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Abstract – Transport of biomaterial in tubular networks is ubiquitous in nature, where examples
include the endoplasmic reticulum, leaf venation or vessel networks in vertebrates. Flow feedback
by adjustment of the local tube radius in response to a fluid flow is a pivotal mechanism to optimize
the transport properties of a network. To describe liquid transport in tubular networks we develop
a minimal mathematical model, which includes the interplay of the viscous flow feedback and the
tubes elastic bending energy while conserving the network material. Flow feedback in pitted,
branched and loopy networks is shown to lower their resistance, as compared to a feedback-free
system, by local adaptations without the need for additional network material. Flow feedback in
particular reduces the resistance in pitted and branched networks, directly linked with a reduction
in the effective number of neighboring tubes. In loopy networks we find a direction-dependent
flow resistance, with a prevailing transport direction set by the network geometry.

Copyright c© 2021 EPLA

Introduction. – Transport of biomaterials in tubular
networks is widespread in nature, where examples include
the subcellular endoplasmic reticulum, the venation net-
work in leaves and the vascular network of the human
body [1–3]. Biological networks are typically highly dy-
namic and are found on various length and time scales:
Three-way junctions in the endoplasmic reticulum show
movements on the scale of nm over several seconds [1],
vessels in brain vascular networks (∼ µm) form over a
time span of hours and slime mold and fungi grow stable
networks (∼ cm) over hours or days [4–6]. These net-
works span large distances and provide an efficient way
for transport and signal propagation as part of biolog-
ical communication pathways [2,7,8]. It seems natural
to ask, which structural features optimize the transport
properties? Theoretical studies have investigated the de-
velopment of an optimal network structure under constant
cost [9–11], where the cost was considered to be propor-
tional to ∼ Cγ , with C the conductance and γ > 0 an
exponent that reflects the biophysical nature of the net-
work. In these studies an optimal network is considered to
be a network that minimizes the total power dissipation,
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i.e., a global property. Under this condition a phase tran-
sition of the optimal network structure is observed, from
branched/tree-like to loopy networks, at γ = 1. Two alter-
native measures that both can be considered as a criterion
for optimal transport are the global viscous flow resistance
and the homogeneity of the flow distribution. A low vis-
cous resistance is desirable to speed up the transport of
liquid biomaterials across large distances, whereas a ho-
mogeneous flow distribution enables an even distribution
of biomaterial in the network. Both criteria, flow efficiency
and flow homogeneity, need to be balanced for the network
to fulfill multiple functionalities.

Biological networks adopt different structures depend-
ing on their functionality, where we can distinguish
branched/tree-like networks and loopy networks [10,12].
A general characteristic of a branched network is a high
transport efficiency while retaining a small surface area.
At the same time, a branched network is vulnerable to
the damage of individual network edges, which hinders
down-stream transport [13]. A loopy network, on the other
hand, contains multiple pathways between any two net-
work nodes, which provides resilience to edge damage [10,
14]. Theoretical work has also found that flow fluctuations
can stabilize loopy networks [10,15]. Biological networks
adapt their structure in different ways: The network can
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Fig. 1: (a) In the vascular network in zebrafish brains, low transport of biomaterial makes tubes shrink and vanish over time.
Scale bar, 25 µm in A and 10 µm in B. The time is indicated at the lower right corner of the panels (h: min). Figure adapted
from ref. [18]. (b) In leaf venation networks, embolism forms during leaf drying. Scale bar: 5 mm. Time: 2h 5min (top), 4h
10min (bottom). Figure adapted from ref. [19]. (c) The membrane tube network is modeled as a hexagonal grid. The network
section depicted here consists of two unit cells in x-direction and y-direction. (d) Three of the 24 tubes are randomly selected
and blocked (dashed lines), i.e., the flow rate is I = 0. (e) A pressure difference of ∆p/∆p0 = 10 is applied horizontally. Periodic
boundary conditions are applied in both directions in space. The resulting flow rate in each tube is shown on the color bar.
Blue lines correspond to a high flow rate, where the flow feedback promotes an increase of the tube radius, whereas red lines
show a low flow rate, which leads to a shrinking of the tube radius, due to the overall area conservation. In addition to the
blocked tubes, two tubes are part of a “dead-end” (gray shaded box), i.e., they cannot transport flow due to the lack of open
connecting tubes.

expand and create new connections [16,17], or existing net-
work edges can be blocked or retracted [18,19]. A series of
theoretical studies have investigated the transport prop-
erties of bio-inspired hexagonal networks [9–11,20–23]. It
was shown among other things that the removal and ad-
dition of network edges, as well as adjusting edge conduc-
tance, optimize the transport properties to fulfill different
or multiple functionalities [20–22], where local adaptations
are able to optimize the global transport properties [23,24].

The growth of a network and the formation of new
connections is bio-mechanically challenging and typi-
cally energetically costly. Feedback loops, in which the
transport-efficient pathways are further strengthened, can
take advantage of the existing network to optimise the net-
work properties [25–27]. Prominent examples that exhibit
feedback in networks are slimemolds, which grow in such
a way that they generate optimal connections with nutri-
tion sources [6,28]. A similar principle is found in flow-
induced feedback in tubular networks both in animals and
in plants [29], where a high flow rate leads to an increase
of the tube radius, while a low flow rate causes tubes to
vanish over time [17,18,30] (fig. 1(a)).

In the present study, we investigate how flow feed-
back modulates the transport properties of an elastic net-
work, where the total area, i.e., the amount of network
material is conserved. We consider a tubular network,
where flow along the tubes follows a Hagen-Poiseuille
flow and the total mass flux is conserved. We impose
that the radii and lengths of the network tubes are sub-
jected to elastic energy minimization and area conserva-
tion. In addition, the flow through the tubes induces a

feedback that acts to increase the tube radius. While
many biological networks are known to have a reticu-
lated structure that is characterised by a large number
of loops [10], the network structure can be altered by re-
traction of network tubes, as was observed in the vascular
network in zebrafish brains [18] (fig. 1(a)), or embolism
during leaf desiccation [19] (fig. 1(b)). The structure of
biological networks can be altered by permanent or tran-
sient blockage of network tubes, seen at different length
scales, e.g., clogging of blood vessels causing thrombosis
and atherosclerosis [31,32] or membrane nanotubes that
can be constricted by various proteins [33]. To inves-
tigate the influence of networks with different degrees of
connectivity, we block some of the tubes, i.e., these tubes
cannot participate in the flow transport, to create loopy,
branched and pitted networks. For each network we deter-
mine the global flow resistance and the distribution of the
flow current, which allows us to connect different measures
for an optimal transport within the network structure.

Mathematical model and computational meth-
ods. – We consider a minimal representation of a
dynamic, biological network that incorporates the key
characteristics of tubular membrane networks, where
neighboring nanotubes are connected via y-junctions, sim-
ilar to natural and synthetic membrane networks [1,34].
The network is modeled as a two-dimensional, hexagonal
grid (fig. 1), with nx, ny unit cells in x- and y-direction,
where each unit cell contains four nodes and six tubes
(fig. 1(c)–(e)). The length of the simulation box in the
x- and y-direction, Lx, Ly, is fixed, with Lx = nx

√
3L0,
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Ly = 3L0 and L0 the initial tube length. For a given nx

we chose ny such that the simulation box approximates
as closely as possible to a square shape. The size of the
simulation box is then defined as Lbox =

√
LxLy. In the

initial configuration, neighboring tubes form an angle of
120◦, which is known to optimize the transport efficiency
in static networks [35]. We assume that the total sur-
face area of the tubes is conserved, which in a membrane
network corresponds to a conservation of lipid mass. We
apply a constant pressure difference per unit length ∆p
across the network, which causes a flow rate Ii,j along the
network edges, where the subscript i, j, refers to the node
indices in the x-y plane. ∆p appears in the description of
the local flow rate in the network instead of explicitly as a
boundary condition. For large networks ∆p has the equiv-
alent effect of a pressure difference ∆P = ∆pLbox that is
applied at the periodic boundaries of the simulation box.
By assuming a viscous flow in the tubes described by a
Hagen-Poiseuille flow [23], we can then write

Ii,j =
πR4

i,j

8µ

(
Pi − Pj

Li,j
+ ∆pepei,j

)
, (1)

with Ri,j and Li,j the tube radius and length, µ the dy-
namic viscosity, Pi the pressure at node i and ep, ei,j

unity vectors in the direction of the external pressure dif-
ference and the edge i, j, respectively. Thus, pressure acts
similarly to a global strain in a mechanical network.

In addition, we impose mass conservation that implies
∑

j

Ii,j = 0. (2)

In the feedback-free case, the ratio between the tube
length and radius is set by the minimization of the bending
energy

Ebend =
1
2

∑

i,j

πκ
Li,j

Ri,j
, (3)

with the bending rigidity κ [36]. By considering a box with
fixed size and periodic boundary conditions, all tubes
adopt the same radius R0 and length L0. The area is
constrained by a harmonic potential with

Econst =
20πκ

R4
0nxny



6nxnyR0L0 − 1
2

∑

i,j

Ri,jLi,j




2

. (4)

The time evolution of the tube radii can now be written
as

dRi,j

dt
= −γ

d(Ebend + Econst)
dRi,j

+ ε
Ii,j

I0 + Ii,j
, (5)

where the second term on the right-hand side accounts for
the flow feedback that can increase the local tube radius.
We model the feedback as a Hill-like response, where the
feedback rate ε controls the strength of the feedback and
I0 denotes the fluid flow rate through a single tube of
radius R0 if a reference pressure difference ∆p0 is applied
between the ends of the tube.

The time evolution of the positions of the network nodes
ri = [xi, yi]T is given by

dri

dt
= −γ∇i(Ebend + Econst), (6)

with γ the friction factor that sets the time scale for
conformation relaxation in a feedback-free network. The
shift of the node position leads to a change in the
tube lengths, which are, however, small compared to
the initial tube length (see the Supplementary Material
Supplementarymaterial.pdf (SM)).

To non-dimensionalise the model we scale all lengths by
R0 and time by t0 := R2

0/(γπκ), which introduced into
eq. (5) and eq. (6) gives the non-dimensional number for
the scaled feedback rate as ε̄ := εR0/(γπκ). We integrate
the non-dimensional eqs. (5), (6) numerically with a time
step of ∆t = 10−4t0 over 30000 steps. Periodic boundary
conditions are applied in both directions in space. To gen-
erate partially blocked networks up to 35% of the tubes are
clogged, i.e., the fluid flow rate Ii,j through these tubes
is set to zero. The area of the clogged tubes is included
in the total area of the system and is therefore subject to
the area constraint. Since flow feedback causes tubes with
high flow rates to become larger, the area constraint can
cause clogged tubes to decrease in size. The clogged tubes
are selected with the constraint that each node must be
connected to any other node along at least one pathway.
In fig. 1(e) a network section is shown, where three of the
24 tubes are blocked. In addition, two tubes are part of
“dead-end”, which refers to tubes that are not blocked,
but nevertheless have a zero flow rate due to the lack of
open neighboring tubes. To quantify the connectivity of
the network, we defined the effective number of neighbors
Neff , which is the number of connecting tubes for each
node that are neither blocked nor part of a dead-end and
averaged over the entire network. If none of the tubes
are blocked Neff = 3 and each node can be reached on
multiple paths. We define a network with Neff ≥ 2.5 as
a loopy network. In a branched network, where all nodes
are connected along a single pathway, each node has two
neighboring tubes. Hence, networks with 1.5 ≤ Neff < 2.5
are defined as branched networks. For Neff < 1.5 there
must be nodes in the network that are only connected to
blocked or dead-end tubes. Networks with Neff < 1.5 are
classified as pitted networks. To investigate the direction-
dependent flow resistance in maximally loopy networks
(Neff = 3, fig. 2) we use networks with nx = 3 unit cells in
the x- and ny = 2 unit cells in the y-direction. The sim-
ulation of partially blocked networks are performed with
nx = 6, ny = 4. The transport properties in each net-
work are determined by two non-dimensional parameters,
the feedback strength ε̄ and the scaled pressure difference
∆p/∆p0. In other words, after normalization of time and
length, the flow is set by two quantities that are governed
by the feedback mechanism. If not indicated otherwise
the feedback strength and the pressure difference are set
to ε̄ = 10 and ∆p/∆p0 = 10. Smaller values for ε̄ lead to
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Fig. 2: (a) Flow resistance Q scaled by the resistance of a
feedback-free network Q0 as a function of the pressure differ-
ence ∆p/∆p0. The pressure difference is either aligned with the
x-axis (black lines) or forms an angle of 30◦ with the x-axis (or-
ange lines). The networks constitute either loopy (solid lines)
or branched (dashed lines) networks as depicted in panel (b).
(b) The flow rate in each tube is shown on the color bar for
∆p/∆p0 = 4.0. The direction of the pressure is indicated by
the arrow. Two loopy (I, III) and two branched (II, IV) net-
works are shown. (c) The length of each line shows the flow
resistance Q scaled by the resistance in a feedback-free network
Q0, while the orientation of each line is aligned with the direc-
tion of the pressure in a loopy network. The flow resistance in
a feedback-free network is shown as a dashed, black line. The
inset on the right-hand side shows the flow resistance for five
different tilt angles between 0◦ and 30◦.

a less pronounced resistance reduction, but give the same
qualitative pressure dependence (see the SM).

Results and discussion. – To study the effect a flow-
induced feedback has on transport properties of the tubu-
lar network, we first consider maximally loopy networks
(Neff = 3), where all tubes are open and hence able to
transport liquid. We vary the direction of the pressure
difference, which allows us to study the direction depen-
dent flow resistance. Afterwards, we perform simulations
on partially blocked networks to answer the question: how
does the flow feedback affects branched networks?

Directional dependent flow resistance. We start by
evaluating the global flow resistance Q, as the direction of
the pressure difference is varied. To determine the resis-
tance, we first define the dissipation rate in each tube Wi,j :

Wi,j =
8µLi,j

πR4
i,j

I2
i,j , (7)

with 8µLi,j/(πR4
i,j) the resistance of an individual tube.

The global resistance is defined based on the dissipation
rates Wi,j and the pressure difference ∆P as

Q =
(∆P )2

1
2

∑
i,j Wi,j

. (8)

We compare two types of networks, loopy networks (solid
lines in fig. 2(a) and configurations I, II in fig. 2(b)) and
branched networks (dashed lines in fig. 2(a) and config-
urations III, IV in fig. 2(b)), where individual tubes are
clogged, such that the flow transport across the network
occurs along a single pathway. The pressure difference is
applied either parallel to the x-axis (black lines in fig. 2(a),
I, III in fig. 2(b)) or with an angle of 30◦ (orange lines in
fig. 2(a), II, IV in fig. 2(b)). Due to the symmetry of the
hexagonal network, a rotation of more than 30◦ leads to
equivalent point symmetric configurations. The tilt angles
of 0◦ and 30◦ are thus the two extreme cases with respect
to the pressure direction.

In a feedback-free scenario, i.e., when the flow does not
modulate the tube radius, the network resistance is given
by Q0 = 8

√
3µL0/(πR4

0) and the resistance is independent
of the direction and magnitude of the pressure difference.
Figure 2(a) shows Q (eq. (8)) as a function of ∆p/∆p0.
We now find in fig. 2(a) that the flow feedback causes a
pressure-dependent resistance, where Q depends on both
the magnitude of ∆p/∆p0 and the orientation of the pres-
sure difference relative to the network. Loopy networks
show a distinctively different behavior depending on the
pressure direction. If the pressure is applied horizontally
(black, solid line in fig. 2(a)) Q exhibits a steep decrease for
small ∆p and continues to decrease over the entire range
of ∆p. In contrast, if the direction of the pressure drop
is tilted by 30◦ (orange, solid line in fig. 2(a)), Q exhibits
a minimum around ∆p/∆p0 = 1.5 before it approaches
the resistance of a feedback-free network for large pres-
sure differences. In contrast, branched networks exhibit a
monotonic decrease of Q for both pressure directions.

To understand the directional dependent pressure re-
sponse in loopy networks, we examine the flow distribu-
tion shown in fig. 2(b) (I, III). In the first case (I) one
third of the tubes lie perpendicular to the pressure differ-
ence and hence exhibit no flow. Only the tubes that are
already partially aligned with the pressure gradient have a
non-zero flow rate and therefore experience a flow-driven
increase of their radii, which in turn causes an effectively
reduced resistance. In the second case (III) all tubes show
non-zero flow rates. If the flow rate is much larger than
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I0, all tubes experience a similarly strong feedback, but
the radius expansion is limited by the area conservation.
Hence, the conformation of the network, in particular the
radii of the tubes remain close to the feedback-free case.
In the branched networks (II, IV), on the other hand, flow
transport follows one single pathway independent of the
pressure direction, where the blocked tubes serve as a ma-
terial reservoir that allows the adjacent tubes to increase
their radii and subsequently lower the network resistance.

To further analyze the directional dependent resistance
in loopy networks, we show Q (eq. (8)) in fig. 2(c) for dif-
ferent pressure directions for ∆p = 1.5∆p0 (green line) and
∆p = 10∆p0 (red line). The length of each line indicates
the resistance relative to the resistance of a feedback-free
network and the angle relative to the x-axis shows the
direction of the pressure difference. The direction depen-
dence of Q mimics the six-fold geometry of the hexagonal
network. Q is lowest, if parts of the tubes lie perpendicu-
lar to the pressure difference, while Q increases to values
close to the feedback-free scenario, if the network edges
are aligned with the pressure difference direction.

Partially blocked networks. We now turn to partially
blocked networks, to investigate how flow feedback influ-
ences networks with different structure, focussing in par-
ticular on branched and loopy networks. The pressure
direction forms an angle of either 0◦ or 30◦ with respect
to the x-axis. Figure 3(a) presents examples of a pitted,
a branched and a loopy network. The blocked tubes are
shown as dashed lines. Tubes with a high flow rate of more
than I0/3 are shown in blue, while tubes with a low flow
rate of less than I0/3 are shown in red.

We have so far discussed the resistance as a measure
for an efficient transport through the network. However,
Q does not contain information about how uniformly the
flow is distributed throughout the network. To quantify
the flow distribution, we evaluate the current

Mi =
√

1
2

∑

j

I2
i,j (9)

through each node as the quadratic mean of the flow rates
of the adjacent tubes. To describe the flow distribution by
means of a single quantity, we define the inhomogeneity
M as

M =
∆M

〈M〉 , (10)

where the mean 〈M〉 and the standard deviation ∆M are
taken over the entire network. Low values of M indicate
a homogenous flow distribution.

First, we evaluate how the transport properties of a
feedback-free network depend on the effective number of
neighbors Neff . In fig. 3(b) and (c) the resistance scaled
by the resistance of a loopy network with Neff = 3 and the
inhomogeneity M are shown as a function of the effective
number of neighbors. The subscript 0 indicates that the
feedback rate ε̄ is set to zero. Figures 3(b) and (c) show
that pitted and branched networks exhibit low resistance

Fig. 3: (a) A schematic illustration of pitted, branched and
loopy networks with randomly blocked tubes. Blocked tubes
are shown as dashed lines. Tubes with a flow rate of more/less
than I0/3 are shown in blue/red. (b) The flow resistance Q0 in
a feedback-free network scaled by the flow resistance Q0,loopy

in a loopy network with Neff = 3 as a function of the effec-
tive number of next neighbors Neff . The pressure difference is
applied with a tilt angle of 0◦ (circular markers) or 30◦ (trian-
gular markers) relative to the x-axis. We bin Neff with a bin
width of 0.15 and average Q0/Q0,loopy of at least ten simulation
runs. The standard deviation is indicated by the error bar, if
it is larger than the symbol size. (c) The inhomogeneity M is
shown as a function of the effective number of next neighbors
Neff . The marker symbols are chosen in analogy to panel (b).

as compared to loopy networks, which can be attributed
to the smaller number of network links. In contrast, loopy
networks, where a larger fraction of the network edges par-
ticipate in flow transport, maintain a more homogeneous
flow distribution.

We now turn to describe the effect of flow feedback. In
fig. 4(a) we show how the flow resistance Q is coupled
to the effective number of neighbors Neff . Q is scaled
by Q0, the resistance in a feedback-free network, where
the same tubes are blocked. Figure 3(a) shows that the
flow feedback induces a reduction of the flow resistance
for all systems investigated. The relative flow resistance
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Fig. 4: (a) The flow resistance Q as a function of the effective
number of next neighbors Neff . Q is scaled by the resistance
in a feedback-free network with the same blocked tubes. The
marker symbols are chosen in analogy to fig. 3(b). (b) Homo-
geneity M as a function of the scaled flow resistance Q/Q0.
The marker symbols are chosen in analogy to fig. 3(b). We
have classified the networks as: pitted (Neff < 1.5), branched
(1.5 ≤ Neff < 2.5) or loopy (Neff ≥ 2.5).

Q/Q0 is smallest for networks with low connectivity, i.e.,
low Neff . We attribute the resistance reduction to the
large reservoir of tube material or equivalently tube sur-
face in the blocked or dead-end tubes, which can be ex-
ploited by the high flow rate tubes to increase their radius.
A direction-dependent resistance is only found in loopy
networks with Neff ! 2.75. We attribute this maximum
to the network structure. If the pressure in loopy net-
works is parallel to the x-axis, the transport is determined
solely by the tubes parallel to the x-axis. If a small num-
ber of these tubes are blocked, the flow must be diverted
via perpendicularly running tubes. The feedback mecha-
nism cannot compensate for the resulting loss of efficiency,
which leads to an increase in resistance. In branched sys-
tems, or when the pressure is tilted by 30◦, there is an
alternative nearly parallel transport path. If a path is
blocked, the alternative flow path is further enhanced by
the feedback leading to a decrease in relative resistance.
Figure 4(b) shows M/M0 as a function of the scaled re-
sistance Q/Q0. The regions that correspond to pitted,
branched and loopy networks are indicated in different col-
ors. Independently of the pressure direction, we see that
the weak resistance reduction (large Q/Q0) that we find
in loopy networks allows to maintain a homogeneous flow
distribution (low M/M0). In contrast, pitted networks
experience a significant flow reduction (low Q/Q0), which
at the same time leads to an increased inhomogeneity of

the flow distribution (large M/M0). Branched networks
show an intermediate resistance reduction as well as an
increase of flow inhomogeneity.

Conclusion. – We investigate how flow feedback in an
elastic tubular network effects the transport properties of
viscous fluids and how flow efficiency and flow distribution
are related to the network structure. The results shown in
fig. 2 reveal two major aspects of flow transport in max-
imally loopy networks. 1) Flow feedback lowers the re-
sistance as compared to a feedback-free network, without
the need for additional network material. The resistance
reduction is achieved solely by redistributing network ma-
terial, i.e., adjusting the tube radii and the position of
the nodes. Thus, flow feedback provides an efficient way
to change global network properties by a local adaptation
rule, similar to the optimization of flow dissipation that
was found in leaf-like venation networks [10,23]. 2) We
find that the resistance reduction in loopy networks is di-
rection dependent, which allows the network to combine
major aspects of loopy and tree-like networks. Similar to
tree-like networks, we find a prevailing transport direc-
tion that is set by the network structure. At the same
time, each node keeps a large number of connections to its
neighbors, which is known to give a network mechanical
stability and resilience to edge damage [21].

The results in fig. 3 for partially blocked networks
highlight that different network functionalities require an-
tagonistic network properties. A strong flow feedback
isdesirable, if the optimal network requires a low flow re-
sistance, whereas weak or no flow feedback is beneficial to
achieve a uniform flow distribution. A biological network
fulfilling multiple functionalities needs to balance different
transport properties, which can be achieved by adjusting
the network structure. We show that loopy networks are
less affected by flow feedback, both in terms of flow re-
sistance and flow distribution, than pitted and branched
networks. Based on the results presented here, we hy-
pothesize that different network functionalities can be op-
timized simultaneously in patched or hierarchical network
structures that combine loopy and branched networks por-
tions, a trait recurring in many reticulated biological net-
works [1–3,37,38].
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