PriX<z}=| fds.

The derivative f(z) is termed the probability
density function (p.d.f.) or frequency funetion, and
the values of z for which f(z)>0 make up the
domain of the random variable X, A summary
of some properties of certain selected continuous
distributions is presented in 26.1.25-26.1.34.

Multivariate Probability Functions

The real-valued function F(z, a3, . .. Z,)
defines an n-variate cumulative distribution func-
tion if

i) F(z, 3, . . . »,) is a non-decreasing func-
tion for each z;

il) F(z, %, ... 2, is continuous from the
right in each z;; ie., F(z, %3 . . . Z,)
=lim F(-T-'], v oa sy Ii‘l'ﬁ, . e wy z,‘)

0+

i) Mz, z,, ... 2,)=0 when any z=—o;
Flo, , ... @)=1.

iv) F(xz, 23, . . ., ) assigns nonnegative prob-
ability to the event #n<X,<x+h,
Bl Xa< 2 thsy . . .y 2L XL 2t hn for

all z,, z,, . . ., z, and all nonnegative
hyy hay . o oy by, eg., for n=2, F(z,+h,,
n+hy) —F(z, z+h)—F(zi+h, z)+
F(z,, 2,) >0 and in general for z,<X,<
z;+hy (i=1, 2, . . ., n), the kth order
difference A F(zy, 23, . . ., 2,)>0 for
k=1,2,.. .,%

927
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The joint probability of the event X,<uz,
. Zn). Analo-
gous to the one-dimensional case, diserete distribu-

Xs<a,, . .

o Xals is F(ay, o, . .

PROBABILITY FUNCTIONS

tions assign all probability to an enumerable set of

vectors (z;, ,, .
tions are characterized by absolute continuity of
F(xl: T2y -

. ., ,) and continuous distribu-

. Ta).

Characterisiics of disiribution functions: Moments, characteristic functions, cumulants

Continuous distributions Discrete distributions
26.1.3 | nh moment about origin p;-f' f(z)dz =S 2o
e -
«
26.1.4 | mean M-#;-J. zf(z)ds mnp;-z o
&
, @
26.1.5 | variance .--..,-m-f_ G-mpfls | e mim 3 G,
L
26.1.6 | mth contral moment u.-J‘u (z—m)~f(x)dz ba= D) Ta—m)*ps
—» -
26.1.7 ted value o for - m' dz - O
expected valne oporator for | Elg()] J'_”mm:) Ely(X)) ;m )P
26.1.8 | characteristic function of X | é(6)=E(eX)= _r ° enf@yis $()=E(eX)m D> | eitnp,
- -
26.1.9 eha&b)herlm function of qs,(t)f-JE:(emﬁt'J)---J.B einn(a) f(r)dz ¢,(¢)-E(gurm)_zcmtrap.
[ - '
1= b [=h
26,1.10 | Inversion formula iz =5 eitag (1) dt Prm== £itag b (f)de
— *J—ft

(lattice distributions only)

Relation of the Characteristic Function to Moments
About the Origin

26-1 -11 ¢(Il) (0) = [:;? ¢(t)] =?:.“;
=0

Cumulant Function

26.1.12 i, ¢(t)=z'; uﬂ%

n=0

ks 18 called the n*® cumulant.

26.1.13 xi=m, =07, Ks=p5, Ks=p— 343

Relation of Central Moments to Moments About the
Origin

26.1.14

Coefficients of Skewness and Excess

26.1.15 M3

71=;;§§=? (skewness)
26.1.16
72=%=5:-—-3 (excess)

Occasionally coefficients of skewness and excess
(or kurtosis) are given by

26.1.17 8= ﬁ=($)’

Ba=v2+3=5

(excess or kurtosis)

(skewness)

26.1.18



Some one-dimensional discrele distribution funclions

Name Domain Point Restrictions on Mean Varlance Bkewness Excess v Characteristic Cumulants
Probabilities Parameters function
26.1.19
Bingle point or z=¢ (¢ a constant) p=1 —m<le<l 4w ¢ 0 . gt x1=X, &=0 for r>1
degenerate
26.1.20
Binomial r,=s for2=0,1,2 ...n (:‘) pr(l—py=r | 0<p<1 (g=1—p) | np npq q—p 1—6pg (g+peii)= a=np -
Vang nrq k1 =Pg _:; for r=1
26.1.21 ¥
Hypergeomstric x,=s, for (N.) ( Ny ) Niand Nyintegers, | np - (N—-m g—p fN— 1) (N-—‘Zn Gnm‘g(lil- (Ns) Complicated
=0, 1, ... min (», N}) Na /) \n/ ?R‘g-‘ﬁf Ny N—1 ;—u_m' =\ N—n .N_2 cal n P, —Nis Ni—nH1; &0
(e | EMw (x)
n g=1—p=NyN) n
2
26,1.22 o
Poisson Ti=s, for1=0,1,2,..., = emms <m<® m m mi m-1 em(ei=1) k= o
8l forr=1,2, ... E
26.1.23 5
Negative binomial | r,=s, for 2=0,1,2,..., @ (u+|—l) P (1—p)a ﬂ?(; IdeKpt.fl nP nPQ Q+P 14+6PQ (Q—Peit)-n xu=nP d
= an = —
’ i~ p=5/Q) VnFQ NN -=Ps a
forr>1
g
26.1.24 [=]
Goeometric =g, for2=0,1,2, ..., @ | p(l—p)* 0<p<1 1-p [1—p 2—p o+ lp' pli—(1—p)est - g
pu =P b
P P Vi—p g L‘EL,
Kedl P ap
r=1

626



Some one-dimensional continuous distribution funclions

0€6

Prahablll:r Deusity | Restrictions | Skewness Charscteristie
Name Domsin Functlon f(1) P on e Mean Varlance e Excess v, function Cumulants
aramelers
-t
h 2.1 1 m s, _1
26.1.25 | Error function —w<r<m — 0<h< e 0 Y] 0 0 £ n=0, K=pp
- xa=0 for n>2
LRy P
26.1.26 | Normal —m<r<m™ _'ﬁ__ ¢ . -:((12(-19 m ot Q 0 e ¥ Kp=m, k3=¢3, xo=0lor 8>2
[ w [ R
1 _
26.1.27 | Cauchy —w<zlw 3 —l_——, —o<a<e | mnotde- | notdefined not de- not defined ¢ixi-Blel not defined
LR (‘_EE) 0<B< w fined fined
1 =05 . o
26.1.28 | Exponentlal ali<{m 3 e "B -—ae<<;r<<a atf [ 2 6 ety -1 xn=a+f, xn=F"C(n) for n>1 g
° w
1~ lﬂl ¥ a
26.1.29 | Lapluce, or double —o<r<e —c '8 —m<alm |a 23 0 3 ebaley 1 gam)-1 K=, =20 =
exponential << ™ (2n)!
Kantt =0, kgn= = /- 3
forn=1,2, ...
" t ]
26.1.30 Erl{eme-Value.‘ — oLz ™ 1 exp (—p—e-7) —olalo |atyf ('Tm' 1.3 2.4 ‘I‘(l—iat)e"“' =", n=('6 5
{Tsben Tipett, a 0<B<w - Q
ar dou o
expgle'lential) d with y:u Kn ‘=ﬂ"[‘{ﬂ)Z: 1 for n>>2 :j
8 = Q
2
w
26.1.31 | Pearson Type I11 alr<m a%(p) grig=n — <<ﬂz<¢ atps | pB % op ety _igt)-s a=atBp, =P -
--3
_I—a 0<p<w
with y ]
26.1,32 | Qamma distribution | 0<7< = ]T(l-pT) Tries 0<p<o p p Ji_ 6/p (1—it)-» x1=p, xa=pT'(n) for n>1
p
26.1.33 | Beta distribution 0<z<1 L e | 1gae =2 sb 2a—b) | o footnote b M(a, a-+b, it)
- Bia, b) I<b<w a+b (a+0)2a+b+1) (a+b5+-2) '
h ki1 M 2 hi imt
26.1,34 | Rectangular, or m—r<r<m+4=| = —o<m<o | m = 0 -1.2 =gin —) '™ m=m, szan=0
2 2| h 1 ht 2
uniform 0<hi<e 2 ( _hB,,
Kn="_— *
By. (Bernoulll numbers),
; S
Bj=5- Ba——mr .

¢ v (Euler's constant)=.57721 56640 . . . .
atb+1 [3a+b+12(a+b) H-aba+b—6)]

! ‘rl‘V ab l

ab(a+b6+2) (a+b+3)

i}

*Hee page 1L
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Imequalities for distribution functions
(F(z) denotes the c.d.f. of therandom variable X and ¢ denotes a positive constant; further m is always assumed to be finfte and all expectations are assumed to exist.)

Inequality Conditions
26.1.35 Pr{g(X) >t} <E[g(X) )t @) g(X)>0
26.1.36 Pr({X >t} <mlt (i) Pr{X<0]=0
- (i) E(X)=m
F@o 21—
26.1.37 Pri{|X—m|=tc} <1/ i) EX)=m &
1 (i) E(X—m)i=¢?
F(m+te) — F(m—io) 21—5
26.1.38 ; O B(X)=
= i D=m;
Pr{|X—m|>ic} £ oy (i) E(X;—m)i=q? ‘
(i) E(X.—milX,—m;])=0(53)
n
sy Twn X
iv) X= ‘ﬂl?’
i
m-- —J' o=
26.1.39 ; [E :I
- (i) E(X—m)i=q?
4 1+(m z.-,) (i) F(z) is & continuous ¢.d.i.
Pr(|X—m|2>1le] < A P (iii) F(z) is unimodal at z,°
-
4 1+(m:% '
F(m+te)— F(m—id) 21-—9 *:m)"ﬁ
g
26.1.40 Pr{|X—m|>tc} <4/98 (i) B(X—m)i=¢o?
(ii) F(x) is a continuous c.d.f.
F(m+to) — F(m—to) Zl—ﬁ (iii) F(z) is unimodal at z;*
(iv) m=x,
wy—oat . -
26.1.41 Pr{|X—m|>ic} < h-__m+t‘¢r‘—2ﬂa' (53 EE§_2¥=::
—t =
F(m+te) — F(m—1to) Zlmm

8xq i3 such that F'(ze)>> F'(z) for z#zs.

26.2. Normal or Gaussian Probability Function

—22/2

26.2.1 Z() =ﬁ ¢

=‘/% f _:., o3y f : Z(t)dt
___ﬁ f " ety f " Zwydt

26.2.4 A(x)ﬂLz_f T f " Z(t)dt

o) =

26.2.2 P(z)

26.2.3 Q(z)

26.2.5 P(x)+Q(x)=1
26.2.6 P(—2)=Q(z)
26.2.7 A(z)=2P(z)—1

Probability Integral with Mean m and Variance o?

A random variable X is said to be normally
distributed with mean m and variance o if the
probability that X is less than or equal to z is
given by

26.2.8
Pr{X<z}=

z (i—m)?
L f ez di
cr\/21r -
1 (z=m) /e
"o J-
The corresponding probability density function
is
26.2.9
(z—m)?
2—m T—m ™
- z( )_
P ( ) ar-'/21r
and is symmetric around m, i.e.
m-+2\_ [ m—r\
Z( v >_Z( 7 )

The inflexion points of the probability density
function are at m-=+o.

,s;gdt =P T—m
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Power Series (x>0)

( 1)nz3n+l
P{ )"' +1j21rn2-0n12u(2ﬂ'+1)

26.2.10

26.2.11

nt1
P@) =520 3 g5

(2n+1)

Asymptotic Expansions (x>>0)

26.2.12
Z(2) 1,1-3
Q(;{:} 2 {1 a:2|:c."|"-..
(—1)"1.3. (2n—1)}
L 2?2" +Ra
where
R,=(—1)*"1.3 ... (2n41) : E%T(f-% dt

which is less in absolute value than the first
neglected term.

26.2.13

(z) Z(&:) 1
m’+2T (z*+2) (z’+4)

CES) (z’-l-‘-l) (9:’4-6) }

where a,=1, a;=1, a;=5, a,=9, ;=129 and the
general term is

@n—1)+2¢1-3. ..
(2n—5)+ .

(2n—3)
. 2%, 4

an=0csl 3 ...
+2%,1-3. ..

and ¢, is the coefficient of ¢** in the expansion of
tit—1) . .. (tI—n+1).

Continued Fraction Expansions

26.2.14
2 3 4
Q)= Z(ﬂ{a;a;ﬁ'} (z>0)
26.2.15

Q(x) =5

Polynomial and Rational Approximations? for P(x)

and Z(x)
<zl
26.2.16
1
it s 2 3 =
P(z)=1—2Z(z) (at+ast*+-ast*) +-¢(2), b=z I
le(z) |[<1X 1078
p=.33267 a;=.43618 36
a,=—.12016 76
a;=.93729 80
26.2.17
P(:E)=1""Z(.T)(blt"l-bztn+b3ts+b4t‘+bsti)+E(z),
t= .
T+pz

le(z)|<7.5% 10~

p=.23164 19
b= .31938 1530 by=—1.82125 5978
b,=—.35656 3782 bs= 1.33027 4429
by= 1.78147 7937

26.2.18
P(z)= 1”"" (1+-e1z+c 22452 +czt) ~*4e(2)
le(z)|<2.5 X104
0,=.196854 ¢;=.000344
c,=.115194 ¢¢=.019527

26.2.19

P(a)=1—4 (1-+dia-+dai+d?

+dgt +d®+dea®) " +-e(2)

le(x)|<<1.5X10~7
d,=.04986 73470 —.00003 80036
d,;=.02114 10081  ds=.00004 88906
d;=.00327 76263 ds=.00000 53830

26.2.20 Z(z)=(ay+a:x*+aaxi+aa) " +e(2)
le(2)[<2.7X1073
a,=2.490895 a,=—.024393
a;=1.466003 ay= .178257
7 Based on approximations in C. Hastings, Jr., Approxi-

mations for digital computers. Princeton Univ. Press,
Princeton, N.J., 1955 (with permission).
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26I2.21

Z(x) = (bo+baz®+biz* + bz’ + bz + by o2') - e(2)
le(z)|<2.3X107*

by=2.50523 67 by= .13064 69
b,=1.28312 04 by=—.02024 90
b= .22647 18 b= .00391 32
Rational Approximations 7 for x, where Q(x,;)=p
0<p<.5
26.2.22
5 Go+aqt .
=t irhirha T P 1= \/h“
le(p)[<<3X107°
ay=2.30753 =.99229
o= 27061  b,—.04481
26.2.23
Co+cyt+cot? i
=t 3 t= —_—
G T TR o R \/ Ins
le(p)|<4.5X107%
€ =2.515517  d,=1.432788
o= .802853  d,= .189269
= .010328  dy= .001308

Bounds Useful as Ap‘proximatic;nai to the Normal
Distribution Function

26.2.24
1.1
P\(2) =§—I—§ (1—e—2tx)h (z>0)
P(z)<
Py(x)= 1_L’H_”22)i';‘” (2r) ~de=212

(2>14)

933
26.2.25

[ P ]
Pa.(z) =%’+‘% (1 —e _2:2"_2‘_('1:;,—1_3) e _32{2)
(z>0)
(z>2.2)

P(z) >4

Py(z)=1—2 (@r)~te-12
L z

See Figure 26.1 for error curves.

008
004 -

PfXI-P (s}

Al P~ Plx)

o
-.002
—Boale Paln]—Plll

- 006

ol Px)=Pix)

Ficure 26.1. curves for bounds

distribution.

Error on normal

Derivatives of the Normal Probability Density Funection

26.2.26 Z" (p)= dm Z(J‘.‘)

Differential Equation

26.2.21 Z™+9 (3) +3Zm+0 () + (m+1)Z™ (2) =0

Value at x=0
26.2.28
—1\m/2
u—%!— for m=2r,r=0,1, . ..
m/2f "\
Zm (0)= V212 (2)

0 for odd m >0
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26.2.29

26.2.30

26.2.31

26.2.32

26.2.33

26.2.34

26.2.35

26.2.36

26.2.37

26.2.38

26.2.39

26.2.40

PROBABILITY FUNCTIONS

Relation of P(x) and Z(m)(x) to Other Functions

Funclion

Error function

Incomplete gamma function (special case)

Hermite polynomial

HF function

Tetrachoric function

Confluent hypergeometric function (special
case)

Parabolic eylinder function

Relation
erf 2=2P(2+/2)—1

sl m)
—==F =[2P (y22)—1]
P(z)
He, (z)=(—1" ZZ(SG)

= ”Z‘"’(z-ﬁ)
H,(z)=(—1"2" Z(zy2)

Hh_y(2)=(~1)"'\3r 2 (2
L= £ (32)

el jf"

a(y 82 Ly 1Y
u (s Drzm{roz}
(il oy 2o

2m+2 3 2\ _ZO"-V(a)
A ( "2 )T 2Z@ ()

Z(l—ﬂ ( )

1 = 7™ (g)
= *::3 n
U( n—z T )=e (—1) 70

Repeated Integrals of the Normal Probability Integral

26241 I,(z)= f " I(t)dt

where I_,(z)=2Z(z)

(n=>0)

26.2.42
I—.(I) =(_é‘£5)"— lz(x) - (_ l)n—IZ(;_ 10 (3)
n>—1)
&
26.2.43 (E bop %_ﬂ) I.(2)=0
26.2.44

411,y (2) + 2l (2) —T 5y (2)=0 (n>—1)

*See page 1L

(2>0)

(>0)

(n>0)
(n>0)

(2>0)

(z>0)

(z>0)

(220)

(n>0)
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26.2.45
® (§—x)" © 41
f,,(z)=L (—-ai)—Z(t)dt=e—z’ﬂ fo L 2yt

(n>—1)
(2)]‘2-‘;—:

(n even)
Asymptotic Expansions of an Arbitrary Probability
Density Function and Distribution Function

Let Y, (i=1,2, . .

independent random variables with mean m,,
variance o, and higher cumulants «, ., Then
asymptotic expansions with respect to n for the
probability density and cumulative distribution
function of

26.2.46 I.(0)=1_,(0)=

., n) ben

E x f""mi)
TEY
26.2.47
fO~Z@— 3206 H 200+ 296 |

[120 Z®( ).+.7171 Zm (x)+1296 Z® (I):l

ES 720 Z®(z )+1152 VAT )+7173 Z®(z)

720
_I_i‘f:;; Z00 (g )+31104 Za® (m):l_l_ .

26.2.48
FE~P@—{ 3276 4 5 2°@0+5 2°@ |

oot )]

3 720 Z® (g )+ zm( )_l_'}’l'Ya Z ()

1152

g zmorgemolr..

Géﬁ&

Yr-2="7 1.

s a)

N j=1

where

Terms in brackets are terms of the same order
with respect to n. When the ¥, have the same
distribution, then m;=m, o3=d?, x, ;~«, and

e (3)

935

Asymptotic Expansion for the Inverse Function of an
Arbitrary Distribution Funetion

Let the cumulative distribution function of
Y=;,§l; ¥ be denoted by F(y). Then the (Cornish-

Fisher) asymptotic expansion with respect to » for
the value of y, such that F(y,)=1—pis

26.2.49 Yp~ M+tow
where
w=z+[vih (2)]

+vaha(2) +viha (2)]

Fvshs () +rviv2haa(2) 43 (2)]
et () +vihae (%) +71v3has (2) +13vohina(2)
+rthun @)+ . ..

and
Q(z)=p,
26.2.50

Ky
7,_3=E{2: ?‘=3, 4, ¥ vy

h1($)=é Hey(z)

hg(x) — Hes(z)

hn(w)—— g [2Hes(2) +Heu(2)]

h"(")"lzo (Heu(@)]
hya(3)= —51 [H' es(z)+Hey(2)]
hmtz>=3%4 [12H e,(z) +19H 5(2)]

hl(;r')— Heg(2)

720

h:z(rc)——ﬁ— [38H e5(z) +6H e5(x) +2H e4(2)]

hia(z)=— 2H eg(x)+3H es(z))

180[

hyga(z) = [14Hes(z) +37H es(z) +8Hes(2)]

288

R (z) = — 5= [252H e5(z) +832H e5()

+227He;(x)]
Terms in brackets in 26.2.49 are terms of the

same order with respect ton. The He,(z) are the
Hermite polynomials. (See chapter 22.)

7776
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n) (3)

26.2.51
Z(z)

Hen(z)=(— 1)“

In the following auxiliary table, the polynomial funections A, (z), hs(x) .
.005, .0025, .001,

p=.25,

1, .05, .025, .01,

PROBABILITY FUNCTIONS

[a] (_l)m xn—ﬁm
m=o 2"m!(n—2m)!
. hyy(x) are tabulated for

.0005.

Auziliary coefficients® for use with Cornish-Fisher asymplotic erpansion. 26.2.49

25 10 05 025 01 005 0025 001 0005
. 67449 1. 28155 1. 64485 1. 95006 2.32633 2. 57583 2. 80703 3. 3. 20053
hy{z) H . 10706 + 28426 . 47358 . 73532 . 83815 1. 14857 L 42491 1.63763
ha(2) —.07153 —. 07240 —. 02018 08872 . 23379 . 30012 . 57070 . 8433 1.07320
hu(zx) . 07663 . 06106 —. 01878 —. 14807 —. 37634 —. 50171 —.B38B0 | —1.21025 —1, 52234
hy(r) . 00398 —. 03464 —.04928 —. 04410 —. 00152 . 06010 - 14841 . 30746 . 46050
ha(z) 00282 . 14644 . 17532 . 10210 —. 17621 —.53531 [ —1.02868 | —1.808355 —2. 71243
b s; —. 01428 —. 11820 —. 11900 —. 02037 25195 . 59757 1. 06301 1. 88787 2, 62337
hy(z . 00998 . 00227 —. 01082 ~. 02357 —. 03176 —. 02621 —. 00886 . 04501 . 10050
hn g —. 03285 00776 - 05985 . 09859 .07888 —. 01226 —. 18116 ~—. 59080 —1, 035565
L TH =. 05126 . 01086 . 00462 . 16106 . 16058 . 05366 -, 17408 —. T0484 —1. 30631
hu(z) . 14764 —, 10858 —. 30517 —. 55858 —. 32621 . 35606 1. 60445 4. 20304 7. 23307
hun(r) —. 08868 . 09585 v . 31624 07286 —.46534 | —1.30109 | —3.32708 =5, 40702

* From R. A. Fisher, Contrlbutions to mathematical statistics, Paper 30 (with E. A. Cornish) Extrait de la Revue de
1"Institute International de Statistique 4, 1-14 (1937) (with permission).

26.3. Bivariate Normal Probability Function
26.3.1

! —2pxy+y

T_ .2 1
9@, ) =[2rV1—p1" exp—5 (==

y—pz

26.3.2 g(z,y,p)=(1—p")1Z(2)Z M

26.3.3
B s f da | 9@y, Ny

k—px

V1—p®
26.3.4 L(—h,—k, p)=r dzfx a(z,y, p)dy

- L " Z(@)de I:Z(wJ do,

] L
26.3.5 L(—hk,— )=f dz | g(z,y, p)dy
—w k

2636 Lih,—k—n=[ dz gz, ndy

26.3.7 Lk, k, p)=L(k, h, p)
26.3.8  L(—h,k, p)+L(h,k,—p)=Q(k)
26.3.9 L(—h, —k, p)—L(h, k, p)=P(k)—Q(h)
26.3.10

2[L(h, k, p)+L(h, k, —p)+P(h)—Q(k)]—

' k
=f de | g(z,y,p)dy
-h -k

Probability Function With Means m., m,, Variances
o, o}y and Correlation »

The random variables X, ¥ are said to be dls-
trihntad an o hisasinta ) ¥

means and variances (m. m,) and (¢, o)) and
correlation p if the joint probability that X is
less than or equal to A and Y less than or equal to
k is given by

26.3.11

h=m, k—m,

Pr{X<h, Y<k}--—f f

12 -

The probability density function is

g(s, t, p)ds dt

2} s)

26.3.12

1 g —@ o1 g(x—ms y=my p)
2ra.04/1—p’ g 2(0—p%) o0y, oz L

where

g=L2=ma_2e(z—m,)(y—m,) +(y—mv)"’

al 0.0y al

Circular Normal Probability Density Function

26.3.13

1 (z—m,’ Y= 0 \—

g a

0,29

_ 2
1 Emm)* = m)
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Special Values of L(h, k, p) L(h, k, p) as a Function of L(k, 0, p)
26.3.14 L(h, k,0)=Q(h) Q(k) 26.3.20
26.3.05  L(hk,—1)=0  (h+k>0) L(h, k, o)=L (h, 0, %—4%
26.3.16 L(hk,—1)=P®)—Q()  (h-+k<0) o (k’ " (;I::%aﬁ ;}
26317  L(hk,1)=QH)  (k<h) v R S
26.318  L(ik,1)=Q()  (k>h) —{i i?ﬁefiiﬁf“
2‘-3;-19 L0,0,0) =:1£+ % where sgn h=1 if 4>0 and sgn h=—1 if A<0.
‘ .29 .22 .20 .18 16 14 Jd2 J0 .09 .08
0 /- vV 7 ‘ /17 7 7 //
TIA ALY e AV
4 // / // ,/ // (/ // // f -
NAD4N4 A | LA s "
AV A A
S A A L/ / A AN
A L/ 2 A A va il
V4 // / // / . -
/ // /// _// ,/ /// // 5
i ’/ / // L/ VI P A LA
/ // /// // ,/ / Z /
= 4 // / '/ // A f/ // / ,/ // a
/ // Ws /// 4 ,// ,// A"
e :/)/ 4 /// 7 - T4 /,/ — i /,// =
- ////// ///// /'/ ~ — o
—.a,,/ e . Lt LT LA
/,/ B // i ] //// il
" s ;,A;Q [ /!4 =
=l ] 1T _+—T |+
_45:, T i

ik

o
[=]
bk
@
o
T

20 .2% .30 3% 40 45 50 55 .0 €5 ;70 75 B8O .85 90 95 LOO o
Fieure 26.2. L(kh, 0, p) for 0<h<l and —1<,<0,
Valuss for h<0 can be obtained using L(h, 0, —g)=3—L(—H, 0, p).
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Integral Over an Ellipse With Center at (m,, m,)
26.3.21

Jf e (52

where A is the area enclosed by the ellipse
(3 - ms) 2p(z—m,) (y'_ mv)

020y
+(y-T:n,)’ =a*(1—¢’)

Integral Over an Arbitrary Region

Y p) dzdy=1—e~o"1

26.3.22

fL (=¥ (U:U’) g (x mz

”‘”, p) dudy

=ff 0(s, ¢, 0)dsdt
A*(8. 1)

where A*(s, t) is the transformed region obtained
from the transformation

-wmla )

e —1 (m~m,__y—m,)
2—2p Oz oy

Integral of the Circular Normal Probability Function
With Parameters m.=m,=0, =1 Over the Triangle
Bounded by y=0, y=ax, x=h

26.3.23
V(k, ah)=$ f h f " e P dady
0 0
=3 +L(1,0,0)—~L(0,0, )~ 1 Q(b)
where
p== £
it

Integral of Circular Normal Distribution Over an Offset
Circle With Radius Re and Center a Distance r¢ From
(m,, m,)

26.3.24
f fc_ . (u_ y—my o) dzdy=P(R?|2,1%)
4 g ?

where P(R?2, r%) is the e.d.f. of the non-central
x* distribution (see 26.4.25) with »=2 degrees of
freedom and noncentrality parameter 72

Approximation to P(R?|2, r?)

26.3.25
Approzimation Condition
2R? 27
TR P TI gl
26.3.26 P(z,) R>1
26.3.27 P(z,) B>5
2 24292
IR 1- 2 2
a= [g 2427 ]
9 2+
ry=R—/r’—1 R, r both large v
Inequality
26.3.28
h— pk
h -—-— Z Lk, k, h
Q) —1=25 2 |:1@.(1J1 ]< (h, &, ) <Q(H)
where '
ph—Ek>0, 0<p< 1.
Series Expansion
26.3.29
Z{ }(h)Z(ilJ( ) K
L(h, k, p)= Q(MQ(@-I—%T_E_D-,M pt!

26.4. Chi-Square Probability Function
26.4.1

R(x’}n)z[z'f’r (%)]_1 _L ? 0T T

(0¥ »)

26.4.2
Qx*|p)=1—P(x*»)

Lrr QT [ v

Relation to Normal Distribution

Let X;, X, . . ., X, be independent and identi-
cally distributed random variables each following
a normal distribution with mean zero and unmit

Then X’=?"_,Xf is said to follow the
=1

chi-square distribution with » degrees of freedom
and the probability that X*<x?is given by P(x?*»).

Cumulants
(n=0,1,...)

(0S¥ ™)

variance.

26.4.3

Knt1=2"nly

.
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Series Expansions

26.4.4

r—1

Q)= 2Q(X)+2Z(XJ21 5

xzf-l
.(2r—1)

(v odd) and x=+/x2

26.4.5
=2
T 2r
(v even)
26.4.6
—Xzfﬂ
P i")_(?! xz) (v+2)
{1+’Z'31 (»+2) (P+4) (v+2r)}
26.47 P(Cly)= 1r "2:0 =D* (I:c*/z)2
r (— nl (§+n)

Recurrence and Differential Relations

(X2/2) /3¢~ x3/3

r(5+1)

26.4.8 Q([y+2)=Q( W) +———-—

o"Q(x* i") 1 K (m m
2649 230G ?g( j)(—n (e —2j)
Continued Fraction
2\ p/2,—x2/2
26.4.10 *Q(X”iv)’—%.zq‘%/g)
{ 1—y2 1 2—p2 2 }
X2+ 14+ B2+ 14 32+ . .

Asymptotic Distribution for Large »

2_
where :r.=x

V2v

Asymptotic Expansions for Large x?

26.4.11 P(x*|v)~P(z)

26.4.12

-x¥2 o

2 (—1)

j=0

v .
r (1"'§+]) 9s+1

y (1_%) ()’

Q0% |v) ~ ‘(‘%

*See page IL

FUNCTIONS 941
Approximations to the Chi-Square Distribution for
Large »

26.4.13
Approzimation Condition
QX ~Q), m=V2C—y2—1  (»>100)
26.4.14
(x*/y) 1;3_(1 _52;)
Xly) = , = 30
26.4.15
Q) ~Q(ze+h), b= @ hao (»>30)
Values of he
r ha T ha z ha
-3.5| —.0118 1.0 | +.0008 +1.5 —, 0005
—3.0| —.0067 —.5 . 0008 20| +.0002
—-2.5 | =—.0033 0] +.0002 2.5 L0017
—2.0| =-.0010 +.5| —.0003 3.0 0043
—1L5| +.0001 L0 | —.0006 3.5 . 0082

Approximations for the Inverse Function for Large »
If Q(A|v)=p and Q(z,)=1—P(z,)=p, then

Appronmatwn Condition

26.4.16 1B~ {:r,—i-\/Zv } (»>>100)
3

26.4.17 x?,mv{l—g-i—z,\/%} (5>30)

~ TRE
26.4.18 x;m.{1—§%+(z,-h,)‘/9—2;} (v>30)

where bk, is given by 26.4.15.
Relation to Other Funections

26.4.19 Incomplete gamma function
'y(ﬂ, z)

T@ =P03y), v=2a,X'=22
I'(a,z)
W—Q("“M

26.4.20 Pearson’s incomplete gamma function
-t 2

I, D=y [ e at=P 0t

v=2(p+1), X¥*=2uyp+1

26.4.21 Poisson distribution

c=1 1 2
Q(x‘[») =§ e %} c=%r m=x§, (» even)
c=1

m
(e—1)!

Q) —Q*p—2)=e""
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26.4.22 Pearson Type I1I

[E}T f_:(1+f;)”e-“ds=P(x=fy)
v=2ab+2, X*=2b(z+a)

26.4.23 Incomplete moments of Normal distribu-
tion

(n l)llP(x [#) (n even)
f 1 Z(t)dt= Sl
0 N— 2
% P(x’y) (n odd)
X'=2 y=n-+1

26.4.24 Generalized Laguerre Polynomials
i (—1)™+ (“"'1) QOlv+-2—24)
A5 —QwT
2=x%/2, a=v[2

L@ (g)= 2

PROBABILITY FUNCTIONS

Non-Central x? Distribution Funetion

26.4.25
@ i
P (x|, X) =JEO N3 -O\% P(x"*p+29)
where A>0 is termed the non-centrality param-
eter.

Relation of Non-Central x2 Distribution With »=2 to the
Integral of Circular Normal Distribution (¢?=1) Over
an Offset Circle Having Radius R and Center a Dis-
tance r=+/X From the Origin. (See 26.3.24-26.3.27.)

26.4.26
[[. 9@y, 0 dmiy=Poe=Rp=2,%

=1-33 X QBiz+2)
=1=2 57 J

Approximations to the Non-Central x? Distribution

a=v+Ar
Approzimating Funciion

26.4.27 x* distribution P(x'%», N)

26.4.28 Normal distribution  P(X%|», A) =P(z),

26.4.29 Normal distribution P(x"?p, \) ~P(z),

o

y+A

Approzimation

. G

TTIE

oran {131

)

Approximations to the Inverse Function of Non-Central
x? Distribution

If Q('|», N)=p, Q(x|»*)=p, and Q(z,)=p then
Approzimaling Variable
26.4.30 ®

26.4.31 Normal

26.4.32 Normal

Approzimation to the Inverse Function
X5 = (14-b)x;

X zl—ig-é [%-ﬁ/%—*l |
e[ B3 ()]



Variable Meen
26-4-33 II r
26.4.34 ig @r=DH14H16s(r—1)]1) 4 061m

26.4.35 (A 1- 100

26.4.36 mon ¢ (5) -In (é) =00

26.4.37 x» a

26.4.38 Vi  (a-(+H+0@m

26.4.39 Govon 1-3HL KB 50

Properties of Chi-Square, Non-Central Chi-Square, and Related Quantities

a=p+h

Y=g TG,

Variance
2>
ol My B
4 B2 044 9

2 104
m gat 009

v (5) =5 [ ] +oe—00
2a(1+b)

(40~ B+145) (1-T0)}H-0(a

3R B0

A

b

rr
v =2 4@
dz+

Coefficient of akewness (1)

an

o
1 51
E[H'E m»']"'o(""")

e [H%]-!— 0(-1m)

(Z
| 2

e

at1-p) a438) L0
ab14-0)1n

(%)mw'norﬂn)

Coefficient of excess (1)
121
31 3
23 [ M5 ] +000

- [ ]+oe

v (2
v (g;? D:I ['+a(,1nl]+0((v—-1)")
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26.5. Incomplete Beta Function
26.5.1

1 I
L@H =g L B 1—0d (0<2<1)

26.5.2
Ix(a: b) =1-— II—:(bra)
Relation to the Chi-Square Distribution

If X} and X3 are independent random variables
following chi-square distributions 26.4.1 with »,

and », degrees of freedom respectively, then
2

%, is said to follow a beta distribution with
1 2

v and », degrees of freedom and has the distribu-
tion function

26.5.3

X? _ 1 :a—l Y T |
P{xims=} = [, oo

=IL(a,b) a=2, =2

2 2
Series Expansions (0<{x<1)
26.5.4
_#(1—2)° B(a+1, n+1) -
It{a’: b)—aB(G,b) 1+'§] B(a-‘l‘b n+1) +l}
26.5.5
_#(1—2)!
Lo, == 3G %
= Bla+1,n+1) T "‘“}
{1+§ B(b—n—1,n+1) (l—z)
_ (1 —a)!
" aB(a,b)
=2 B(a+1,n+1)
{1+§ il e }
26.5.6
1—1.(a,b)=1I,_.(b,a)

g(:-t;) 2 (=1 )‘( 4 %;;)- (integer n)

26.5.7
1—1.(a,b)=1,_.(b,a)
= (1—r)ete- 1?:-0 a+b—1)(1 ) (integer a)

Continued Fractions

26.5.8

Lia py<20=2"f 1 d d,

aB(a, ) \1+ 1+ 1+

(a+m)(at+b+m) .
(@+2m)(a+2m-1)

(km+l=_

d m(b—m)
= lat+2m—1)(a+2m)

—1
+b 2
Also the 4m and 4m+1 convergents are less than
I.(a, b) and the 4m+2, 4m+3 convergents are
greater than 7.(a, b).

Best results are obtained when z<{——

26.5.9
WINPT G o ey
L@ =G 5 i Th 1t
* x<1 e;=1
o (a+m—1)(b—m) z
T @ tH2m—2)(a+2m—1) 1—z
_ m(a+b—1+m) x
G = em—T1)(a+2m) 1—2
Recurrence Relations
26.5.10

I.(a,b)=zl.(a—
26.5.11

1,b)+(l—I)I,(a,b—1)

L(a, b)--{ Hat+1,0)—(1—2)L(a+1,6—1)}

26.5.12

1
[ua, B) =]a———(1_z) e UACYESY
+a(l—z)l,(a+1,0—1)]}

*

26.5.13

1
I,(a,b} =m {GI:((I"‘],&)‘{*!JI,(&,&'{'I}}

26.5.14
1 1 s 1\? 1%
I,(a,a)=§ Ii_p (a, 5)’ r'=4 (x—§)[z = §]
26.5.15
—_T@td) o emi "
I(a,b)= CESYAD) (11— '+ L(a+1,6—1)
26.5.16
__ T'(a+b) "
I’(““b}"‘—"—_r(a+1)mb) r(1—x)°+I(a+1,b)

*See page 1L
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26.5.17 e and y is taken negative when z< a——-——_T_El 3
I,y =
1—I(a,b)=1,_:(b,a)~ TO)
1 _— (ﬁ_|_1-|_ }} Approximations
AN’ (b 2)' y 26.5.20 If (a+b—1)(1—2)<.8
1
+5760 (b 2)1 [(B—8YO—2) b+ TIG-HIH0) | 1 b=t e,
—(56—7) Lb+3+y)y=]} | <5 1073 if a+b>6
y=—N1n z, N—a+~—-~ xX'=(a+b—1)(1—2)(3—2)—(1—2) (b—1),
26.5.18 v=2b
. oy
L(a,b)~ I(‘GE ’}”)+ @ s 26 2) 26.5.21 If (a+b—1)(1—2)>.8

a—

s[5 o]
+w(2wjl"éw)}
=)

(26)2(2 3 ’+

w=b (

1—

26.5.19 : )
a(y—a
:(a:bJ "“P(y) Z(!f) a+ 1-|-a.21
as(1+9°/2) :
+ 1+a, T ]

a=2 (b—)[(a+b—2) @—1) (b—D)]*

11 1 13
=12 [a—1+b—1 a+b—1

sl (rtarss)

 fan

0 _ a+b6—1
y=_2|:(a+b Din e In l)x
+(—1) In b 1

(a+b—1)(1—2)

I(a, b)=P(y)+e,
le|<5%107% if a+b>6

3[?“(1‘95) (1~ sm)]
[5+%2]

wy= (bz)'"?, wy=[a(1—1x)]"?

Approximation to the Inverse Function

26.5.22 If I, (a, b)=p and Q(y,)=p then

— a
» “a+be’®

y,(hﬂ)*_(% 1 2a—1)( +6 3h

Relations to Other Functions and Distributions

Function

26.5.23 Hypergeometric function

26.5.24 Binomial distribution

26.5.25

26.5.26 Negative binomial distribution

26.5.27 Student’s distribution

26.5.28 F-(variance-ratio) distribution

__ 1 =1 _%_3
h=2 (2a—1 2—1) ¥ Mg
Relation
1
Ba,ba 2 F(a, 1—b; a+1; )=Li(a, )

,-n( )1"(1"1’)“"—1 (a,n—a+1)

( )pﬂ(l—-p)ﬂ-°=1,(a, n—a+1)—I,{a+1, n—a) *

E n+3 I)P"H"*I,(a )

vV
si—de=3 L (33) =z *
it e e (E?" 3) 3"=n-|31 7

*See pare II.
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26.6. F-(Variance-Ratio) Distribution Function

26.6.1
y!vi p‘wl F
P(Fli’], lv'g) ——-—-——?-i— t}{"l—Z)(yz_I_Plt) _“'H-"Jdt
0
26.6.2
Q(F|w, v)=1—P(Fly;, v)=1, ( et
where

S P2
PE‘I_ ¥ F
Relation to the Chi-Square Distribution

If X7 and X3 are independent random variables
following chi-square distributions 26.4.1 with »,
and », degrees of freedom respectively, then the
distribution of F=X?/ % is said to follow the

Xifvs
variance ratio or F-distribution with », and
degrees of freedom. The corresponding distribu-
tion function is P(F|vy, »).

Statistical Properties
26.6.3

mean: ’ 1rn=wf2 (n.>2)

2"3(”1“1"’:‘—2)
"1(3’2—2)2(1*'2_4)

third central moment:

3 81 (n+1.—2) (2 +3,—2)
_( =D —0) i—6) (:>6)

moments about the origin:
v,—|—2n 71—2‘73
i~(2) r(*%)e (250
141 Va
CORRIC)

characteristic function:
3 -24)

Series Expansions

variance: ¢’=

(vo>4)

(v2>2n)

¢(t)=E(e™)=M

N
T vatnF
26.6.4
v Q)= [ 142 -0+ 2582 e

vy =2

rz(vg—I—Z) . (voty—4) (1~:c)7:| (v, even)

2. : 3 (v;—2)

e i

26.6.5

AFlr=1- 0= [ 143 24 200D ey
’] (v even)
26.6.6

QFl, yz)_;*“"[l_{_v,-l-v; 2(1 )

+ (P1+P3—2) {P1+P2"4) (l = ) +
2 ’:I (v, even)
26.6.7

»itry=2 =
QF|vy, v)=1—(1—2)- 2 [1+M (1%)

3. +{v;-|—vz—2) (p1+2) (1-;)'2_ :I

(Pz +»
- (n—2)

+wm+$

(”1+V2-2) - (n+2) 1—3)”
2.4, ( 1—2) e

2.4,

even
26.6.8 (4 éven)

Q(F v, va) =1—A(t|w) +B(r, va) (v, 0dd)

"2 ftsi 2 .
- +sin f[cos 0+§ cos’ 6+ ... +
A(tllv‘g)= < %;;M cos Pﬂ_zﬂ}}for 92>1

9 . (Fa—z)
% for v,=1

(Fg—' |
2

1/,_(”3 2)lﬁunﬂcos"’ﬁ{ -

h.

B(v1yv)=+ IL'2—-3|_1511x12‘9--|---. &
01D b e,
3:5...(m—2)

for vy, >1

..0 for v,=1 *

f=arctan 1 / Lp
va

Reflexive Relation
If Fy(vy, v2) and Fy_,(v;, »,) satisfy
Q(Fy (w1, v2) |71, v2) =D
Q(Fi—p (v, ) oy m)=1—p

where
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26.6.9 then 26.6.15
1
Fy(n, Vz)=m 3 (1 ) (1 2 )
QF |y, %) =Q(z), 2=
Relation to Student’s t-Distribution Function (See 26.7) _%_ i F’”
9”1 gl’z

26.6.10 Q(F|u=1, 1) =1—A(t|v,)

Limiting Forms

t=+F

26.6.11

lim Q(Fln, »)=QWw),  X*=nF
26.6.12

'Il’_;n;l Q(F v, v)=P(X*|n), xh.__-%ﬁ

Approximations
26.6.13
"
Q(E |vy, v2) =Q(2), g va—2

(v and », large)

26.6.14

QF |»,va) =~Q(z), 2=

] f2(1’1'+'?2"'2)
y—2 Yy (1‘2—4)

‘/ (20,—1) ? F—25,—1
S

Approximation to the Inverse Function
26.6.16 If Q(F,|v;, »,)=p, then
F,~¢* where w is given by 26.5.22, with
=25, v,=2a

Non-Central F-Distribution Function
26.6.17

?l‘
P(F oy, vg, N) = J; Pty 73, Ndt=1—Q(F[vy, 72, N)

where

»+2§
= e (M2) (111+27) 2 ppnl?
A= m(
i T (2

v +2j-2
Xt 2

— (422
[ra+tn+27)t]

1+2 F

v

and A>0 is termed the non-centrality parameter.

_ Relation of Non-Central F-Distribution Function te Other Functions

Function

26.6,18 F-distribution

26.6.19 Non-central {-distribution

26.6.20 Incomplete Beta function

26.6.21 Confluent hypergeometric function

*See page 1L

Relation
P(F oy, v3y N = ED ¢ Y2 ("/2) P(F [n+-2500)
P(F Iyla ”ﬂ!_“\=0)=P(F"VI: ”2)
P(F’|py=1,v, N=P(t'|v,8), t’ =vVF’, v=v,, 6=+
, Y .
PPy =35 e BT, (4

P V;F’
DLF’ Ti"l'g

2-1

1 Qe—M3

P(F h’i: V2, = Z _lil‘_]_,‘,"_l_]_ EE-——-'!:)
’2

X
=" (4w B

nt+r v
Tt z)s M( 2, ++1,2

(l’g even and z=

va
77 +l-’n)
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Series Expansion

26.6.22
o
P(F'|n, v, N =e 2(1 P L E., T, (» even)
where
T,=1

Ti=g Grbm—2-42a) =2

Tr‘—:l2;iz [(m+r—204+20) T A NM1—=2)T', ;]

V2

TuF
Limiting Forms

26.6.23
im P(F’ |y, 2, N=PX"|»,N), X"?=nF', v=y
e
26.6.24 .

lim P(F’ |y, v5,N) = Q(X’]), x!=’_?(1F“|:C )

14 e

where Ay —¢c? as yy—> .

Approximations to the Non-Central F-Distribution
26.6025 P(F’ !I’l, Vs, k) ﬁI’(zl) 3

where

(v and », large)

,_I’Q{l"]+’\)
£ v (v—2)

_Pz [ 2 {I’]'}'h) i
Z[m—z) o=y + ‘+2"}]

26.6.26
P(Fflyh l"'2!’“) ﬁP(FlP?,Pg),

Vi ’ (m+A)
4 v,-i—)LF v +2)\
26.6.27
P(F'Il’u?a;)\) ~P(22.}!
[ nF"’ :l I: ] I: v.-{-?)\)
P1+k) 91‘2 9(Pl+h)=

2 PI+2X 1
9(”1"{'7‘)3 93’2 l’l‘l‘l

)UB &

26.7. Student’s t-Distribution

If X is a random variable following 2 normal
distribution with mean zero and variance unity,
and x* is a random variable following an inde-
pendent chi-square distribution with » degrees of

freedom, then the distribution of the ratio —

\(Xv

PROBABILITY FUNCTIONS

is called Student’s ¢-distribution with » degrees of

freedom. The probability that X__. will be less
VX

in absolute value than a fixed constant ¢ is

26.7.1
«}

A(tlv)=P,{‘%
LT [ (42) "

¥
.._.].——I;(Eﬁg (Ost<m) -
where
__V
z= I
Statistical Properties
26.7.2
mean: m=0
variance: ol=—0 >2)
y—2
skewness: 7v,=0
6
excess: yy=— )
Lt =
moments:
1-3... @n—1)"
= 2
=0 =2)(—4) . . . (»—2n) (v>2n)

Han41= 0
characteristic function:

) v g

¢(t)=E | exp ("‘ “/xx/y)]_ TOR) 3\

Series Expansions

(B=arctan i,_)
Ay

26.7.3 .

r2 : 2 4

;{8+sm 0 [cos 8+— cos® 8+ .
2.4, i ]}
08”4 *
At]y)= < Y8...6=2 (y 2)"‘
(»>1 and odd)

] %ﬂ (»=1)
26.7.4
A(t|v)=sin 6 l-I—-é~ cos? 8-|—;%45 cos! 0+ .

1.3-5 ... (p—3) cos"‘za}
. (¥v—2)

(v even) *

+2-4-6..

*8ee page 1.
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Asymptotic Expansion for the Inverse Function
If A(t,/v)=1—2p and Q(z,)=p, then

26.7.5
x,-l—g‘(x’) gr(%)_l_gs(:c,)

91(3)=Z (z*+2)
92(3)=% (52°+162°+3z)
gs(z)= 384 (3774192541722 —1572)

94(1)_92160 (7925477627 + 14822° — 19202°— 9452)

Limiting Distribution

26.7.6

r-.

Approximation for Large Values of t and »<35

11m A(tly)= e~?idxr=A(t)

2607-7 A(tli’)ﬁl 2{ t’+l}

v 1 2 5

a, 3183 .4991 1.1094 3.0941 9.948
b, .0000 .0518 —.0460 —2.756 —14.05

949

Approximation for Large »
L
t (1 —-4-;)
t!
1 [1 +QT,

Non-Central t-Distribution

26.7.8 A(t]y) ~2P(x)—1, 2=

26.1.9
P(t’ip, 5=
f ( -1 _—bz
’B(i’ V5(35) +”) T, (m—f &
L () et

where 6 is termed the non-centrality paramet.er.

Approximation to the Non-Central t-Distribution

26.7.10
t(1-5)-

(+5)

P(t'|v, 8) =P(2) where a=———F55—

Numerical Methods
26.8. Methods of Generating Random Numbers and Their Applications °

Random digits are digits generated by repeated
independent drawings from the population 0, 1,

2, . . ., 9 where the probability of selecting any -

digit is one-tenth. This is equivalent to putting
10 balls, numbered from 0 to 9, into an urn and
drawing one ball at a time, replacing the ball
after each drawing. The recorded set of numbers
forms a collection of random digits. Any group of
n successive random digits is known as a random
number.

Several lengthy tables of random digits are
available (see references). However, the use of
random numbers in electronic computers has re-
sulted in a need for random numbers to be gen-
erated in a completely deterministic way. The
numbers so generated are termed pseudo-random
numbers. The quality of pseudo-random num-
bers is determined by subjecting the numbers to
several statistical tests, see [26.55], [26.56]. The
purpose of these statistical tests is to detect any
properties of the pseudo-random -numbers which
are different from the (conceptual) properties of
random numbers.

9 The authors wish to cxpress their appreciation to
Professor J. W. Tukey who made many penetrating and
helpful suggestions in this seetion.

Experience has shown that the congruence
method is the most preferable device for generating
random numbers on a computer. Let the sequence
of pseudo-random numbers be denoted by {X,},
#=0, 1, 2, Then the congruence method
of generating psaudo-random numbers is

X,,+1=aX,;+6(m0d T')

where b and T are relatively prime. The choice
of T'is determined by the capacity and base of the
computer; a and b are chosen so that: (1) the re-
sulting sequence {X,} possesses the desired sta-
tistical properties of random numbers, (2) the
period of the sequence is as long as possible, and
(3) the speed of generation is fast. A guide for
choosing a and b is to make the correlation
between the numbers be near zero, e.g., the correla-
tion between X, and X,,+, is

- 1—6 (1—)

where
a,=a’ (mod T)
b=(14+a+a*+ ... +a* )b (mod T)
le|<a,/T

*See page I
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which occur in

Xﬂ+l=a‘le+b: (mOd T’)

When @ is chosen so that a=~ TV% the correlation
pym TV2,

The sequence defined by the multiplicative
congruence method will have a full period of T
numbers if

(i) b is relatively prime to T
(i) a=1 (mod p) if p is a prime factor of T’
(iii) a=1 (mod 4) if 4 is a factor of 7.

Consequently if 7=2% b need only be odd, and

PROBABILITY FUNCTIONS

a=1 (mod 4), When T'=10% b need only be not
divisible by 2 or 5, and ¢=1 (mod 20). The
most convenient choices for @ are of the form
a=2'+1 (for binary computers) and a=10*+1
(for decimal computers). This results in the
fastest generation of random numbers as the
operations only require a shift operation plus
two additions. Also any number can serve as
the starting point to generate a sequence of
random digits.. A good summary of generating
pseudo-random numbers is [26.51].

Below are listed various congruence schemes
and their properties.

Congruence methods for generating random numbers
Xuw=aXa+b(mod T), T and b relatively prime

a b T Perlod Xo Special eases for which random numbers have passed statistical
tests for randomness 10
26.8.1 | 14t odd | T=te te 0< X< T | T=28, X, unknown; a=2'+1, b=1; T'=2, g=2+1,
b=20741 09625 8473, Xy=76203 04531 25.
26.8.2 | r2+1(rodd, |0 T=l¢ tee relatively | T=2%, 24, Xi=1; a=5"(p=2)
1>2) primeto | T=28, Xp=1; T=20, Xg=1—2-9, 5478126193; a=51(2=2)
T T=24, Xy=1; a=58(3=2)
26.8.3 | r2v1 (rodd, |0 T=tet1 (varies) | relatively | T=2041, Xo=10,087,654,321; a=23; perlod =100
522) %‘rime to| T=108+1, Xo=47,584,118; 6=23; period ~ 5.8X 104
26.8.4 | TL¥1 0 T=10¢ 5-10e3 | relatively | T=100, Xo=1; a=7
primeto | T=10M, Xo=1; c=TH0
26.8.5 | 3+ 0 T=10v 5:10et | relatively
(¢=0,2,3,4) gx:l.me to

10X, given is the starting point for random numbers when statistical tests were made.

When the numbers are generated using a con-
gruence scheme, the least significant digits have
short periods. Hence the entire word length can-
not be used. If one desired random numbers with
as many digits as possible, one would have to
modify the congruence schemes. One way is to
generate the numbers mod 7T'+1. This unfor-
tunately reduces the period.

Generation of Random Deviates

Let { X} be a generated sequence of independent
random numbers having the domain “(0, 7).
Then {U}={T'X} is a sequence of random
deviates (numbers) from a uniform distribution
on the interval (0, 1), This is usually & necessary
preliminary step in the generation of random
deviates having a given cumulative distribution
function F(y) or probability density function f(y).
Below are summarized some general techniques

*See page IL

for producing arbitrary random deviates. (In
what follows { U} will always denote a sequence of
random deviates from a uniform distribution on
the interval (0, 1).)

1. Inverse Method

The solutions {y} of the equations {u=F(y)}
form a sequence of independent random deviates
with cumulative distribution function F(y). (If
F(y) has a discontinuity at y=1o, then wheaever %
is such that F(y,—0)<lu<F(y,), select y, as the
corresponding deviate.) Generally the inverse
method is not practical unless the inverse function
y=F"'(u) can be obtained explicitly or can be
conveniently approximated.

2. Generating a Discrete Random Variable

Let Y be a discrete random variable with point
probabilities p,=Pr{¥=y,} for i=1, 2, . . ..
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The direct way to generate Y is to generate { U}
and put Y=y, if

ptot .. Fpa<ULp+p+ . D

However, this method requires complicated ma-
chine programs that take too long.

An alternative way due to Marsaglia [26.53]
is simple, fast, and seems to be well suited to high-
speed computations. Let p, fori=1,2, ..., n
be expressed by % decimal digits as p,=.8,8s . . .
8: where the &’s are the decimal digits. (If the
domain of the random variable is infinite, it is
necessary to truncate the probability distribu-
tion at p,.) Define

n
Py=0, P,=10"" Zf‘ Syfor r=1,2,..., k&, and
2
0,=2310P, =12, . ..,k

Number the computer memory locations by 0,
1, 2, ..., II;—1. The memory locations are
divided into % mutually exclusive sets such that
the sth set consists of memory locations II,,
o,.,+1, ..., O—1. The information stored
in the memory locations of the sth set consists of
% in 8, locations, ¥, in J, locatioms, . .., ¥,
in ,, locations. }

Denote the decimal expansion of the uniform
deviates generated by the computer by u
=.didyd; . . . and finally let ¢{m]} be the con-
tents of memory location m. Then if

D P<U< TP,
f=0 =0

put .
yﬁa{dldf; Caa d!'l']]x—l_loagpi}'

This method is perhaps the best ad-around
method for generating random deviates from a
discrete distribution. In order to illustrate this
method consider the problem of generating
deviates from the pinomial distribution with point
probabilities

pl=(§')p‘(1 .
for n=>5 and p=.20. The point probabilities to

4 D are
Value of
Random Variable

Point Probabilities
0 Pe=0.3277
1 2= .4096
3 = .0512
4 p= .0064
5 ps= .0003

951

and thus Pozﬂ, P1=.9, Pa=.07, P3=.027,
P;=.0030 from which II,=0, IO,=9, I,=16,
IT,=43, I,=73. The 73 memory locations are
divided into 4 mutually exclusive sets such that

Set  Memory Locations

1 0,1,...,8
2 9,10, ..., 15
3 16, . . ., 42
4 43,...,72

Among the nine memory locations of set 1, zero
is stored 8;,=3 times, 1 is stored &,,=4 times, 2 is
stored 8,;=2 times: the seven locations of set 2
store 0 é&)=2 times and 3 &;=5 times; etc.
A summary of the memory locations is set out

below:
Value of Random Variable

0 1 2 3 4 5
Frequency (set1) 3 4 2 0 0 O
Frequency (set2) 2 0 0 5 0 0
Frequency (set3) 7 9 4 1 6 0
Frequency (set4) 7 6 8 2 4 3
Then to generate the random variables if
0<u<l.9 put y=a{d}
97 Su< 997 y=a{dydyds—954}

997 <u<1.000 y=a{didxdsds— 9927}

3. Generating a Continuous Random Variable

The method for generating deviates from a
discrete distribution can be adapted to random
variables having a continuous distribution. Let
F(y) be the cumulative distribution function and
assume that the domain of the random variable
is (a,b) where the interval is finite. (If the
domain is infinite, it must be truncated at (say)
the points @ and b.) Divide the interval (b—a)
into n sub-intervals of length A (nA=b—a) such
that the boundary of the ith interval is (¥4, ¥
where y,=a+iA for i=0, 1,. .., n. Now
define a discrete distribution having domain

{z‘=y;+2yf-x}

with point probabilities p=F(y)—F([¥:-1).
Finally, let W be a random variable having a

ahiitor distrbiiton: on (--g, %) This can be

done by setting W:A(U—% . Then random
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deviates from the distribution function F(y), can
be generated (approximately) by setting y=z+4w

—opafa- )
decomposition of the continuous random variable
into the sum of a discrete and continuous random
variable. The discrete variable can be generated
quickly by the method described previously.
The smaller the value of A the better will be the
approximation. Each number can be generated
by using the leading digits of U to generate the
discrete random variable Z and the remaining
digits forming & uniformly distributed deviate
having (0,1) domain.

This is simply an approximate

4. Acceptance-Rejection Methods

In what follows the random variable ¥ will be
assumed to have finite domain (g,b). If the
domain is infinite, it must be truncated for com-
putational purposes at (say) the points a and b.
Then the resulting random deviates will only have
this truncated domain.

a) Let f be the maximum of f(y). Then the
procedure for generating random deviates is:
(1) generate a pair of uniform deviates U,, U,;
(2) compute & point y=a+(b—a)u, in (a,b);
(3) if w,<f(y)/f accept ¥ as the random deviate,
otherwise reject the pair (uy, u;) and start again.
The acceptance ratio of deviates actually produced
is [(b—a)f]”!. Hence the acceptance ratio de-
creases as the domain increases. One way to
increase the acceptance ratio is to divide the
interval (@,b) into mutually exclusive sub-
intervals and then carry out the acceptance-
rejection process. For this purpose let the interval
(@, b) be divided into % sub-intervals such th at the
end points of the jth interval are (§,-,, &) with

! F(y)dy=p,; further let the

3=1

maximum of f(y) in the jth interval be f;, Then to
generate random deviates from f(y), generate
n pairs of deviates (wy, ug)s=1, 2, ... n.
Assign [np,] such pairs to the jth interval and
compute y;=§&- 1+ (E—&-1)uee I w, S (yy)/fs
accept y; as a deviate. The acceptance ratio of

this method 1is

jEkJ_l 25 (=& )fs]

tf=a, &=0> and

b) Let F(y) be such that f(y)=fW)f:(y)
where the domain of ¥ is (g, b). Let f, and #; be

the maximum of f,(y) and fy(y) respectively.
Then the procedure for generating random de-
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viates having the probability density function
f(y) is: (1) generate U, U, U;; (2) define z=q

+0—aus; @) it both 1< 2 and 22,

take z as the random deviate; otherwise take
another sample of three uniform deviates. The
acceptance ratio of this method is [(b—a)f fa] !
and can be increased by dividing (a, b) into sub-
intervals as in the previous case.

¢) Let the probability density function of ¥ be

1=["ow,0at, @<t<p), @<y<h).

Let g be the maximum of g(y, t). Then the pro-
cedure for generating random deviates having the
probability density function f(y) is: (1) generate
U, U, U, (2) define s=a+(8—a)u; z=a+

(b—ayus; 3) if w< WT”

deviate; otherwise take another sample of three.
The acceptance ratio for this method is [(b—a)g]™*
and can be increased by dividing the domain of
t and y into sub-domains.

s take 2 as the random

5. Composition Method

Let ¢.(y) be a probability density function
which depends on the parameter z; further let
H{(z) be the cumulative distribution function for z.
In order to generate random deviates Y having
the frequency function

o= awaEE

one draws a deviate having the cumulative distri-
bution function H(z); then draws a second sample
having the probability density function g.(y).

6. Generation of Random Deviates From Well Known
Distributions
a. Normal distribution

(1) Inverse method: The inverse method depends
on having a convenient approximation to the
inverse funetion x=P~!(u) where

= (2m) 12 f e-tedy,

Two ways of performing this operation are to (i)
1/2
use 26.2.23 with t=(ln 5;) or (ii) approximate

z=P~'(u) piecewise using Chebyshev polyno-
mials, see [26.54].

(2) Sum of uniform deviates: Let Uy, U, . . .,
U, be a sequence of n uniform deviates. Then
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L n\ [/ n\"V?
x=(50-3) (%)
will be distributed asymptotically as a normal
random deviate. When n=12, the maximum
errors made in the normal deviate are 91073
for | X|<2, 9X107* for 2<|X|<3. An improve-
ment can be made by taking a polynomial function
of X, (say) )
X=X, EU a?sX?s'
e
as the normal deviate where a@; are suitable
coefficients. These coefficients may be calculated
using (say) Chebyshev polynomials or simply by
making the asymptotic random deviate agree
with the correc normal deviate at certain specified
points. When n=12, the maximum error in the
normal deviate is 8 X10~* using the coefficients

* @p=9.8746 * as=(—T)—5.102
ax= (—3)3.9439 ¥ as=(—T)1.141
* a;=(—5)7474 ’

(3) Direct method: Generate a pair of uniform
deviates (U/;, U;). Then

X,=(—2InU,)" cos 27U,

Xo,=(—2 In U))Y? sin 2«0, will be a pair of
independent normal random deviates with mean
zero and unit variance. This procedure can be
modified by calculating cos 2xU and sin 27U
using an acceptance rejection method; e.g.,
(1) generate (U, Uy); (2)if QU,—1)*+4(2U,—1)*<1
generate a third uniform deviate U, otherwise
reject the pair and start over; (3) calculate

2 .2 ;
=(—Inu) ¥ 5t ya=2(—In w) E?"I-Fu'&u,"i (+

1 2 1
random). Both y, and y, are the desired random
deviates.

(4) Acceptance-rejection method: 1) Generate a
pair of uniform deviates (U,, U;); 2) compute
g=—Inu; 3) if e%E0* >y, (or equivalently
(z—1)*<—2(In u;) accept z, otherwise reject the
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pair and start over. The quantity will be the
required normal deviate with mean zero and unit
variance.

b. Bivariate normal distribution

Let {X;, X;} be a pair of independent normal
deviates with mean zero and unit variance. Then
{ Xy, pX,+ (1 —p»)'2 X, ]} represent a pair of devi-
ates from a bivariate normal distribution with
zero means, unit variances, and correlation
coefficient p.

¢. Exponential distribution

(1) Inverse method: Since F(z)=e % X=
—0 In U will be a deviate from the exponential
distribution with parameter 8.

(2) Acceptance-rejection method: 1) Generate a
pair of independent uniform deviates (U, U,);
2) if U,<U, generate a third value U,; 3) if
U,+U,<U, generate a fourth value Uj, etc.;
4) continue generating uniform deviates until an
n .is obtained such that U+ U+ . .. + U,
<UyLUy+ . . . +U,; 5) if nis even reject the
procedure and start a fresh trial with a new value
of U, otherwise if n is odd take X=8U, as the
desired deviate; 6) in general if ¢ is the number of
trials until an acceptable sequence is obtained
X=0(t+U,). The random deviates produced in
this way follow an exponential distribution with
parameter 6. One can expect to generate approxi-
mately six uniform deviates for every exponential
deviate.

(3) Discrete Distribution Method: Let ¥ and n
be discrete random variables with point probabili-
ties
* Pr{¥Y=r}=(e—1)e'™V r=0,1,2, ...

Prin=s}=[s!(e—1)|" 8=1,2,8,....

Then X=Y+min(U,, Us, . . . , Us) will follow
an exponential distribution. The average value
of n is 1.58 so that one needs, on the average, only
1.58 u’s from which the minimum is selected.

26.9. Use and Extension of the Tables
Use of Probability Function Inequalities

Example 1. Let X be a random variable with
finite mean and variance equal to m and o,
respectively. Use the inequalities for probability
functions 26.1.37, 40, 41 to place lower bounds
on

A(t)=F(a‘)—-F(—t)=P{JX—:m—I sc}

for t=1(1)4.

*See page IL

Lower bounds on A{t)=F(t)— F(—t)
t=1 2 3 4 Remarks

0 .7500 .8889 .9375 | no knowledge of
F(t); 26.1.37

F(t) is unimodal and
continuous; 26.1.40

0 .8182 .9697 .9912 | F(¢) is such that
ﬂ.|=3; 26-1-41

5556 .8889 .9506 .9722
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It is of interest to note that the standard normal
distribution is unimodal, has mean zero, unit
variance w,=3, is continuous, and such that

At)=P({)—P(—t)
=.6827, .9545, .9973, and .9999

for =1, 2, 3 and 4 respectively.
Interpolation for P(x) in Table 26.1

Example 2. Compute P(z) for z=2.576 to
fifteen decimal places using a Taylor expansion.
Writing z=x(+6 we have

2
P()=P(z)+Z(z06+ 2 (z0) g
3
+Z0(a) T2 Tt

Teking z,=2.58 and 6=—4X10"* we calculate
the successive terms to 16D

+.99505 99842
— 5 72204
— 2952 57449
— 8 63097
- 1439

42230
35976

-1 DO 00 O O

99500 24676 84265
The result correct to 17D is
P(2.576)=.99500 24676 84264 98

Calculation for Arbitrary Mean and Variance

Example 3. Find the value to 5D of

1 .5 boand
P{X<.50} =—— f -12(557) ¢
B ] 2

using 26.2.8 and Table 26.1.

This represents the probability of the random
variable being less than or equal to .5 for a normal
distribution with mean m=1 and variance ¢*=4.
Using 26.2.8 we have

P{X<.5)}=P ('5%1)4’(—.25)
Since P(—z)=1—P(z), we have
P(— .25)=1—P(.25)=1—.59871=.40129

where a two-term Taylor series was used for inter-
polation. Note that when interpolating for P(z)
for a value of z midway between the tabulated
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values we can write z=2,+.01 and a two-term
Taylor series is P(z) =P (%) +Z(2,)10~% Thus one
need only multiply Z(z) by 1072 and add the
result to P(z).

Calculation of P(x) for x Approximate

Example 4. Using Table 26.1, find P(z) for
z=1.96, when there is a possible error in z of
+5X1073,

This is an example where the argument is only
known approximately. The question arises as to
how many decimal places one should retain in
P(z). If Az and AP(x) denote the error in  and
the resulting error in P(z), respectively, then

AP(z) ~Z(x) Az

Hence AP(1.960)=3X10~* which indicates that
P(1.960) need only be calculated to 4D. There-
fore P(1.960)=.9750.

Inverse Interpolation for P(x)

Example 5. Find the value of z for which
P(z)=.97500 00000 00000 using Table 26.1 and
determining as many decimal places as is consistent
with the tabulated function.

For inverse interpolation the tabulated function
P(z) may be regarded as having a possible error

of .5X107%, Hence
AP(z) .5X107%¥
Ax= p—
Z(x) Z(z)

Let P(z,) correspond to the closest tabulated
value of P(z). Then a convenient formula for
inverse interpolation is

2
x=$n+t+x.;;+2x§; L

where
_P(2)—P(a)
Z(ay)

If only the first two terms (i.e., z=z,-t) are used,
the error in z will be bounded byg X 107* and the

true value will always be greater than the value
thus calculated.

With respect to this example, Az=~10""* and
thus the interpolated value of z may be in error
by one unit in the fourteenth place. The closest
value to P(z)=.97500 00000 00000 is P(z) =.97500
21048 51780 with 2,=1.96. Hence using the
preceding inverse interpolation formulas with
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t=—.00003 60167 31129

and carrying fifteen decimals we have the succes-
give terms
+-1.96000 00000 00000
— .00003 60167 31129
= 12 71261
— 68
0

+1.95996 39845 40064
Edgeworth Asymptotic Expansion

Example 6. Find the Edgeworth asymptotic
expansion 26.2.49 for the c.d.f. of chi-square.

Method 1. Expansion for x?
Let:
Q0»)=1—F(t)
where -

X*—yp

=y

Since the values of v, and v; 26.4.33 are

1=2 ‘\/5/3’}
'}‘2=12/l’,

we obtain, by using the first two bracketed terms
of 26.2.49

F()~P(%) —% [@ Z® (t}]

The Edgeworth expansion is an asymptotic
expansion in terms of derivatives of the normal
distribution function. It is often possible to
transform a random variable so that the distribu-
tion of the transformed random variable more
closely” approximates the normal distribution
function than does the distribution of the original
random variable. Hence for the same number of
terms, greater accuracy may be achieved by using
the transformed variable in the expansion. Since
the distribution of +/2x? is more closely approxi-
mated by a normal distribution than Xx* itself
(as judged by a comparison of the values of v,
and v;), we would expect that the Edgeworth
asymptotic expansion of y2x* would be superior
to that of x2

Method 2. Expansion for 42x2. Let
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Q(xz|’)=1—F(t)=1—F(M)

13\
)
where (2»—1)* and 1—% are the mean and vari-

ance to terms of order »7* of v2x* (see 26.4.34).
The values of v, and v, for v2x* are

1 5
]

Thus we obtain

F(t)~P(t) —;13 I:ll/—g (1 +§5;) zw(a)]

+ | 270+ (1+5) Z"’<t3]

For numerical examples using these expansions
see Example 12.

Calculation of L(h, k, p)
Example 7. Find L(.5, 4, .8).
VR —2phk+*=y.09=.3
L(5, 4, 8)=L(5,0,0)+L(4,0, —.6)
Reference to Figure 26.2 yields

o3
72 4,°

Using 26.3.20

L(.5,0,0)+L(.4,0, —.6)=.164.08=.24
The answer to 3D is L(.5, .4, .8)=.250.

Calculation of the Bivariate Normal Probability
Function

Example 8. Let X and Y follow a bivariate
normal distribution with parameters m,=3,
m,=2, o,=4, 0,=2, and p=—.125. Find the
value of P,{X>2, Y>4} using 26.3.20 and
Figures 26.2, 26.3.

Since P,{X>h, ¥ >k} =L (’L:ﬁ

v
have P{X>2, Y >4} =L(—.25,1, —.125).
26.3.20

I.(—.25,1, —.125) = L(—.25, 0, .969)
+La, 0, .125}—%

k—m,

1 p ) We

Using

Figure 26.2 only gives values for >0, however,
using the relationship 26.3.8 with #=0, L(—#, 0, p)
=1—L(h, 0, —p) and thus L(—.25, 0, .969)
=31-1(.25,0,—.969). Therefore L(—.25,1,—.125)
=—1,(.25,0,—.969)+L(1, 0, .125)=—.01-+.09=.08.

The answer to 3D is L(—.25, 1., —.125)=.080.
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Approximating Q(F|v, »;)

Example 23. Calculate (1.714/10,40) using
26.6.15.

The approximation given by 26.6.15 will result
in a maximum error of .0005. For this example
we have

$=(1.714)!: (1‘9<i0))‘(12 9{30))=1_2m
[m+(1.714)2’3 W]
Interpolating in Table 26.1 results in
Q(1.714]10, 40) ~Q(1.2222) =1—P(1.2222) =.1108

The correct value to 5D is Q(1.714]10, 40)=.11108.

On the other hand the approximation given by
26.6.14 which is usually less accurate results in

\/ [2(40)—1] (g) (1714 —/2I0 1

r=
: 10
“{ 1+E (1.714)

and interpolating in Table 26.1 gives
Q(1.714/10, 40}_“—6Q(1.2210)=1—P(l.2210)=.1112
Calculation of F Outside the Range of Table 26.9

Example 24. Find the value of F for which
Q(F|10,20) ~.0001 using 26.6.16 and 26.5.22.

For this problem we have ¢g;=32‘1‘=10l 5='_’21m ;

p=.0001. The value of the normal deviate which
cuts off .0001 in the tail of the distribution is

=1.2210
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y=3.7190 (i.e., @(3.7190)=.0001). Hence sub-

stituting in 26.5.22 gives
R i
h=2 [1_9+§] =12.2143

_ 3.7190°—3
6

_ (12.2143+-1.8052)#
w=3.1190 735143

1 1 -
—(5“1_9) [1.3052+ -8333—m]

w=.9889

and thus F=e*=7.23.
F=7.180.
Approximating the Non-Central F-Distribution

Example 25. Compute P(3.71/3,10,4) using
the approximation 26.6.27 to the non-central F-
distribution.

Using 26.6.27 with »=3, =10, \=4, F'=3.71
we have

x:
() o] st Hi 6wy
2 348

S ooy L) am [}
=.675

b =1.8052

The correct answer is

and interpolating in Table 26.1 gives
P(3.713,10,4) ~P(.675)=.750
The exact answer is P(3.71/3, 10,4) =.745.
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QGe), T(t, )=0(x») where t=(2x2)}— (2},
z=(/2)"Y. T(d»), x¥*=0(.05)2(.1)10, »=0(.05)
2(.1)6; Q(2p), x*=0(1)3.2, »=0(.05)2(.1)6;
*=3.2(.2)7(.5)10(1)35, »=0(.1).4(.2)6; P(t»),
=—4(.1)4.8, »=6(.5)11(1)32; O(t,z): t=—4.5
(.1)4.8, z=0(.02).22(.01).25, 5D.

m=0(.001).01



PROBABILITY FUNCTIONS 963

Incomplete Beta Function, Binomial Distribution

[26.33] Harvard University, Tables of the cumulative
binomial probability distribution (Harvard Univ.
Press, Cambridge, Mass., 1955).

>3 (Hpr@—p) for p=.01(.01).5, 1/16, 1/12,

$=c
1/8, 1/6, 3/16, 5/16, 1/3, 3/8, 5/12, T7/16,
»=1(1)50(2)100(10)200(20)500(50)1000, 35D,
[26.34] National Bureau of Standards, Tables of the
binomial probability distribution, Applied Math.
Series 6 (U.S. Government Printing Office,

Washington, D.C., 1950). (¥)p*(1—p)~+ and

k(]
>3 (Mpr(1—p)n+ for p=.01(.01).5, n=2(1)49,

t=c
7D.

[26.35] K. Pearson (Editor), Tables of the incomplete
beta function, Biometrika Office, University
College (Cambridge Univ. Press, Cambridge,
England, 1948). I:(ab) for z=.01(.01)1;
a,b=.5(.5)11(1)50, e=b, 7D.

|26.36] W. H. Robertson, Tables of the binomial distribu-
tion function for small values of p, Office of
Technical Services, U.S. Deparfment of Com-
merece (1960).

[

> (M) p*(1—p)» for p=.001(.001).02, n=2(1)

=0
100(2)200(10)500(20) 1000; p=.021(.001).05,
n=2(1)50(2)100(5)200(10) 300 (20) 600 (50) 1000,
5D.

[26.37} H. G. Romig, 50-100 Binomial tables (John

Wiley & Bons, Inc.,, New York, N.Y., 1953).

(") p*(1—p)"* and i (n) p'(1—p)~ for
8 =0 8

p=.01(.01).5 and n=>50(5)100, 6D.
[26.38] C. M. Thompson, Tables of percentage points of
the incomplete beta function, Biometrika 32,
151-181 (1941). Also reproduced as Table 16
in [26.11]. Tabulates values of z for which
I.(a, b) =.005, .01, .025, .05, .1, .25, .5;
2a=1(1)30, 40, 60, 120, =; 2b=1(1)10, 12, 15,
20, 24, 30, 40, 60, 120, 5D.
[26.39] U.S. Ordnance Corps, Tables of the cumulative
binomial .probabilities, ORDP 20-1, Office of
Technical Services, Washington, D.C. (1952).

é (:) p*(1—p)™* for p=.01(.01).5 and n=1

a=c

(1)150, 7D.
F (Variance-Ratio) and Non-Central F Distribution
[26.40] Table V of [26.7]. Tabulates values of F' and

Z=% In F for Q(F|v, »)=.2, .1, .05, .01, .001;

n=1(1)6, 8, 12, 24, ™ ; »=1(1)30, 40, 60, 120,
o, 2D for F, 4D for Z.

[26.41] E. Lehmer, Inverse tables of probabilities of errors
of the second kind, Ann. Math. Statist. 15,
388-398 (1944). ¢=+/M(m+1) for »=1(1)10,
12, 15, 20, 24, 30, 40, 60, 120, ©; »=2(2)20,
24, 30, 40, 60, 80, 120, 240, © and P(F’|v, v, ¢)
=.2, .3 where Q(F’|v,, vs) =.01, .05, 3D or 38.

[26.42] M. Merrington and C. M. Thompson, Tables of
percentage points of the inverted beta (F) dis-
tribution, Biometrika 33, 73-88 (1943). Tabu-
lates values of F for which Q(F|w, »)=.5, .25,
.1, .05, .025, .01, .005; »=1(1)10, 12, 15, 20,
24, 30, 40, 60, 120, = ; »,=1(1)30, 40, 60, 120, =,

[26.43] P. C. Tang, The power function of the analysis of
variance tests with tables and illustrations of
their use, Statistical Research Memoirs II, 126-
149 and tables (1938). P(F'|v, v, ¢) for »=
1(1)8, »»=2(2)6(1)30, 60, © and p=+/An+1)=
1(.5)3(1)8 where Q(F'|v, »;) =.01, .05, 3D.

Student’s t and Non-Central ¢-Distributions

[26.44] E. T. Federighi, Extended tables of the percentage
points of Student’s t-distribution, J. Amer.
Statist. Assoc. 54, 683-688 (1959.) Values of

¢ for which Q(ly)= % [1— A ()] =.25% 10,

X107, n=0(1)6, .06X10~" =n=0(1)5, »=
1(1)30(5)60(10)100, 200, 500, 1000, 2000, 10000,
@, 3D.

[26.45] Table III of [26.7]. Values of ¢ for which A (t»)=
.1(.1).9, .95, .98, .99, .999 and »=1(1)30, 40,
60, 120, @; 3D,

[26.46] N. L. Johnson and B. L. Weleh, Applications of
the noncentral (-distribution, Biometrika 31,
362-389 (1939). Tabulates an auxiliary func-
tion which enables calculation of § for given
' and p, ort’ for given 8 and p where P(t'|v,8) =p=
.005, .01, .025, .05, .1(.1).9, .95, .975, .99, .995.

[26.47] J. Neyman and B. Tokarska, Errors of the second
kind in testing Student’s hypothesis, J. Amer.
Statist. Assoc. 31, 318-326 (1936). Tabulates &
for P({'[p,8)=.01, .05, .1(.1).9; »=1(1)30, =;
Q(t'[v) =.01, .05.

[26.48] Table 9 of [26.11].P(t]v)=é [1+A(tp)] for ¢=

0(.1)4(.2)8; »=1(1)20, 5D; t=0(.05)2(.1)4, 5;
»=20(1)24, 30, 40, 60, 120, =, 5D.

[26.49] G. 8. Resnikoff and G. J. Lieberman, Tables of the
noncentral i-distribution (Stanford Univ. Press,
Stanford, Calif., 1957). dP(t'|v, 6)/0t' and P(t'| »,5)
for »=2(1)24(5)49, §= +/v+1 z, where Q(z,)=
p=.25, .15, .1, .065, .04, .025, .01, .004, .0025,
.001 and 1'}-\/; covers the range of values such
that throughout most of the table the entries lie
between 0 and 1, 4D.

Random Numbers and Normal Deviates

[26.50] E. C. Fieller, T. Lewis and E. S. Pearson, Cor-
related random normal deviates, Tracts for
Computers 26 (Cambridge Univ. Press, Cam-
bridge, England, 1955).

[26.51] T. E. Hull and A. R. Dobell, Random number
generators, Soc. Ind. App. Math. 4, 230-254
(1962).

[26.52] M. G. Kendall and B. Babington Smith, Random
sampling numbers (Cambridge Univ. Press,
Cambridge, England, 1939).
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[26.53] G. Marsaglia, Random variables and computers,
Proc. Third Prague Conference in Probability
Theory 1962. (Also as Math. Note No. 260,
Boeing Scientific Research Laboratories, 1962).

[26.54] M. E. Muller, An inverse method for the genera-
tion of random normal deviates on large scale
computers, Math. Tables Aids Comp. 63. 167-
174 (1958).

(26.55] Rand Corporation, A million random digits with
100,000 normal deviates (The Free Press,
Glencoe, Ill. 1955).

[26.56] H. Wold, Random normal deviates, Tracts for
Computers 25 (Cambridge Univ. Press, Cam-
bridge, England, 1948).
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27. Miscellaneous Functions
27.1. Debye Functions

Series Representations

B.

> G

=1 (2k+n)(25)!
(le|<2m,n>1)

(For Bernoulli numbers B, see chapter 23.)

(n)(n—1)z"?

@”u{%‘l' 2
!
+. . AEnlE>0,n21)

+—F

Relation to Riemann Zeta Function (see chapter 23)
® trdi
27.1.3 J. —=nl{(n+1).
o e'—1
[27.1] J. A. Beattie, Six-place tables of the Debye energy
and specific heat functions, J. Math. Phys. 6,

1-32 (1926).
3(*ydy 12 (=y'dy 3z , _
a3 ] 6"—1, feid [ b ev—1 e.,_l]l 5—'0(.01)24, BS.

[27.2] E. Griineisen, Die Abhingigkeit des elektrischen
Widerstandes reiner Metalle von der Temperatur,
Ann. Physik. (5) 16, 530-540 (1933).
20 = tdt 4z
oet—1 e—1'
z=0(.1)13(.2)18(1)20(2)52(4)80, 48.

Debye Functions

1 (= tdt 2 (= Pdt 3 = Bdt 4 (= tdt
% zJoet—1 23 )0 et—1 z3)o et—1 i) et—1
0.0 1. 000000 1. 000000 1. 000000 1. 000000
0.1 0. 975278 0. 967083 0. 963000 0. 960555
0.2 0. 951111 0. 934909 0. 926999 0. 922221
0.3 0. 927498 0. 903746 0. 801995 0. 884004
0.4 0. 904437 0. 873322 0. 857985 0. 848871
0.5 0. 881927 0. 843721 0. 824963 0. 813848
0.6 0. 859964 0. 814940 0. 792924 0. 779911
0.7 0. 838545 0. 786973 0. 761859 0. 747057
0.8 0. 817665 0. 759813 0. 731759 0. 715275
0.9 0. 797320 0. 733451 0. 702615 0. 684551
1.0 0. 777505 0. 707878 0. 674416 0. 654874
1.1 0. 758213 0. 683086 0. 647148 0. 626228
1.2 0. 739438 0. 659064 0. 620798 0. 598598
1.3 0. 721173 0. 635800 0. 595351 0. 571967
1.4 0. 703412 0. 613281 0. 570793 0. 546317
1.6 0. 669366 0. 570431 0. 524275 0. 497882
1.8 0. 637235 0. 530404 0. 481103 0. 453131
2.0 0. 606947 0. 493083 0. 441129 0. 411893
2.2 0. 578427 0. 458343 0. 404194 0. 373984
2. 4 0. 551596 0. 426057 0. 370137 0. 339218
2.6 0. 526375 0. 396095 0. 338793 0. 307405
2 8 0. 502682 0. 368324 0. 309995 0. 278355
3.0 0. 480435 0. 342614 0. 283580 0. 251879
3.2 0. 459555 0. 318834 0. 259385 0. 2277
3. 4 0. 439962 0. 296859 0. 237252 0. 205915
3.6 0. 421580 0. 276565 0. 217030 0. 186075
3.8 0. 404332 0. 257835 0. 198571 0. 168107
4.0 0. 388148 0. 240554 0. 181737 0. 151855
4 2 0. 372958 0. 224615 0. 166396 0. 137169
4.4 0. 358606 0. 209916 0. 152424 0. 123913
4.6 0. 345301 0. 196361 0. 139703 0. 111957
4.8 0. 332713 0. 183860 0. 128129 0. 101180
50 0. 320876 0. 172329 0. 117597 0. 091471
5.5 0. 204240 0. 147243 0. 095241 0. 071228
6.0 0. 271260 0. 126669 0. 077581 0. 055677
6.5 0. 251331 0. 109727 0. 063604 0. 043730
7.0 0. 233948 0. 095707 0. 052506 0. 034541
7.5 0. 218698 0. 084039 0. 043655 0. 027453
8.0 0. 205239 0. 074269 0. 036560 0. 021968
85 0. 193294 0. 066036 0. 030840 0. 017702
9.0 0. 182633 0. 059053 0. 026200 0. 014368
9.5 0. 173068 0. 053092 0. 022411 0. 011747
10.0 0. 164443 0. 047971 0. 019296 0. 009874

[(—;)5]

[(—54)3]

(]

(]
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Planck’s Radiation Function Table 27.2
f@)=z"3(e=—1)"1
z f(@) z flz) z J@) z f) z flx)
0. 050 0. 007 0.10 4 540 0. 20 21. 199 0. 40 8. 733 0.9 0. 831
0. 055 0. 025 0 11 6. 998 0. 22 20. 819 0. 45 6. 586 1.0 0. 582
0. 060 0.074 0.12 9. 662 0. 24 19. 777 0. 50 5. 009 1.1 0. 419
0. 065 0.179 0. 13 12. 296 0. 26 18. 372 0. 55 3. 850 1.2 0. 309
0. 070 0.372 0 14 14. 710 0. 28 16. 809 0. 60 2. 995 1.3 0. 233
0. 076 0. 682 0. 15 16. 780 0. 30 15. 224 0. 65 2. 356 1.4 0. 178
0. 080 1. 137 0. 16 18. 446 0. 32 13. 696 0.70 1. 875 1.6 0. 139
0. 085 1. 752 0.17 19. 692 0. 34 12. 270 0.75 1. 508 2.0 0. 048
0. 090 2, 531 0. 18 20. 539 0. 36 10. 965 0. 80 1. 225 2.6 0,021
0. 095 3. 466 0.19 21. 025 0. 38 9. 787 0. 85 1. 005 3.0 0. 010
0. 100 4, 540 0. 20 21. 199 0. 40 8. 733 0. 90 0. 831 3.5 0. 006

(—2)2 (—2)5 (—2)8 —27 =
zm.;=.20[1404523:1|33 ;(,.,_,)=l:1,2§143]58_ [ & ] [ 5 ] [ 4 ]

[27.3] Miscellaneous Physical Tables, Planck’s radiation R, Ry Ny No—x

functions and electronie funetions, MT 17 (U.S. Tabls I: Bymax FBow MNioaxr Noo for
Government Printing Office, Washington, D.C., AT'=[:05(.001).1(.005).4(.01).6(.02)1(.05)2]em K°.
1941).
) Table II: Ri, Ro-s, Ny, Noos (T=1000° K)
Ri=e\3(en AT —1)-1, Ru_;=‘}: Ryd), for A=[.5(.01)1(.05)4(.1)6(.2)10(.5)20] microns.

Table III: N, for A=[.25(.05)1.6(.2)3(1)10]

=5 /AT _ 1)= =
Ny=2wex~{(eaT—1), NH—J: Nadh microns, T'=[1000°(500°)3500° K and 6000° K].

Einstein Functions Table 27.3
T
xle® x =__
z ———— In (1—e* e*—1
(e=--1)? e—1 ¢ ) —In (1—e-%)

0. 00 1. 00000 1. 00000 — @ @

0. 05 0. 99979 0. 97521 —3. 02063 3. 99584
0.10 0. 99917 0. 95083 —2. 35217 3. 30300
0.15 0. 99813 0. 92687 —1. 97118 2. 89806
0. 20 0. 99667 0. 90333 —1 70777 2. 61110
0. 25 0. 99481 0. 88020 —1. 50869 2. 38888
0. 30 0. 99253 0. 85749 —1. 35023 2. 20771
0. 35 0. 98985 0. 83519 —1. 21972 2. 05491
0. 40 0. 98677 0. 81330 —1. 10963 1. 92293
0. 45 0. 98329 0. 79182 —1. 01508 1. 80690
0. 50 0. 97042 0.77075 | —0.93275 1. 70350
0. 55 0. 97517 0. 76008 —0. 86026 1. 61035
0. 60 0. 970563 0. 72982 —0. 79587 1. 52569
0. 656 0. 96552 0. 70996 —0. 73824 1. 44820
0. 70 0. 96015 0. 69050 —0. 68634 1, 37684
0.75 0. 95441 0. 67144 —0. 63935 1. 31079
0. 80 0. 94833 0. 65277 —0. 59662 1. 24939
0. 85 0: 94191 0. 63450 —0. 55759 1, 19209
0. 90 0. 93515 0. 61661 —0. 52184 1. 13844
0. 95 0. 92807 0. 59910 —0. 48897 1. 08809
1. 00 0. 92067 0. 58198 —0. 45868 1. 04065
1. 06 0. 91298 0. 56523 —0. 43069 0. 99592
1. 10 0. 90499 0. 54886 —0. 40477 0. 95363
1.15 0. 89671 0. 53285 —0. 38073 0. 91358
1. 20 0. 88817 0. 51722 —0. 35838 0. 87560
1. 25 0. 87937 0. 50194 —0. 33758 0. 83952
1. 30 0. 87031 0. 48702 —0. 31818 0. 80520
1. 356 0. 86102 0. 47245 —0. 30008 0. 77253
1. 40 0. 85151 0. 45824 —0. 28315 0. 74139
1. 456 0. 84178 0. 44436 —0. 26732 0. 71168
1. 50 0. 83185 0. 43083 —0. 25248 0. 68331

[{-—35)5] [(-—;:)5]
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Table 27.3 Einstein Funections
e z L =
T {G‘— 1): er—1 In (1—6 ) ex—1
—In (1—e~%)

1.6 0. 81143 0. 40475 —0. 22552 0. 63027
1.7 0. 79035 0. 37998 —0. 20173 0. 58171
1.8 0. 76869 0. 35646 —0. 18068 0. 53714
1.9 0. 74657 0. 33416 —0. 16201 0. 49617
2.0 0. 72406 0. 31304 —0. 14541 0. 45845
21 0. 70127 0. 29304 —0. 13063 0. 42367
2.2 0. 67827 0. 27414 —0. 11744 0. 39158
2.3 0. 65515 0. 25629 —0. 105665 0. 36194
2. 4 0. 63200 0. 23945 —0. 09510 0. 33455
2.5 0. 60889 0. 22356 —0. 08565 0. 30921
2.6 0. 58589 0. 20861 —0. 07718 0. 28578
2.7 0. 56307 0. 19453 —0. 06957 0. 26410
2.8 0. 54049 0. 18129 —0. 06274 0. 24403
2.9 0. 51820 0. 16886 —0. 05659 0. 22545
3.0 0. 49627 0. 15719 —0. 05107 0. 20826
3.2 0. 45363 0. 13598 —0. 04162 0. 17760
3.4 0. 41289 0.11739 —0. 03394 0. 15133
3.6 0. 37429 0. 10113 —0. 02770 0. 12883
3.8 0. 33799 0. 08695 —0. 02262 0. 10958
4.0 0. 30409 ° 0. 07463 —0. 01849 0. 09311
4.2 0. 27264 0. 06394 —0. 01511 0. 07905
4 4 0. 24363 0. 05469 —0. 01235 0. 06705
4.6 0. 21704 0. 04671 —0. 01010 0. 05681
4.8 0. 19277 0. 03983 —0. 00826 0. 04809
50 0. 17074 0. 03392 —0. 00676 0. 04068
5.2 0. 15083 0. 02885 —0. 00553 0. 03438
5 4 0. 13290 0. 02450 —0. 00453 0. 02803
56 0. 11683 0. 02078 —0. 00370 0. 02449
58 0. 10247 0. 01761 —0. 00303 0. 02065
6.0 0. 08968 0. 01491 —0. 00248 0. 01739

(2] [ 097 [

L 4 4 4 4
[27.4] H. L. Johnston, L. Savedoff and J. Belzer, Contri- Representation in Terms of Exponential Integrals

butions to the thermodynamie funetions by a 27.4.2

Planck-Einstein oscillator in one degree of free- 0 %
dom, NAVEXOS p. 646, Office of Naval Re- f e~* “°"d¢=f e~ %dg
0 0

search, Department of the Navy, Washington, -
D.C. (1949). Values of 2%%(e*—1)72, z(e*—1), —>) ag(cos 0)* T Ep q (ie
—In (1—e=) and z(e*—1)~i—In (1—e==) for i i v
2=0(,001)3(.01) 14.99, 5D with first differences, (::2 0, 0<9<§)
5 1-3-5...(2k—1)
27.4. Sievert Integral a=l,q="—5—7"F— @0
9 (For E.42(z), see chapter 5.)
J; ™ % *dgp Relation to the Integral of the Bessel Function Ko(z)
27.4.3
Relation to the Error Function J‘z ¢=2 00 83— Ki, (z) = J‘ K,(t)dt where
0 z

27.4.1
5, 129

PeKi ()~ ) 1~ + e

f’e—=--wd¢~ﬁ “‘erf(\/ée) (e
3 22 ° ) p=s18) 2655 , 301035 }

T10247° T 32768
(For erf, see chapter 7.) (For Ki,(z), see chapter 11.)
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[27.5] National Bureau of Standards, Table of the Sievert [27.6] R. M. Sievert, Die v-Strahlungsintensitit an der

integral, Applied Math. Series— (U.S. Government Oberfliche und in der ndchsten Umgebung von
Printing Office, Washington, D.C. In press). Radiumnadeln, Acta Radiologica 11, 239-301
(1930).

2=0(.01)2(.02)5(.05)10, 6=0°(1°)90°, 9D. :
.[. ¢4 w00 i, 3=30°(1°)90°, A=0(.01).5, 3D.

[
Sievert Integral f e~rmee ¢ dop Table 27.4
0

z\8 10° 20° 30° 40° 50° 60° 75° 90°
0. 0. 174533 0. 349066 0. 523599 0. 698132 0. 872665 1. 047198 1, 308997 1. 570796
0. 0. 157843 0. 315187 0. 471456 0. 625886 0. 777323 0. 923778 1. 123611 1. 228632
0. 0. 142749 0. 284598 0. 424515 0. 561159 0. 692565 0. 815477 0. 968414 1. 023680
0. 0. 129099 0. 256978 0. 382255 0. 503165 0. 617194 0. 720366 0.837712 | 0. 868832
0. 0.116754 0. 232040 0. 344209 0. 451198 0. 550154 0. 636769 0.727031 | 0. 745203
0. 0. 105589 0. 209522 0. 309957 0. 404629 0. 490508 0. 563236 0. 632830 | 0. 643694
0. 0. 095492 0. 189191 0.279118 0. 362893 0. 437428 0. 498504 0. 552287 0. 558890
0. 0. 086361 0. 170833 0. 251353 0. 325486 0. 390178 0. 441478 0. 483134 0. 487198
0. 0. 078103 0. 154256 0. 226354 0. 291957 0. 348109 0. 391204 0. 423535 | 0.426062
0. 0. 070634 0. 139289 0. 203845 0. 261901 0. 310642 0. 346851 0.371996 | 0.373579
1. 0. 063880 0. 125775 0. 183579 0. 234956 0. 277267 0. 307694 0.327288 | 0. 328286
1. 0. 052247 0. 102553 0. 148899 0. 189138 0. 221027 0. 242523 0. 254485 0. 254889
1. 0. 042733 0. 083620 0. 120780 0. 152298 0. 176336 0. 191533 0. 198885 0. 199051
1. 0. 034951 0. 068183 0. 097979 0. 122667 0. 140792 0. 151541 0. 156087 | 0.156156
1. 0. 028587 0. 055597 0. 079488 0. 098829 0. 112497 0. 120105 0. 122932 | 0. 122961
0. 023381 0. 045335 0. 064492 0. 079644 0. 089954 0. 095342 0. 097108 0. 097121
0. 019123 0. 036967 0. 052329 0. 064201 0. 071979 0. 075797 0. 076905 0. 076911
. 015641 0. 030145 0. 042463 0. 051766 0. 057635 0. 060342 0. 061040 | 0. 061043
0. 012793 0. 024582 0.034460 | 0.041750 0. 046179 0. 048100 0. 048541 0. 048542
0. 010463 0. 020045 0. 027968 0. 033680 0. 037024 0. 038387 0. 038667 0. 038668

. 008558 0. 016347 0. 022700 0. 027177 0. 028702 0. 030670 0. 030848 | 0.030848
. 005178 0. 009817 0. 013477 0. 015912 0. 017164 0. 017576 0. 017634 | 0.017634
. 003132 0. 005896 0. 008005 0. 009330 0. 009951 0. 010128 0. 010147 | 0.010147
. 001895 0. 003542 0. 004756 0. 005478 0. 005787 0. 005862 0. 005869 | 0. 005869
. 001147 0. 002127 | 0. 002828 0. 003221 0. 003374 0. 003407 0.003409 | 0. 003409

: 0. 001278 0. 001682 0. 001896 0. 001972 0. 001986 0. 001987 | 0. 001987
. 000420 0. 000768 0. 001001 0. 001117 0. 001155 0. 001162 0.001162 | 0. 001162
0. 000254 0. 000461 0. 000596 0. 000659 0. 000678 0. 000681 0. 000681 | 0. 000681
0. 000154 0. 000277 0. 000355 0. 000389 0. 000399 0. 000400 0. 000400 | 0. 000400
0. 000093 0. 000167 0. 000211 0. 000230 0. 000235 0. 000235 0. 000235 | 0. 000235

0. 000056 0. 000100 0. 000126 0. 000136 0. 000139 0. 000139 0. 000139 | 0. 000139
0. 000034 0. 000060 0. 000075 0. 000081 0. 000082 0. 000082 0. 000082 | 0. 000082
0. 000021 0. 000036 0. 000045 0. 000048 0. 000048 0. 000048 0. 000048 | 0. 000048
0. 000012 0. 000022 0. 000027 0. 000028 0. 000029 0. 000029 0. 000029 | 0. 000029
0. 000008 0. 000013 0. 000016 0. 000017 0. 000017 0. 000017 0. 000017 | 0. 000017

¥ 197 91 97 91 91 (99 [
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[

27.5. fm(3)=fm t"e"‘z_gﬁdt and Power Series Representations
0 ®
Related Integrals 27.5.4 2f1(2) =I§ (ax In z+by) o
m=0,1,2 ... .
Differential Equations @ —20; 2 bk=_2b*"’_ (3k*—6k+-2)a,
27.5.1 of!'— (m—1)f" +2fn=0 k(k—1) (k—2) kk—1) (k—2)
e m m ) m fﬂ‘_ Go:ﬂ-l.:n a_z:_bo
27.5.2 Imn=—Fm=1 (m=1,2,...) .
Recurrence Relation by==1 h=—x b’=§ (1—7)
27.5.3 2fm=(Mm—1)fn-2F+2fmn-s  (Mm23) (For v, see chapter 6.)
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27.5.5
9f,(2) =1 —+rz-+.63422%+ 50082 — . 14312

— 0196825003242+ 0001884 . . .
— 2 In 2(1— 083332+ 0013892 — 00000832+ . . )
27.5.6
2 @) =L+ VT 29— 39250 1477244 031052°

+.003282z°— .0004912"— 00002352 . . .
+2* In 2(3—.016672*+.000198z*— . . .)

27.5.7
v _ @
2fy(2)=1—" o4+5— 20542 +.1014z*+.029542°
—.005782°—.0004727+.0000642% . . .
—z* In 2(.0833—.002782%+.0000252*— . . .)
Asymptotic Representation ,
27.5.8

fm(x)m\/g 37748 -t (aﬁ%—i—%-{— - -l—%—{— .. )

. (2—>=)
=3 (;—c)

ay=1, a1=%2 (B3m*+-3m—1)

12(k+2) app2=—(12k*+36k—3m?*—3m+25) gy
+3(m—2k) (2k+3—m) (2k-+-3+2m)a;
(k=0,1,2...)

z
+ef

27.5.9 g1(z) +1g:(2z) =f tae“" dt
0

27.5.10

a@)=Zfs(@)  g@)=—Sf(w)

MISCELLANEQOUS FUNCTIONS

Asymptotic Representation
27.5.11

gl(z)=(%)m % exp [—-g (%)m:l (A sin 8+ B cos 6)

27.5.12
1/2 2/3
g:(z) =-—(§) %exp [—-g(%) ](A cos 6— B sin 6)

8___2 3 (%)m
A~ag—a (%)2+% [aq (%)"' g @)«s
—a (g)m-i-a, (Z)mra_ - :I )
5[ () "+ ()" (D)”
—as (%)!u;s_{_ - ] o)

=1 a,=.972222 a,=.148534
a;=—.017879 a,=.004594 a;=—.000762
[27.7] M. Abramowitz, Evaluation of the integral
J;' ¢~ w-s/vdy, J. Math. Phys. 32, 188-192 (1953).
[27.8] H. Faxén, Expansion in series of the integral
L " exp [—a(t£t-")]Adt, Ark. Mat., Astr., Fys.

15, 13, 1-57 (1921).

[27.9] J. E. Kilpatrick and M. F. Kilpatrick, Discrete
energy levels associated with the Lennard-
Jones potential, J. Chem. Phys. 19, 7, 930-933
(1951).

[27.10] U. E. Kruse and N. F. Ramsey, The integral

_f ¥? exp (—y=+,;§) dy, J. Math. Phys. 30,
0

40 (1951).

[27.11] O. Laporte, Absorption coefficients for thermal
neutrons, Phys. Rev. 52, 72-74 (1937).

[27.12] H. C. Torrey, Notes on intensities of radio fre-
queney spectra, Phys. Rev. 59, 293 (1941).

[27.13] C. T. Zahn, Absorption coefficients for therms!
neutrons, Phys. Rev. 52, 67-71 (1937)..

J;wy"e"_-"'!‘ﬁdy for n=0, 4, 1; z=0(.01).1(.1)1.
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=] 2 T
ful@) =£ tme= 5 dt Table 27.5
z fi(@) fa(z) Jalz) z fi(z) fa(x) fs(x) z filx) fa(@) f3(@)
0.00 0. 5000 0. 4431 0. 5000 0.1 0. 4263 0. 3970 0. 4580 0.6 0. 2255 0. 2415 0. 3025
0. 01 0. 4914 0. 4382 0. 4956 0.2 0. 3697 0. 3573 0. 4204 0.7 0. 2015 0. 2202 0. 2793
0.02 0. 4832 0. 4333 0. 4912 0.3 0. 3238 0. 3227 0. 3864 0.8 0. 1807 0. 2011 0. 2584
0.03 0. 4753 0. 4285 0. 4869 0.4 0. 28565 0. 2923 0. 3557 0.9 0. 1626 0. 1839 0. 2392
0. 04 0. 4676 0. 4238 0. 4826 0.5 0. 2531 0. 2654 0. 3278 1.0 0. 1466 0. 1685 0. 2215
0. 05 0. 4602 0. 4191 0. 4784
[c—s)s] [(—5)5] [(-5)5] [c—s)l] [(;4)7] [(#4)5] [(—4)6] [c—m] [(—4)4]
2 2 2 4 3 3 3 3 3
z Ay  —IhG)| =z Hpyiz) —If(iz) 'z Fpaiz)  —If(ix)
0.0 0. 50000 0. 00000 4.0 —0. 2626 0. 0430 8.0 0. 06078 —0. 09808
0.2 0. 49019 0. 08754 4 2 —0. 2552 +40. 0094 85 0.07562 —0.07131
0.4 0. 46229 0. 16933 4 4 —0. 2441 —0. 0214 9.0 0. 08221 —0.04496
0.6 0. 41950 0. 24139 4.6 —0. 2299 —0. 0490 9.5 0. 08191 —0. 02082
08 0. 36543 0. 30136 4 8 —0.2132 —0.0734 10. 0 0.07626 —0.00010
1.0 0. 30366 0. 34805 50 —0. 1945 —0. 0944 10. 5 _ 0. 06684 +0.01654
1.2 0. 23746 0. 38122 5 2 —0. 1745 —0. 1120 11. 0 0. 05507 0. 02889
1.4 0. 16972 0. 40127 5 4 —0. 1536 —0. 1263 11.. 5 0. 04224 0. 03707
1.6 0. 10288 0. 40910 56 —0. 1322 —0. 1374 12.0 0. 02937 0. 04146
1.8 +0. 03892 0. 40592 5 8 —0. 1108 —0. 1455 12. 5 0.01727 0. 04259
2.0 —0. 02062 0. 39314 6.0 —0. 0896 —0. 1507 13. 0 -+ 0. 00650 0. 04109
2.2 —0.0746 0. 3722 6.2 —0. 0691 —0. 1533 13. 5 —0. 00259 0. 03758
2.4 —0.1221 0. 3448 6.4 —0. 0493 —0. 1535 14 0 —0. 00982 0. 03268
2.6 —0. 1629 0. 3122 6. 6 —0. 0307 —0. 1515 14. 5 —0. 01517 0. 02696
2.8 —0. 1966 0. 2759 6. 8 —0.0132 —0. 1476 15.0 —0. 01872 0. 02089
3.0 —0. 2233 0. 2371 7.0 |  +0.00286 —0. 14211 16. 0 —0.02118 +0. 00921
3.2 —0. 2432 0. 1971 7.2 0. 01749 —0. 13518 17.0 —0. 01906 —0.00022
3.4 —0. 2565 0. 1569 7. 4 0. 03061 —0. 12709 18. 0 —0.01435 —0. 00650
3.6 —0. 2639 0. 1173 7.6 0. 04220 —0. 11805 19.0 —0. 00879 —0. 00965
3.8 —0. 2657 0. 0792 7.8 0. 05224 —0. 10830 20.0 —0. 00360 —0.01021

] (7]

(<

Pl 9] r] 7

o
Compiled from U. E. Kruse and N. F. Ramsey, The mtegralfn 93 exp (—wii;) dy, J. Math, Phys, 30, 40 (1951) (with permission),

® i
27.6. (z)= J; .

Power Series Representation

27.6.1 -
—p—2? -3 >z
Hgl=—a="Inate [‘/;gk!@kﬂ)
= ﬁ_l]
e = k2 2
o ) 12 (=DMt
=—¢*1In x+§§ o
o (g
+‘/;§ 1.3-5... CktD)

(For v and the digamma function y(z), see chap-

ter 6.)
Relation to the Exponential Integral

21.6.3 f(s)=—% ¢~ Ei (&) +Vre~ f " ot
[1]

(For Ei (z) see chapter 53 e"nfz ¢”® dt, see chapter
0
7

Asymptotic Representation
27.6.4

1, 1 1. 1.3-5
f(x)"’%} {§+2—z3+-4?§+w+ we ]

1.1.1 21 3!
—5ptatptat .. (z—>=)

[27.14] A. Erdélyi, Note on the paper “On a definite inte-
gral” by R. H. Ritchie, Math. Tables Aids
Comp. 4, 31, 179 (1950).

A ® gmu'
[27.16] E. T. Goodwin and J. Staton, Table ofj; e du,

Quart. J. Mech. Appl. Math. 1, 319 (1948).
z=0(.02)2(.06)3(.1)10. Auxiliary function for
z=0(.01)1.

[27.16) R. H. Ritchie, On a definite integral, Math. Tables
Aids Comp. 4, 30, 75 (1950).
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® g~ I’
Table 27.6 fz)= J; -
x f@)+Inz 2 f@)+Inz z (@) T fl@) T f(z)

0. 00 —0. 2886 0. 50 0. 2704 1.0 0. 6051 2.0 0. 3543 3.0 0. 2519
0. 05 —0. 2081 0. 55 0.3100 1.1 0. 5644 2.1 0. 3404 3.5 0. 2203
0.10 —0, 1375 0. 60 0. 3479 1.2 0. 5291 2.2 0. 3276 4.0 0. 1958
0.15 —0. 0735 0. 65 0. 3842 1.3 0. 4980 2.3 0. 3157 4.5 0. 1762
0. 20 —0.0146 0.70 0.4192 1.4 0. 4705 2.4 0. 3046 50 0. 1602
0. 25 +0. 0402 0.75 0. 4529 1.5 0. 4460 2.5 0. 2944 5.5 0. 1468
0.30 0. 0915 0. 80 0. 4854 16 0. 4239 2.6 0. 2848 6.0 0. 1356
0.35 0. 1398 0. 85 0. 5168 L7 0. 4040 2.7 0. 2758 6.5 0. 1259
0. 40 0. 1856 0. 90 0. 5472 1.8 0. 3860 2.8 0. 2673 7.0 0. 1175
0. 45 0. 2290 0. 95 0. 5766 L9 0. 3695 2.9 0. 2594 7.5 0. 1102
0. 50 0. 2704 1. 00 0. 6051 2.0 0. 3543 3.0 0. 2519 8.0 0. 1037

(7] [#1

ud
Compiled from E. T. Goodwin and J, Staton, Tableof | -

o utz

27.7. Dilogarithm
(Spence’s Integral for n=2)

Int
J@)=— I mdt

Series Expansion

27.7.1

27.1.2 f(m)=;:} (—1)*%t @>2>0)

Functional Relationships

27.7.3
f@+fa—n)=—lnzln Q—D)+5 (12220
27.7.4

fU—a)+f0+a) =3 fA—2)  (122>0)
N1.5 f@)+f G)=—% (nz)? (0<z<1)

27.7.6
fat1j=fldy=—Inzln (z+1)—%—§ Fa)
2>2>0)

(7]

du, Quart, J, Mech, Appl. Math, 1, 310 (1948) (with permission).

91 [

Relation to Debye Functions

27.17.7 f(g_‘)=_f(e¢)_fzf=f‘ tdt

0 e'—1

[27.17] L. Lewin, Dilogarithms and sssociated functions
(Macdonald, London, England, 1958).

[27.18] K. Mitchell, Tables of the function J; X i‘ﬁl—_”f dy,

with an acecount of some properties of this and
_ related functions, Phil. Mag. 40, 351-368 (1949).
z=-—1(.01)1; z=0(.001).5, 9D.

[27.19] E. O. Powell, An integral related to the radiation
integrals, Phil. Mag. 7, 34, 600-607 (1943).

Lzl.!%gdy,z=0(.ﬂl)2(-02)6: 7D.

[27.20] A. van Wijngaarden, Polylogarithms, by the Staff
of the Computation Department, Report R24,
Mathematisch Centrum, Amsterdam, Holland

(1954). F.(z)=? h—rzh for z=z=—1(.01)1;
=]

z=1z, for z=0(.01)1; z=e¢'"2A for a=0(.01)2,
10D,
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Dilogarithm Table 27.7
_ [=Int
to=-[Era
z f(=) z f(@) z f@) z J@) z f@

0.00 | 1.64403 4067 || 0.10 | 1. 20071 4723 || 0.20 | 1. 07479 4600 || 0.30 | 0.88937 7624 | 0.40 | 0. 72758 6308
0.01 | 158862 5448 || 0.11 | 1. 27452 9160 || 0. 21 | 1. 05485 9830 || 0.31 | 0.87229 1733 || 0.41 | 0.71239 5042
0.02 | 1.54579 9712 || 0.12 | 1.25008 7584 || 0.22 | 1. 03527 7934 || 0.32 | 0.85542 7404 || 0.42 | 0. 69736 1058
0.03 | 150789 9041 || 0.13 | 1. 22632 0101 || 0.23 | 1.01603 0062 || 0.33 | 0.83877 6261 || 0.43 | 0. 68247 9725
0.04 | 1.47312 5860 || 0.14 | 120316 7961 || 0. 24 | 0. 99709 9088 || 0.34 | 0.82233 0471 || 0.44 | 0. 66774 6644
0.05 | 1.44063 3797 || 0.15 | 1. 18058 1124 || 0.25 | 0. 97846 9393 || 0.35 | 0.80608 2689 || 0.45 | 0.65315 7631
0.06 | 1.40992 8300 || 0.16 | 1. 15851 6487 || 0. 26 | 0. 96012 6675 || 0.36 | 0. 79002 6024 | 0.46 | 0.63870 8705
0.07 | 1.38068 5041 || 0.17 | 1 13693 6560 || 0.27 | 0. 94205 7798 || 0.37 | 0.77415 3992 || 0.47 | 0. 62439 6071
0.08 | 1.35267 5161 || 0.18 | 1. 11580 8451 || 0. 28 | 0. 92425 0654 || 0.38 | 0.75846 0483 | 0.48 | 0.61021 6108
0.09 | 1.32572 8728 || 0.19 | 1. 09510 3088 || 0. 29 | 0.90669 4053 || 0.39 | 0.74293 9737 || 0.49 | 0. 59616 5361
0.10 | 1.29971 4723 || 0.20 | 1.07479 4600 || 0.30 | 0.88937 7624 || 0.40 | 0.72758 6308 || 0.50 | 0.58224 0526

[

[(—4) 1]

[(~—g)5]

[(—g)a]

7]

L 3R L
From K. Mitchell, Tables of the function J; wﬂy, with an account of some properties of this and related functions, Phil. Mag. 40, 351-368 (1946)

(with permission).

27.8. Clausen’s Integral and Related
Summations

27.8.1
@ gin k@

f(O)=— J;' In (2 in %) a=320]

Series Representation

(0<6<m)

27.8.2

JO)=—0 In ol+0+33 ¢ o

%@E+D)
=

&?JH'I
D @D

L f2<o<n)

= l)t—-l
(2k)!

B!k

27.8.3

Fr—6)=6In 2-2 (_(21—}3;!"‘ By (2%

Functional Relationship
2184 f(r—0)=1(6)—5 f(20) (05955)

Relation to Spence’s Integral
27.8.5

if(0)=g(e")+7 where g(z)= ﬁ " 14

Summable Series

27.8.6
Syoosnd_ (2 dn %) (0<0<2r)
n=l
= cosnd w wh 6
S 2 28 socan
= cogsnf w* =6 xt® 6
2 g 12tz (0s0sm)
I ) (0<0<2m)
p=1 N
= sinnd w0 w6 6
= ginnd 70 T ot 6
2~ —g0 35 Tag 24 (050

[27.21] A. Ashourand A. Sabri, Tabulation of the funetion

=, sin nd .
¥(6) =§ ~—2 Math. Tables Aids Comp. 10,

54, 57-65 (1956).

[27.22] T. Clausen, Uber die Zerlegung reeller gebrochener
Funktionen, J. Reine Angew. Math. 8, 208-300
(1832). z=0°(1°)180°, 16D.

[27.23] L. B. W. Jolley, Summation of series (Chapman
Publishing Co., London, England, 1925).

[27.24] A. D. Wheelon, A short table of summable series,
Report No. SM-14642, Douglas Aircraft Co.,
Inc., Santa Monica, Calif. (1953).
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Table 27.8 Clausen’s Integral
J-o In (2 si z) dt
fo)=— 2 (2 sin 2

6° fO)+6Ine 6° 1) 6° f(® 8° 1(6) 6° £(6)
0 0. 000000 15 0. 612906 30 0. 864379 60 1. 014942 90 0. 915966
1 0. 017453 16 0. 635781 32 0. 886253 62 1. 014421 95 0. 883872
2 0. 034908 17 0. 657571 34 0. 906001 64 1. 012886 100 0. 848287
3 0. 052362 18 0. 678341 36 0. 923755 66 1. 010376 105 0. 809505
4 0. 069818 19 0. 698149 38 0. 939633 68 1. 006928 110 0. 767800
5 0. 087276 20 0. 717047 40 0. 953741 70 1. 002576 115 0. 723427
6 0. 104735 21 0. 735080 42 0. 966174 72 0. 997355 120 0. 676628
7 0. 122199 22 0. 752292 44 0. 977020 74 0. 991294 125 0. 627629
8 0. 139664 23 0. 768719 46 0. 986357 76 0. 984425 130 0. 576647
9 0. 157133 24 0. 784398 48 0. 994258 78 0. 976776 135 0. 523889
10 0. 174607 25 0. 799360 50 1. 000791 80 0. 968375 140 0. 469554
11 0. 192084 26 0. 813635 52 1. 006016 82 0. 959247 145 0. 413831
12 0. 209567 27 0. 827249 54 1. 009992 84 0. 949419 150 0. 356908
13 0. 227055 28 0. 840230 56 1. 012773 86 0. 938914 160 0. 240176
14 0. 244549 29 0. 852599 58 1. 014407 88 0. 927755 /170 0. 120755
15 0. 262049 30 0. 864379 60 1. 014942 90 0. 915966 180 0. 000000
[(—7)8] [(74}1] [(—-4)3] [(—4)1] [(—4)4]

3 L 4 4 4 ] 6

Complled from A. Ashour and A. 8abri, Tabulation of the function ¥(§)= >
n=1

27.9.1

(1gemamg|giegm)=38(m, my+m.,) - J(‘?’ +2

27.9.2

27.9.3

27.9.4
27.9.5
27.9.6

27.9.7

sin n8
n’ r

27.9. Vector-{iddition Coefficients

(Wigner coefficients or Clebsch-Gordan coefficients)

(=) + )Gy — M) Ga - m0) [ (Ga— m) LG+ m) 1 (G—m)!

Definition

—NG+h—2)1G+7—0)!(25+1)

U+a+5+D!

2 HGT 50— i— B G — B Gt m— PGk i FDIG—fi—mr D1

. L =4
o, ‘T‘)={o’. :;ék

Conditions
Ju Jay =40 or-l-g
htiti=n

ht+i—j

(n=integer)

h—J+7 >0

—h+iti

n
my, My, m=-4nor +=

2

27.9.8

|m| <71, Mol < 72y Im|< g

27.9.9  (Gigamims|fig.gm) =0

Math. Tables Aids Comp. 10, 54, 57-85 (1956) (with permission).

my+ My #=m

Special Values

27.9.11  (517200]7:5250) =0

27-9- 10 (jIOm;O [j;ij) =4 (jl, j)&(ml, m)

h+iti=2n+1

27.9.12 (jjmami|jjiim)=0 2+j=2n+1
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Symmetry Relations 27.9.17
27+1 . r
27.9.13 =\/2§I:1 (—1)A=mtI=m( 45 m—1ma
(jijszmz'jljaj m) ) 27.9.18 | 772 51m1)
= (=1)"H1~9( 3, 5,—m,—ma|jiaj—m) 27+1 ..
- 2;1-11—-1 (—=1)=mH=m(g, jmy—m
27.9.14 = (fof 1— Ma— 4 oy —m) 6,50 | J2Jji—m1)
—2 h+I=3( 45 4 > A n - 2.?+1 fi—m -
27.9.15 = (—1)"F1~1( 5, myma| foj1im) = m(—l)1 1(frgmy—m
| 17 da—ms)
27.9.16 27.9.20 e ’
_ 20 i 29 ngicmirs o
=V zjF1 CV*F™GR N =Vz g1 CDMGam i
I.?.?z.?l_mi) i]?l.’;’zmz)
(GrYoemima g2 jm) Table 27.9.1
i= my=% =—¥}
. hi+m-+ % ji—m—+ ¥
ItA V 2.+1 V 41
Ji—H% Vo +1 YV 21
(hlmima|jiljm) Table 27.9.2
j= my=1 ms=10 meg=—1
pATS) Gitm) Gt mt1) G—m+ DG+ m+1) Gi—m Gi—m+1)
(2, +1)(2,+2) Ch+ DG+ @h+1) (@ +2)
i —y/ Gt Gt ] m JEERGEnED
2(5:+1) ‘\/m 2n(7i+1)
j;"l ‘J(jl'—‘m)l’jl—m'i‘l) - Gl_ﬂl)01+m) U1+m+1)(jt+m)
2712 +1) V 7@ +D 2:(25:+1)
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Table 27.9.3

MISCELLANEOUS FUNCTIONS

(31 3% my mg |Gy 3% j m)

= my=% ma=%
fiopeak 1/(J‘.+m—%}(:‘.+m+%)(3‘1+m+%) 3Gt m+ W) Gt m+ %) Gi—m+ %)
@h+1) @ +2) (2,4 3) @+ 1) @2 +2) (2, +3)
stk \/ %52+ 1) (@ +3) G=3m 0 oo s D @ 5D
. 3G +m—2%) Gi—m+3) Gi—m+ %) =G - hi—m+%
=H =1 7+ 1) 2, +2) Gt ”)\/(2;.—1)(2;.+1)(2j,+2)
i _ ‘/(f-—m—%}(:‘.—m+}é}(jl—m+%) Gt m—R—m—R G—mt )
27,27, — 1) (25 + 1) 2.2 —1) 2+ 1)
i= ma=—% my=—%
it ‘/3Ul+M+%JU-—m+%>G=*m+%3 ‘/(J'r—m—%)(jn—m+}§)(j:-m+%}
(27:41) (25,4 2) (25, +3) 27+ 1) (27, +2) (27, +3)
: ; h—mt% 3Gt R G—m—RG—mT+ %)
atR Gt Sm Y @ T D D %2+ 1) (2.+3)
- gy GEmtH 3G It R G T A G—m—)
Al Gi—3m—K)+/ @D @G ID @G T -1 G+ D @+
% _ BGEmn—R G A mt R G—m—1 GFm—BGrmt R Gt mt B

211(2)—1) (2:+1)

212 —1) (25, +1)




Table 27.9.4

(j: 2 my Mg Ij] 2j m)

j= my=2 my=1 ma=0
42 Gitm—=DGi+m)Gi+m+1) Gi+m+2) ‘/G:—m+2)0'1+m+2)(ju+m+1)(1'1+m) ‘/3(31-—m+2)(jl—m+ NGi+m+2)Gi+m+1)
3 @i+ D) @+ 2) @5+ 3) 2+ 4) @G+ DGAD 213 Gi+2) @+ 1) (25 +2) (2, +3) G+ 2)
; _J@tm=00G+mG+m+ DG—m+2) | ;9,10 Gi+m+1) Git-m) 3Gi—m+1)Gitm+1)
a1 G+ DGi+2 @+ 1) = )\/2j|(2j1+1)(_3'.+1)(j,+2) TG D G DG+2)
; ‘/3(.7'1+m—1)(1'1+m)(jx—m+1)(j.—m+2) (1_2m)J 3¢Gi—m+1)(Gi+m) 3m'—5 (G +1)
h @2 —12: G+ 1) (2,+3) (25— 1)5:(2:+2) (27, +3) V(25— 175G+ 1) (2:+3)
; _ J+m—1) G —m) (i —m+ 1) (ji—m+2) i D ~ Gi—mA1)(Gi—m) _ 3(Ji—m) (Gi+m)
h= ! 2(}: — l)jl(jl"'l) (2J:+ 1) (J + " 1}“/61 — 1)51(23]"‘ 1) (2Jl+ 2) mAJ(_?.— l)jl (2]'|+ 1) (J';"l' 1)
I (271—2) (2/,—1)2:(2):+1) G =D (25— D7 (2,4 1) (27— 2) (2, — 1)71(2js+ 1)

J'= me=—1 my=—2
2 | |/EEEDG DG MGt T G=m=DGi—mG—mF DG—m+2)

2+ 1D G D (25 43) (5:4+2) (24 1) (27:+2) (2,4 3) (27, +4)

2 : fju—m+l)(51—m) U:—m—l)f_jl—m)ﬁl—mﬂ—1)(j|+m-|-2)

i+ 1 1+ 2 2
i Gt 2mt 2 s e D @G+ DG D) W/ FCHFD G D) @t )
A 3G, —m)(Gi+m+1) 3(Gi—m—1) Gi—m) Git m+ 1) Gi+m+2)

1 2 1
d @t 1)y e I v @072, +2 %+ 3)
i—1 — (i —2m—1 (J:+m+1)(7;+m) 0;—m—1)0:+m)(35+m+1)(Js+m+2)
’ Uit )\/u.—l)j=<251+1)(zj‘+2) \/ Gi— D52+ D @+ 2
=2 _\/(jl—m—1)(f.+m+1)(7'.+m)(j.+m—1) (Git+m—1) (Gi+m) (i +m+ D) (Gi+m+2)

(5, —1) (25— 1)7:(25,41)

@ih—2) Zh— 1) 21 (2Zs+1)

SNOILONNA SA0ANVTIIIDSIN

600T
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MISCELLANEOUS FUNCTIONS

Table 27.9.5 [By use of symmetry relations,
coefficients may be put in standard form 7,<4,<j
and m>0]

ma m 1 J (J'l.?zmlmﬂ.’f:fzjm)
J2=W

—4% 0 1 1 V% 0. 70711
b 0 b 1 v 0. 70711
iy 1 1 1 1. 00000

Ja=1
-1 0 1 1 V¥ 0. 70711
0 0 1 1 0. 00000
1 0 1 1 - V% —0. 70711
0 1 1 1 V¥ 0. 70711
1 1 1 1 - Vi —0. 70711
0 A W % V% 0. 81650
1 ¥ % % Vv 0. 57735
1 % " % 1. 00000 *

=1 0 1 2 V% 0. 40825

0 0 1 2 V% 0. 81650

1 0 1 2 v% 0. 40825

0 1 1 2 V% 0. 70711

1 1 1 2 V% 0. 70711

1 2 1 2 : 1. 00000
ja=%

-% bl 1 % Vs 0. 73030
% ¥ 1 3% —v¥s  —0.25820
% i 1 3 — V% —0. 63246
% % 1 ;g V% 0. 63246
% % 1 —v% —0. 77460

-4 0 % 2 V¥ 0. 70711
A 0 ¥ 2 VY% 0. 70711
% 1 Y% 2 %3 0. 86603
% 1 |9 2 - 0. 50000
A 2 i 2 1. 00000

-3 0 % 2 0. 50000

-3 0 3 2 0. 50000
iy 0 3% 2 —0. 50000
A 0 3% 2 —0. 50000

= 1 % 2 VY% 0. 70711
% 1 % 2 0. 00000
3 1 3% 2 — VY% —0. 70711
¥ 2 2 V% 0. 70711
Dl |4 | Ve Tomm

- 1 0 .,

Y% i 1 84 «% 0. 77460
% % 1 % v Ho 0. 31623
% % 1 8 V% 0. 77460
;2 5% 1 % V% 0. 63246

& 1 8 1. 00000

Compiled from A. Simon, Numerical tables of the Clebsch-Gordan coeffi-
clents, Oak Ridge National Laboratory Report 1718, Osk Ridge, Tenn.
(1954) (with permission).

[27.25] E. U. Condon and G. A. Shortley, Theog of
atomic spectra (Cambridge Univ. Press, Cam-
bridge, England, 1935).

[27.26] M. E. Rose Elementary theory of angular mo-

- memtum fJohn Wiley & Sons, Inc.,, New York,

N.Y., 1955).

|27.27] A. Simon, Numerical tables of the Clebsch-Gordan
coefficients, Oak Ridge National Laboratory
Report 1718, Oak Ridge, Tenn. (1954).
Cﬂ(iil)j’j; mymgm) for angular moments <%,
10D.

*See page IL
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29. Laplace

29.1. Definition of the Laplace Transform
One-dimensional Laplace Transform

29.1.1  f(a)=Z{F(t)} =J;m e~ F(1)dt

F(t) is a function of the real variable ¢t and s is a
complex variable. F(t) is called the original func-
tion and f(s) is called the image function. If the
integral in 29.1.1 converges for a real s=s, i.e.,

B
lim | e~wtF(t)dt
A0 J A
Bow

exists, then it converges for all s with #s>s,, and .

the image function is & single valued analytic

Transforms

function of s in the half-plane %#s>s,.
Two-dimensional Laplace Transform

29.1.2
F,0)=L{Fz,y)} = j' f e~ (2, y)dady

Definition of the Unit Step Function

0 (t<0)
u(t)={ %
1

(t=0)
(t>0)
In the following tables the factor u(t) is to be
understood as multiplying the original function
Fit). i

29.1.3

29.2. Operations for the Laplace Transform'

Original Function F(f) Image Function f(s)
29.2.1 F(t) fﬂ e F(t)dt
Inversion Formula ’
A o [ epto)ds £
Linearity Property
29.2.3 AF(t)+Ba(t) Af(s)+Bg(s)
Differentiation
29.2.4 F'(t) 8f (s)—F(40)
29.2.5 F®(t) s*f(8)—s"" ' F(+0)—s""2F'(4+0)— . . . —=F™V(40)
Integration
2 | P@wyar 310 |
0 8 /
221 [ rovaar 20 !
Convolution (Faltung) Theorem
B28 J: F\(t—7)Fy(r)dr=F*F, fi(8)fa(8)
29.2.9 _iF() () Differentiation
29.2.10 (—1)""F (1) £ (s)

! Adapted by permission from R. V. Churchill, Operational mathematics, 2d ed., McGraw-Hill Book Co., Inc., New

York, N.Y., 1958.
1020



Original Funciion F(1)

29.2.11 % Ft)
29.2.12 a0

1 t
29.2.13 lr (E) (©>0)

20214 1 0OF (2) (€>0)

Translation

29.2.15 F(t—Db)u(t—b) (6>0)

Periodic Functions

29.2.16 F(t+a)=F(2)
29.2.17 F(t4a)=—F(t)

Half-Wave Rectification of F(t) in 29.2.17
29.2.18 F(t) fjt,' (—1)™u(t—na)

M=

Full-Wave Rectification of F(t) in 29.2.17

29.2.19 |F(t)]|
2, 2 D) .

i HEE
29.2.21 T2 e W i

a1 (r—m)! (n—1)!

LAPLACE TRANSFORMS 1021

Image Function f(s)
Integration

f fCade

Linear Transformation

f(s—a)
Sles)

Jles—b)

e™"f(s)

f " e F(t)dt

o
1—¢*

f e~ F(t)dt
f(s)

T—e™

f(s) coth %

Heaviside Expansion Theorem

2B, g0 =(s—a) (e—an) . .- =)
p(s) a polynomial of degree<m

p(s)
(s—a)"

p(s) a polynomial of degree<(r

29.3. Table of Laplace Transforms?®

For a comprehensive table of Laplace and other integral transforms see [29.9].  For a table of two-

dimensional Laplace transforms see [29.11].

J(s)
29.3.1 1
8
29.3.2 !
§

F(t)

1

t

? The numbers in bold type in the f(s) and F () columns indicate the chapters in which the propertics of the respeetive

higher mathematical functions are given.

3 Adapted by permission from R. V. Churchill, Operational mathematics, 2d. ed., McGraw-Hill Book Co., Ine., New

York, N. Y., 1958.
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29.3.3

29.3.4

29.3.5

29.3‘6

29.3.7

29.3.8

29.3.9

29.3.10

29.3.11

29.3.12

29.3.13

29.3.14

29.3.15

29.3.16

29.3.17

29.3.18

29.3.19

29.3.20

29.3.21

f(8)
1
o n=1,2,3,...)
1
+s
8—3{2
g=intd n=1,2,8,...)

(k)
7 (k>0)
=
s+a
1
(s+a)?

m (n-_-l! 2133 L )
(k)
(s+a)*

S S

_@+®G+®

(k>0)
(a#b)

8
ez y e U ol

1 .
(s+a) (s+Db) (s+¢)

(a, b, ¢ distinct constants)

_1
#+a?

_ &
§%+a?

1

sz_az

8
§2—q?

_ 1
s(s?+a?)

1

L
(S2+a2)2

LAPLACE TRANSFORMS

F(t)
tn-l

(n—1)!

Exls
=~

2+t/r
ongn—t
1.3-5... (2n—1)+r

6
ot
te ™
gn—=1,—at
=11

6 tt—-lg-a:
e-m_e—b:
b—a

ae % —he ¥
a—b

i (b—e)e "+ (c—a)e~"+(a—b)e™*
(a—b)(b—c)(c—a)

1 .
—sin at
a

cos at

! dnbias
a

cosh at

(1—cos at)

Al

% (at—sin at)

2% (sin at—at cos at)



29.3.22

29.3.23

29.3.24

29.3.25

29.3.26

29.3.27

29.3.28

29.3.29

29.3.30

29.3.31

29.3.32

29.3.33

29.3.34

29.3.35

29.3.36

29.3.37

29.3.38

29.3.39

29.3.40

(s*+a’) (s*+5%)

1)

B
(sﬂ_i_ aB}E

_ &
(SB_I__a’ﬂ)z

ss_az

(s*+a?)?

g (a5 b?)

1

(s+a)*4-b*
s+a

(s+a)*+b*

3012
83 +(33 *

4&8
s+4at

S
§'+4at

84_ adr

8a’s?

1 /s—1\"
s (T)
&
(8+a)?
VoFa—yaFh
1
Vs+a
R

—a®

-3

V3
s+a*

1
V& (s—a?)

LAPLACE TRANSFORMS

F(t)
t .
Esm at

2 e
% (sin at+at cos at)

t cos at

cos at—cos bt
b*—a®

¢~% sin bt

(= i

¢~ cos bt
e % — gl (cos %-—-Jg sin %)
2 2
sin at cosh at—cos at sinh at
1 . :
542 Sin at sinh at
1 . .
55 (sinh af—sin at)

% (cosh at—cos at)

(1+a*?®) sin at—at cos at

L,(t)

1
.“Tf-‘—i e~ (1 —2at)

1 —-dt__ =0t
oW~ A
ﬁ—aeﬂ" erfc a4/t

m
\fL_t-I-MG% erf a+/t

m

L_.Z_“ -az,f“‘ﬁ A2
= e , eMdN

(—i— ot erf a4/t

1023
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29.3.41

29.3.42

29.3.43

29.3.44

29.3.45

29.3.46

29.3.47

29.3.48

29.3.49

29.3.50

29.3.51

29.3.52

29.3.53

m'3.54

29.3.55

29.3.56

29.3.57

LAPLACE TRANSFORMS

(8 P
1 2 _ ot ,
VE(s+a’) et “"J; e dA

bz_az

e—a) (b1+3) et [b—a erf ay/t]—beb* erfc b/t

‘/5(42—4_@) e®! erfe a1
e 1 o« orf (V=g
(s+a)vs+b ‘/me erf (Yb—av/t)
b*—a? Y é ~ "
Vs(s—a?) (Ys+b) ¢ [a. erf (av/t) 1]-!-8” erfc b4/t
(1—s)"
S HoD)
(1—8)" .
P (2n+l)' ————— Hopnn(+1)
Vs+2a »
. S ae~*(L(at)+1o(at)]
1 a-+b)t
NN rent, (452 10)
r® —ila+0)t
(s+a)*(sFb)* (k>0) 6 ( b) D ( )
. —la+)t a—b a—b
GFIGFD) v [1,(352 )41, (%52 )]
Vst+2a—+s 1 _,
Vit2a+ s 7 e~*(at)
—b)k r
errey e arumo, (1524)
Wetat V)™ (o 1.
B i (»>—1) 7 ¢ L (dat)
1
Vit Jo(at)
M (y>___1) a."Jv(a,t)

1 k-3
(s*+a?)* (k>0) I‘(Ic) 2) Jt—g Gt)

22

10

6,10



f(s)
29.3.58  (+/s°+a*—s)* (k>0)
(s—+s*—a?)’
29.3.59 _._—:S'\/TT (r>—1)
29.3.60 w_;a,)k (k>0)
29.3161 Y B_h
29.3.62 l, e~
8
29.3.63 % e (u>0)
— p—ke
29.3.64 i=¢
8
1 1+4coth ks
29-3.65 s(1—e™) 2s
29.3.66 Lt
A s(e®*—a)
29.3.67 sl tanh ks
29.3.68 —
0 s(l1+e~*)
29.3.69 % tanh ks
L
29.3.70 ¢ sinh ks
1
29.3.71 ¢ cosh ks

LAPLACE TRANSFORMS

F()

k
 Juan

@I, (at)

% (2—‘;) Ty r—4(at)

w(t—k) '

(t—k)u(t—k)

(E—k)

A — a(t—K)

T'(w)

u(t)—u(t—k)

% u(t—nk)

i‘} a u(t—nk) '

n=1

1025

6,10

w(t)+2 }j_"_{ (—1)"u(t—2nk)

> (— 1) u(t—nk)

2 |

tu(t)+2 i; (—1)"(t—2nk)u(t —2nk)

2 % ult—(2n+1)k]

2 33 (—1)"ft— (@2n-+1)k]
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29.3.72

29.3.73

29.3.74

29.3.75

29.3.76

29.3.77

29.3.78

29.3.79

29.3.80

29.3.81

29.3.82

29.3.83

29.3.84

29.3.85

29.3.86

29.3.87

29.3.88

*See page II

f(s)

% coth ks

s
m coth ﬁf

1
(1) (1—

8—")

1 %
5 (u>0)

™
*lw

% (n>0)

e (>0)

)

Lo >0
- |
el (k>0)
1w/ (n=0,1,2, ..

LAPLACE TEANSFORMS

5 k>0)

.5 k>0)

F(t)

u(t)+2 é w(t—2nk) —r

il aVaVs

%(—IJ”u(t—m) sin ¢ l/\

Q L E2 o

Jo(2vkt) 9

=iy

cos 2@

— cosh 2kt

3
-~

Jl—_’; sin 2kt
g

%k sinh 2K
™

®)7 7

(%)? w1 (2vkt) o 9

-1(2vE?) 9

erfe k. 7

2+t

L (_E)
Vi exp 4t
. k
J exp( )-—k erfc ——2 /t i erfe 27 7

(41)¥ i erfe % 7§
exp
) :

\/—_ exp (—-—)—ae‘“e“ ¢ erfe (01/-4— ) 7



29.3.89

29.3.90

29.3.91

29.3.92

29.3.93

29.3.94

29.3.95

29.3.96

29.3.97

29.3.98

29.3.99

29.3.100

29.3.101

29.3.102

29.3.103

29.3.104

29.3.105

29.3.106

(s)
a6~V
s(a++s)
e—HVe
vs(a++fs)

—kvy/a(s+a)
Va(s+a)

R Lard
e_wm
e~V tai—i)
o=k g —h/ottal

e‘—k si—at__ e—k‘l

are FEta

Vet ats)

1lns
8

841

slns
8241

%m (1+-ks)

s+a
In m

i?“‘ (14-k2%?)

Lo (e

LAPLACE TRANSFORMS

(k=>0)

(k>0)

(k=0)

(k=0)

(k20)

(k>0)

(k>0)

(£>0)

("’>—1)k_>..0j

(£>0)

(k>0)

(@>0)

F(t)

—et*eo™ erfe (a-\/_-l— ¥

ak ,a% L

e erfc(a\/t_-l—z_ﬁ)
e ¥ (da-i*—kD)u(t—k)
Jolati2P—EDHu(t—k)

I(ayt?—EHu(t—k)

Jo(aPF2kE)

vii—EHu(t—k)

ak
m
— I, (ayt*— k) u(t—k)

\/t’* k2
( = " I (=) u(t—k)

—y—In t(y=57721 56649 . .
tk 1

o [¥(k)—In ¢]

¢“[In a+E(at)]

cos t Si (¢)—sin t Ci (t)

—sin ¢t Si (f)—cos ¢ Ci (2)

2 1n a—2 Ci (at)

-I—erfc —_—

. Euler’s constant)
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29.3.107

29.3.108

29.3.109

29.3.110

29.3.111

29.3.112

29.3.113

29.3.114

29.3.115

29.3.116

29.3.117

29.3.118

29.3.119

29.3.120

29.3.121

29.3.122

29.3.123

29.3.124

29.3.125

1@
sl,ln (E+a)  (@>0)

P

§?

&s—a?

In p

arctan I—‘
8
1 k
— arctan —
8 8
e“‘a2 erfc ks Gf>0)
k2gl

1
-8
8

erfc ks  (k>0)
¢ erfoks  (£>0)

% erfe Vks (k=0)

k¥
— e erfe —=

T

Kyks)  (E>0)

Kokys)  (k>0)

slguxlcks) (k>0)

L}
3

Ki(kyvs)  (k>0)

<l

k
LEK (f) (k>0)
Te_hfo(kg) (k> 0)

e~®I(ks)  (k>0)

LAPLACE TRANSFORMS

F()

% [at In a+sin at—at Ci (at))
% (1—cos at)
% (1—cosh at)

g 1IN
?smkt

Si (kt)

1 (_L)
T TP\ T
¢

erf 51;

N
ri(t+k)
17% w(t—k)

1

Vr(t+k)

1 .
- Sin 2&'_\/3

1_ ~2%yT
vt

L =)

N

1 k
'-2—t exp (_E)
F VIR

1 K
e (-

9 _
= Ko(2+/2kt)

1
T [0 —u(t—26)]

k—i
Ty MO =20
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0 Ft)
29.3.126 #Eyas)  (@>0) 5 &&
L 0) SR
29,3.127 PR 1(as) (> L
20.3.128 o' "e™E,(as) (a>0;n=0,1,2,...) 5 (tj_l@a
29.3.129 E—Si (s)] cos s+Ci(s) sin s 5 ﬁ—l
29.4. Table of Laplace-Stieltjes Transforms .
#(s) ®(t)
5 ® -3 @ @
29.4.1 J; e~ d®(t) ()
99.4.2 B (>0) u(t—F)
20.4.3 L >0 > u(t—nk)
1 = Ty (f
29.4.4 s >0 > (—1)u(t—nb)
1 -
29.4.5 m (fc>0) 2 :L;‘,l u[t— (272,+1)k]
1 = .
29.4.6 —r >0 2 3 (—1)idt—@n+-DH
29.4.7 tanhks  (k>0) w(t) 42 ?;'{ (—1)™u(i—2nk)
____1..___ = —(2n+1ea, =
29.4.8 e 0 235 etntouuy (@n+1)k]
g = 2t Dan[i_F
2049 gitpas 60 B>0) 233 ult—h—(@n-+1)k]
29.410  Snb(stb) o 4 S g=antia gyt +h—(2n+1)k]

sinh (ks--a)

29.4.11 Zoa,,e“”n' 0<kee<bey < . . )

For the definition of the Laplace-Stieltjes
transform see [29.7]. In practice, Laplace-Stieltjes
transforms are often written as ordinary Laplace
transforms involving Dirac’s delta function &(?).
This “function” may formally be considered as

n=0

— e~ ult—h—(2n+1)k] }
i auu(t_kn)

a=0
the derivative of the unit step function, du(t)=24(t)

T z 0
dut)=| " a(z)dz:{? EZ;);

—eo

The correspondence 29.4.2, for instance, then

assumes the form e‘“zf e~ s (t—k)dt.
0

dt, so that

+ Adapted by permission from P. M. Morse and H. Feshbach, Methods of theoretical physics, vols. 1, 2, MeGraw-

Hill Book Co., Inc., New York, N.Y., 1953.
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